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STRUCTURAL PROPERTIES OF INNER AMENABLE
DISCRETE GROUPS

A. GHAFFARI

Communicated by Fereidoun Ghahramani

ABSTRACT. A discrete group G is called inner amenable if there
exists a mean m on [°°(G) such that m(,f:) = m(f) whenever
f €1*(G), x € G and m # .. The condition is considerably
weaker than ordinary amenability. In this paper, among the oth-
ers, we investigate the structures of inner amenable discrete groups
by theoretical set theory. A sequence of characterizations of inner
amenable discrete groups is given.

1. Introduction

Throughout this paper let G be a discrete topological group. Let [*(G)
denote the set of all functions ¢ in B(G) ( space of bounded complex-
valued functions on G) such that > . |é(x)] < oco. With pointwise
addition and scalar multiplication, with convolution

px(x) =D oy 'z) (ze€q)

yelG

as product and with the norm [|¢[|1 == 3 ,c¢ [¢(2)], I1(G) is a Banach
algebra said to be the discrete group algebra of G [4].
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A mean m on [*°(G) is a positive linear functional on [*°(G) satisfying
m(1) = 1. For a function f : G — C, we put

of2(y) = f(@7 yx)

for any x,y € G. We say that G is inner amenable if [*°(G) admits of a
non-trivial inner invariant mean m, that is, m # d. and m(, f.) = m(f)
for all z € G and f € [*°(G) (see [10], [11] and [12]).

Effros [2] introduced the notion of inner amenability which gives a
new classification of discrete groups. We know that the Dirac measure
concentrated on {e}, denoted by J., always defines a trivial inner invari-
ant mean on [*°(G), namely 0.(f) = f(e) for f € I*°(G). Recall that G
is called non-inner amenable, following Effros [2], if . is the only inner
invariant mean on [*°(G). For example the discrete groups GL(n, C) and
SL(n,C) are not inner amenable [10]. For a locally compact group G,
e is an inner invariant mean on Cj(G). Losert and Rindler [5] studied
the possibility of the inner invariant extension of d.. Further results on
inner amenability may be found in ([3], [5], [7] and [8]).

In this paper, we present a few results in the theory of inner amenable
discrete groups. A number of equivalent conditions characterizing inner
amenable discrete groups is given.

2. Main results

Recall that for subsets F' and U of a group G, Cr(U) denotes the
conjugation class of U in F, i.e., Cp(U) = U{zUx"1; x € F} [13]. In
the following theorem, a sequence of characterizations of inner amenable
discrete groups is given.

Theorem 2.1. For an infinite discrete group G, the following conditions
are equivalent:

(i) G is an inner amenable group.
(ii) For every finite subset F' of G and € > 0, there exists a finite
non-empty subset U of G such that e ¢ U and

ICr(U)]
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(iii) For every finite subset F' of G and € > 0, there exists a finite
non-empty subset U of G such that e ¢ U and

’ ﬂxEF xilUx’
U]
(iv) There exists a net (Uy)acr of finite non-empty subsets in G such
that e ¢ Uy for all a« € I, and
. | mmeF :L’_an:L”
lim 0] =
for every finite subset F' of G.
(v) For every mi,..,nm € N, € > 0 and all Y/ a0y, -
S QimOy,,, € UNQG), there exists a simple function ¢ with
» >0, ||lollh =1, ¢(e) =0 such that

ng ng
Z Qik yip, ¢yik Z Qif
=1

=1

1—€e< <1.

1

<
1

+e forall 1<k<m.

Proof. Assume that GG is inner amenable. Let F' be a finite subset in
G and € € (0,1) be given. By ([13], Theorem 2) there exists a finite
non-empty subset V' of G such that e ¢ V' and
Cra(V) _ 1

VI ~1-e
Let U = Cp(V),s00 < |V| < |U]and e ¢ U. Since V C Nyepr Cr(V)z,

we have

1<

1< Jer@I  _  [Cr(CrV))  _[Cr(V)] _ 1
= 1 - -1 = = :
|Neerz™U0z|  [Npepz 1Cr(V)x] V] 1—ce¢
Consequently

< [OeepoUz]
- crU) T
Thus (i) implies (ii).

(ii) = (iii) Trivial.

(iii) = (iv). Let F be the family of finite subsets of G. Let I be the
directed set F x RT with (Fi,€1) = a1 < ag = (Fy,€2) for ag, ag € T
if and only if F; C F» and €2 < €. By (iii), to a = (F,¢) € I we may
associate a finite subset U, of G such that e ¢ U, and

| meF x_an'T|
Ua|

1—€e< <1.
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Clearly we obtain the desired net {Ug,)}.
(iv) = (v). Let 30 @itbysyy ooy Sor™ Qimby,,, € 1H(G) and € > 0 be
given. Put E = {y11, ., Yn,ym}, F = EUE"U{e} and 4(X1 || +
X |aim|)0 = €. By the hypothesis there exists a net (Uy)qer of
finite non-empty subsets in G such that e ¢ U, for all a € I and

|Neer 2™ Uaz|
1 xE 1
& [Ul
1Ua
So, 1+5 M<lfors0mea€[ Let U = Nyep 2 Usz, s0

|U| >0 and e ¢ U. Since Cr(U) C U,, we have

U [Meepa Uzl _ U] _ U1
146~ Ul Ual = [Cr(U))]
Consequently

<1

It is easy to see that

Uvi 1A
by AUL _ 45 forall 1 <k <m, 1<i<n.

U]
Let ¢ = |X7U| Thus ||¢]]1 =1, ¢ > 0 and ¢(e) = 0. For all 1 <k < m, we
have
ng Nk
- Z%‘Mﬁ = Z Zaik(yikéyik () — ¢(2))
i=1 1 zeG li=1
ng ‘ e D
xu(Yir ™ wyir) — xv(@)|
] zeG
yirUyg AU
= Z| 1k|| - ‘[l]k’ | 452|azk|<6'
Consequently

ng
Z ik y;p, ¢yik <
=1 1

(v) = (i). Let a finite subset F' = {y1,...,yn} of G and € > 0 be given.
For any i = 1,...,n, consider d,, — d. € I'(G). By the assumption, there
exists a simple function ¢ with ¢ > 0, ¢(e) = 0 such that

llyi @y, — @lli <€ forany 1<i<n.
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Hence G is inner amenable by ([6],Theorem 1). O

We denote by €2 the family of all subsets of G and by F the family of
finite subsets of G and Fo ={U € F; e ¢ U}.

Definition 2.2. For an infinite discrete group G, we define

|m:cEF :L‘_lUl‘| .

p = inf{sup{ 0] : UeFo}: FeFy,
n= sup{inf{wl’pé}‘j)| :UeF}: FeF}

Wehave 0 < p<1;1<n< 0.

Corollary 2.3. For an infinite discrete group G, the following properties
are equivalent:

(i) G is an inner amenable group.
(i) p = 1.
(iii) 7 = 1.

Proof. The statement is an immediate consequence of Theorem 2.1. [

It is easy to see that if G is not inner amenable, then p = 0. Indeed,
if G is not inner amenable, by Theorem 2.1 there is a finite subset F' of
G and a € € (0,1) such that

‘ nmeF x_lUx\
U]

for all U € F,. Now choose U € F, such that |,ep2 Uz > 0. We

have

<1l-—c¢

|ma:€F x_l(ﬂxEF $_1Uv‘r)$| — |ma:EF 'r_l(ﬂxeF :B_1U$)1E| ‘mJ:EF x_lUx|
U] |Neerz' Uz U|
< (1—e¢)>

Assume, without loss of generality, that |Nycp 2™ (Npep ™ Ux)z| > 0
for some U € F,. For every U € F, such that |,cp 2™ (Npep 2~ Ux)z| >
0, we have
|Nacr 2™ (Naer 2~ (Naep 2~ ' Uz)a)z]
U]
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_ ’mxeF xil(ﬂzeF xil(nwEF xilUx)x)x’
‘ﬂxGF x_l(anF 3?_1U$)$|

_ | Neer :E_l(anF $_1U$)$| | Nzer ﬂ’J‘_1U~ﬂ’3|

= <(1—¢€ 3,
Mocr e 104l o =079
We conclude that, for every U € F, such that |(\,cp 2~ Uz| > 0,
|ma:6F2 l'_lUiL'| _ |anF w_l(ﬂxEF $_1U$)l‘| < (1 _ 6)2.
U] Ul

Moreover, for every U € Fo such that |Nyep 2™ (Nyepz ' Uz)z| > 0,
we have

|n:v€F3 :c_lUx\ o ’meF ‘T—l(mzeF x_l(ﬂaxeF $_1U$).T)$‘ 3
= < (1—e¢)".
U] U]
We construct the sequence W inductively. As

lim,, oo (1 — €)™ = 0, we conclude that p = 0.
It is easy to see that if G is not inner amenable, then n = oc.
The following theorem is an analogue of Paterson (][9], p.89).

Theorem 2.4. For an infinite discrete group G, the following properties
are equivalent:

(i) G is an inner amenable group.
(ii) sup > x4, —a;XAiq, = 0, whenever Ay, ..., Ap € Q, ay,...,an €
G, neN.

Proof. Let m be an inner invariant mean on (*°(G). If A;,..., A, € Q
and ay,...,a, € G, then

n n
0=m(> XA — a:XAiq,) S SUP Y XA; — a;XArq, -
i=1 i=1
Thus, the property (ii) holds.
To prove the converse, assume that the property holds. If G is not
inner amenable, by ([1], Proposition 2.8) there exist fi,..., f € [*(Q)
and aq,...,a, € G such that

n
a = supi,- —aifiai < 0.
i=1
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Let 3= —a'(2n+1). Fori = 1,...,n we define h;(z) = [8f;(z)] € Z,
x € G, [ ] denoting the integral part. We have

Suthi —a;hia;, < ﬂsupii —aifig; +2n = Ba+2n = —1. (2.1)
i=1 i=1

As all h; (i = 1,....,n) take their values in Z, there exist ki,...,k, €

[°(G) [resp. 11, ..., 14 € I°°(G)] taking their values in {0, 1} [resp. {0, —1}]

and by, ...,bp, c1,...,¢q € {ai, ..., an} such that

n

P q

jglkj — bjkjbj +j§lj — lejcj = ;hi — aihiai-
Let Bj = kj_l({l}) for j =1,...,pand C; = lj_l({—l}) for j =1,...,q.
Then
p q n
D XB, = b,XByy, — D_XC; ~ e Xy, = D hi —ashia,. (2:2)
j=1 j=1 i=1

On the other hand,

J

q q
- Z XCj T ejXCig, = Z Xe;Cjert ™ et (chcjcj—l)c,—l (2.3)

So (2.1), (2.2) and (2.3) imply that,

p q
Z XB; — ijijj) + Z Xe;Cjest — c]._l(Xc]'Cjcj_l)c]._l <-L
j=1 j=1

therefore the condition (ii) dose not hold. U

Theorem 2.5. An infinite discrete group G is inner amenable if and
only if for every 1 < p < oo and every finite subset F of G and € > 0,
there exists a function ¢ € IP(G) with ¢ >0, ||¢|l, = 1, ¢(e) = 0 such
that

1= ¢ @)y~ ay)| <e

zeG
whenever y € F.

Proof. Before we go on, we state an elementary fact: If 0 < a < b and
1 < s < o0, we have (b—a)® <b® —a®.
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Assume that G is inner amenable. Let F' be a finite subset of G and
€ > 0. By Theorem in [2], there exists a function 1 € I'(G) with ¢ > 0,

|¥]i = 1, ¥(e) = 0 such that ||, ¢, — |1 < er for all y € F. Let
gb:w%. For any y € F,

Hy(by - ¢Hp = < ¢(y_1xy) - ¢(x)‘p> '
zeG

1
P

IN

( & (y " ay) - ¢p<x>l>
zeG

1
p

= <Z w(y‘lxy)—ib(fv)‘)

zeG
< ||y¢y - ¢||11) <€

On the other hand, ¢?~! € [9(G) (here p~! + ¢t = 1) and
Spec P H(z)¢(x) = 1. For any y € F, by Holder’s inequality,

1= ¢ M @)py tay)| = D7 Ha)s@) — D ¢ Ha)d(y ay)
zeG zeG zeG
= [ "N @)(d(x) -y ay)
zeG
< o], (5 ot - st-tan]")
zeG
= o —yoyll, <e

To prove the converse, consider the finite subset F' in G and ¢ > 0. By
the assumption there exists a function ¢ € (?(G) with ¢ > 0, [|¢[l2 = 1,
¢(e) = 0 such that

1= ¢" M@)oy 'ay)| <

z€G

N
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whenever y € F. For every y € F, we have

”¢‘y¢y”% = Z|¢ oy 1$y)|

zeG

= > o@)P+ > ¢y ray) -2 d(x)o(y wy)
zeG zeG zeG

= 2-2) ¢(x)ply 'wy) <

zeG

This shows that ||¢ — ,¢y]l2 < € for all y € F. Now let § = ¢* € I1(G);
for any y € F', by the Cauchy-Schwartz inequality we obtain

19—yl = 3 6% (@) — yok(@)

zeG

= Z’¢ — 4@y (@)] [@(7) + ydy(2)]

z€G

<l = yyll2 (lll2 + [lyeyll2) < e

By Theorem in [2], G is inner amenable. O

For every ¢ € I}(G) and f € IP(G) the x-convolution ¢ x f

ox f(z) =D o(x)f(z  yz) (z€G)

zeG

exists and represents an element of IP(G) of norm ||¢ * f|l, < ||é]1]| fllp
(see [1] for the details).

Theorem 2.6. Let G be an inner amenable group and 1 < p < oo.
Then for every ¢ € IY(G) with ¢ > 0 and ||¢||; =1,

sup{[[¢ * fllp; f €P(G), f=0, [[flp <1, fle)=0}=1.

Proof. Let G be an inner amenable group and ¢ € I}(G) ||¢]1 = 1,
¢ > 0. Without loss of generality, we may assume that F' = supp ¢ is
finite. Let € > 0 be given. By ([13], Theorem 1) there exists a non-empty

finite subset U in G such that e ¢ U and w < eforallyeF.
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For f = |X7U|, we have

T xv _xvl’_ X,y xu, P
s =115 = o i =] = Sox e - e
p
_ xuly'ey)  xu(z)
Z(;z;(ﬁ < o )
p
< |pr ;qb ;’xm/lwy —xu(®)|
wUy Ao\,
yeF

It follows that ||¢px f — f|l, <€, and so || f||, — € < ||¢ * f||p- This shows
that

sup{[|¢ * fllp; f€P(G), f=0, [fll, <1, fle) =0} =1
This completes the proof. ]
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