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1. Introduction

In this paper, we deal with non-simply connected 7-dimensional Riemannian
manifolds of constant positive curvature which admit irreducible cohomogene-
ity one (C1) actions, that is, isometric actions whose orbit spaces are one-
dimensional or equivalently the principal orbits have codimension one. C1
Riemannian manifolds have been studied by several authors. W. D. Neumann
and J. Parker studied C1 Riemannian manifolds in dimensions 3, 4 ( [L0], [12]).
C. Hoelscher in [7] gave a classifiaction of simply connected C1 Riemannian
manifolds in dimensions 5, 6, and 7. C. Searle in [15] has classified simply
connected Riemannian C1 manifolds with positive sectional curevature in di-
mensions less than seven. According to her classification, these manifolds are,
up to diffeomorphism, spheres or complex projective spaces. Simply connected
7-dimensional case was treated in [13] by F. Podesta and L. Verdiani when
the semisimple part of the acting group has dimension greater than six. They
got only the 7-sphere up to diffeomorphism. Verdiani has also provided a
classification of simply connected C1 manifolds of positive curvature in even
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dimensions; he obtained just rank one symmetric spaces, up to equivariant dif-
feomorphism [18, 19]. The nonsimply connected ones have only been classified
in dimension 4, so it is interesting to consider other dimensions. In this paper,
we take the dimension to be 7 and hope to study dimension 5 in a forthcoming
paper. Clearly, the nonsimply connected C1 Riemannian manifolds are cov-
ered by those which have been classified. Therefore, one need to find finite
groups which commute with the actions on simply connected C1 Riemannian
manifolds and act on them freely to complete the classification. In [1], Abedi,
Kashani studied non-simply connected C1 manifolds of constant positive cur-
vature. They characterized the orbits of reducible C1 actions on positive space
form S™/T. For the irreducible actions, they proved that if T is a group of type
I introduced in [20, Theorem 6.1.11], the C1 manifold S™/T" is homogeneous.
For the groups of other types listed in [20, Theorems 6.1.11, 6.3.1 ], they made
a conjecture, saying that if the space form S™/T" is C1, then it is homogeneous.
On the other hand, presentation of fundamental groups of closed manifolds of
positive sectional curvature is an interesting problem in Riemannian geome-
try. By Bonnet theorem, (M) is finite, and if M is even dimensional and
orientable, then m (M) is trivial by Synge theorem. Hence one should study
just odd dimensions. Fang, Rong, and Shankar in [4, 14, 16] obtained some nice
results on the fundamental groups of positively curved Riemannian manifolds.
Therefore, a trend in this context is to find fundamental groups of C1 closed
Riemmanian manifolds with positive sectional curvature which leads to the
classification of nonsimply connected cases.

This paper which is a continuation of [1] classifies up to isometry, 7-dimensi-
onal non-simply connected Riemannian manifolds of constant positive curva-
ture which admit irreducible C1 actions. We should emphasize that, since the
actions in this paper are irreducible, our results and techniques are quite inter-
esting and different from those of [1]. As a byproduct of our results, we give a
positive answer to the conjecture made by Abedi, Kashani in [1] in dimension
7. To obtain our classification, we benefit from a classification of Riemann-
ian manifolds of constant positive curvature attributed to J. Wolf which states
that every complete connected Riemannian manifold of constant positive cur-
vature is isometric to (01@%‘;%)(6) where G is a finite group and o;’s are fixed
point free irreducible orthogonal representations of G [20]. We also use the
auxiliary Proposition 3.2 (see section 2) which provides us with the necessary
and sufficient conditions for a quotient manifold to admit a C1 action. By the
proposition, we just need to know C1 actions on S7, which have been provided
by E. Straume in [17].

The paper is organized as follows. In the first section, we give the prelim-
inaries. The second section is devoted to the classification. Our main results
are Theorems 3.3, 3.7, and Propositions 3.6, 3.10, 3.12.
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2. Preliminaries

In this section we review the classification of Riemannian manifolds of con-
stant positive curvature and recall some basic facts about representation theory.

First we briefly outline the classification of 7-dimensional spherical space
forms due to J. A. Wolf (see [20, Chapters 6, 7]). Beforehand, we need the
following lemma which describes the induced representation:

Lemma 2.1. [20] If o is a representation on a vector space W of a subgroup H

of finite indexn in a group G, then there is a well defined induced representation

o of GonV =W a...0W given by c%(g) = (U(b}lgbi)) where G = Jb;H,
~—_———

n-times

b€ H,o(c)=0 forc¢ H.

Now we introduce the finite groups and their fixed point free representations
which appear in the Wolf’s classification of 7-dimensional spherical space forms.

Type I. G has representation A™ = B" = 1, ABA™! = A", where m >
1,n > 1,7 = 1 (mod m), (n(r — 1),m) = 1, and every prime divisor of the
order d of r in the multiplicative group of residues modulo m of integers prime
to m divides n’ = n/d. Then the complex irreducible fixed point free represen-
tations of the subgroup (A, BY) are given by

oL ® 0y Aqud N e27riku/m.627rilv/n'

where (k,m) = 1 = (I,n). Define m; = (0% ® 0;)¢, which is a complex
irreducible fixed point free representation of G by Lemma 2.1.

Type I1. G = (A, B, R) where (A, B) is of type I, and R normalizes both
(A) and (B), n; =0 (mod 4). Then the two following cases happen:
case 1. n; = 4, d = 2 (mod 4), and for some s, RB*.A = A.RB®. Then
the complex irreducible fixed point free representations of G are given by By,
where B @ Bri = g, = 7T,€GJ, and 7y is as above.
case 2. At least one of the conditions of case 1 fails. Then the representations
of G are given by ay; = 7T1§,l~

Type IV. G = (A, B, P,Q, R) where (A, B) is a group of odd order of
type I, P* = 1, P2 = Q%, PQP~' = Q' AP = PA,AQ = QA,BPB~' =
Q,BQB~! = PQ,P? = R?>, RP = QPR,RQR!' = Q !, and R normalizes
both (A) and (B). Then G admits the following complex irreducible fixed point
free representations:

Vi = (T ® T)G7
where 7, ; is the representation of (4, B®), and 7 is the representation of binary
tetrahedral group T™*, (cf. [20, Lemma 7.1.3] for more details).

Eklj = Tk @ 0y,
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where 7, ; is the representation of (A,B%"), n =3"n",(3,v) = 1, and ojis a
representation of O}, (cf. [20, Lemma 7.1.5] for more details).

Ve = (Tea ©75)C,

where 7y is the representation of (A,B*"), n=3"n",(3,v) =1, and 7; is the
representation of T, (cf. [20, Lemma 7.1.3] for more details).
Mkl = (Mk,l)G

9

where py; is the representation of (A, B, P, Q) induced by o} ® 07 ® « for oy,
a representation of (A), o; a representation of (B?), and « a representation of
Q8 (cf. [20, Lemma 5.6.2] for more details).

Type VI. G = (K x SL(2,5),S) where K is of type I with order prime to
30, SL(2,5), is the multiplicative group of 2 x 2 matrices of determinant 1 with
coefficients in Zg3, S? is the element of order 2 in SL(2,5), S normalizes SL(2,5),
K, (A) and (B) of K, and conjugation of SL(2,5) by S is the conjugation by

the matrix [g _01] Then G admits the follwing complex irreducible fixed

point free representations:

Ky = (T ® 15)9,

where 7, ; is the representation of K and ¢; is the representation of SL(2,5),
(cf. [20, Lemma 7.1.7] for more details).

Now we quote the classification of 7-dimensional spherical space forms, The-
orem 2.2, and the classifications of n-dimensional homogeneous spherical space
forms, 2.3, from [20]. Recall that for a complex representation m on a com-
plex vector space V' we have a real representation on Vg, where we forget the
complex structure. In Theorem 2.2 7 refers to the real representation corre-
sponding to the complex representations described above. We use these results
in the proofs of Theorem 3.3 and Corollaries 3.4 and 3.5.

Theorem 2.2. [20] A 7-dimensional complete connected Riemannian mani-
fold of constant positive curvature is isometric to one of the following:

1. §7/U, T generated by diag(R(L), R(%), R(Y), R(£)) where R(0) = |0 270~ 220

2. {(ﬁkl‘ll@i’ZQv“")(G)} , G of type I with d = 2;
3. 72 G70f type I with d = 4;

4. {(Bkbh@%kzh)(a)}, G of type Il with d = 2;
5. {(&kl,h@%lwz)(m}, G of type 11 with d = 1;
6. #ZG)’ G of type I with d = 2;
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s7 s7 s7 57 . L
T (<) R e STt () and TG G of type IV with d = 1;
. %, G of type VI with d = 1;

Rk,1,j

Theorem 2.3. [20] Let M™ be a connected homogeneous Riemannian mani-
fold of constant positive curvature K, then M™ is isometric to a manifold S™/T
where (i) F is a field R, C or Q, (i) S™ is the sphere || x |= K= in a left
hermitian vector space V' over F where V' has real dimension n+ 1, (i) T" is
a finite multiplicative group of elements of morm 1 in F which is not contained
in a proper subfield F1, R C Fy ;Cé F, of F, and (iv) T acts on S™ by F-scalar
multiplication of vectors.

conversely, all the manifolds listed are n-dimensional Riemannian homoge-
neous manifolds of constant positive curvature K.

Definition 2.4. [1] An isometric action of a Lie group G on a sphere S™ is
called reducible if the corresponding action on R"*! is reducible, i.e. there
are two proper subspaces of R”*! invariant under the G-action; otherewise the
action is called irreducible.

The folowing theorem of E. Straume describes irreducible C1 actions on S7.

Theorem 2.5. [17] Let G be a compact connected Lie subgroup of Iso(S”)
and ® be a irreducible C1 action of G on ST. Then G and ® can be one of the
following cases.

TABLE 2.1. irreducible C1 actions on 7-sphere

G ®
SU(3) Adjoint
SO(4) v ® S3v;

U(1) x SO(4) P2 @ P4
U(2) x SU(2) | [p2 ®c pelr

L N3

For the sake of completeness, in the sequel, we take a look at some necessary
concepts of representation theory.

Notation 2.6. [21] Let V be endowed with a real inner product in the case
of real representation w or a hermitian inner product in the case of complex
representaion 7. If we denote the adjoint of a linear map L by L*, then w* is
defined by 7*(g)v = (w(g~1))*v on the group level and by 7 (X )v = —(7(X))*v
on the Lie algebra level.

Definition 2.7. Let w1, m2 be two representations of a Lie group G on vec-
tor spaces V; and Vs, respectively. m; and me are said to be equivalent,
denoted by m; =~ mo, if there is an isomorphism L : V3 — V5 such that
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L(m(g)v) = m2(g)L(v). Such an isomorphism L is called an intertwining map.

Definition 2.8. [21] Let 7 be a complex representation of the complex lie
algebra g on a vector space V.

a) m is called orthogonal if there exists a non-degenerate symmetric bilinear
form on V invariant under .

b) 7 is called symplectic if there exists a non-degenerate skew-symmetric bilin-
ear form on V invariant under .

c) 7 is called complex if it is neither orthogonal nor symplectic.

d) 7 is called self dual if 7 ~ 7*.

Proposition 2.9. [21] Let m be a complex irreducible representation of a
compact semisimple Lie algebra € on V. Then there exists a symmetric bilin-
ear form on V invariant under w if and only if there exists a conjugate linear
intertwining map T with 72 = Id.

Proposition 2.10. [21] (a) Let w be a complex representation.  is orthogo-
nal or symplectic if and only if m is self dual.

(b) Let m and o be two complex representation. m & 7o is self dual if and
only if both representations are self dual.

Notation 2.11. For a complex representation ™ on a complex vector space V.
we denote by mr the real representation on Vg, where we forget the complex
structure.

If o is a real representation on W, oc = 0 ® C is a complex representation on
We=We®C.

Lemma 2.12. [21] If  is a complex repreesntation of a compact Lie algebra
E, then g @ C =7 @ 7*.

Proposition 2.13. [21] Let o be a real irreducible representation of €. Then
one and only one of the following holds:

(a) o0 ® C ~ m with © an orthogonal irreducible representation.

(b) o @ C =7 @ 7" with m an irreducible complex representation.

(c) o @ C~7@m with m an irreducible symplectic representation.

We say that the real representation o is of real type in case (a), of complex
type in case (b) and quaternionic type in case (c).

Proposition 2.14. [21] Let o be a real irreducible representation of ¢, and I,
the algebra of intertwining operators.
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(a)If o is of real type, then I, ~ R.
(b)If o is of complex type, then I, ~ C.
(c) If o is of quaternionic type, then I, ~ H.

Proposition 2.15. [3] An irreducible real representation of a compact abelian
Lie group is either one-dimensional and of real type or two-dimensional and of
complex type.

3. Main results

In this section we deal with our classifiaction problem. The first step is
to find conditions under which a quotient manifold admits a C1 action. The
following proposition states the necessary and sufficient conditions.

Definition 3.1. Let (M,g) be a Riemannian manifold and G C Iso4(M)
be a closed Lie subgroup. The action of G on M is C1 if there exists an
orbit of codimension one, or equivalently, if the orbit space is a 1-dimensional
topological space.

Proposition 3.2. Let G bea compact connected Lie subgroup of isometries of
a Riemannian manifold M such that the action ofé on M is C1, let T be a
properly discontinuous subgroup of isometries of M, w : M — % be the natural
projection map 7(x) = Or(x), and let p : G- Gbhea covering homomorphism.
Then the action of G descends to an action of G on M/T if and only if the
following conditions hold:

1. forallge G,peT,x e M, g.o(z)=¢(g.x),

2. {®9: §ekerp} CT, where

QI M — M
T g
Further the action is C1.

Proof. The ”only if” statement has been proved in [2, Theorem I. 9. 1]. Now
we prove the inverse.
Let p : G — G be a covering homomorphism so that the two conditions

hold. Define the action of G on X as follows:

T
v G x ¥ — %
(9, []) = [g.2],

for some g € G such that p(g) = g. First, we show that the definition of ¥ does
not depend on §. let p(31) = p(ga) = g, 0 p(d; G1) = €, i, Gy 1 € kerp.
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Since kerp is in the center of é, we have §2§2_1§1 = §2_1§1§2. Thus
G1.% = G20y ' Gr.w
=0 192
=G5 'G1-(G2-x)
= 392 "9 (§y.z)
= [g1.2] = [2.2].

Now suppose z,y € M, [z] = [y], so y = ¢(x), for some p € T. Let § € G, we
have

It means that W is well-defined.

It can be easily seen that ¥ is a C1 action. Since 7w : M — % is a Riemannain
covering, g @ Tp M — Tiy % is a linear isomorphism, and on the other hand
7(o(x)) = o(m(x)), we have dimo(x) = dimo(n(x)). It shows that the action
of G on % is a C1 action. 0

Now we state the classification which is summarized in Table 3.1 on page
577.

Theorem 3.3. Let M7 be a complete connected non-simply connected, compact
Riemannian manifoldof constant positive curvature admiting an irreducible C1
action. Then, up to isometry, one and only one of the cases of Table 3.1 can

2 2T i
happen. Note that in Table 3.1, Ay, = <[cqs £ SWQ# ]} and By, = <62k ).
Sln? COST

Proof. By Theorem 2.2, we know that M is isometric to an spherical space
form S7/T, where I' is a properly discontinuous subgroup of O(8). To find
7-dimensional spherical space forms which admit irreducible C1 actions, we in-
vestigate properly discontinuous subgroups of O(8) which satisfy conditions of
Proposition 3.2, for the actions determined in Theorem 2.5. By Theorem 2.5,
there are four Lie groups G which act on S7 irreducibly and of cohomogeneity
one, namely SU(3), SO(4), SO(2) x SO(4) and U(2) x SU(2) . We explore
each group and its action on S” to obtain the division algebra of intertwining
maps of the action. This leads us to get the properly discontinuous subgroups
of O(8), say T, which satisfy condition 1 of Proposition 3.2. To obtain the
groups I' which satisfy condition 2 as well, we consider a covering homomor-
phism from G and study its kernel as a discrete normal subgroup of Z (é)
Then we examine condition 2 and find all those I, which satisfy conditions 1, 2
of Proposition 3.2. Notice that the groups acting on S7/I" have the form é/H,
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where G is one of the groups introduced in Theorem 2.5 and H is a discrete
normal subgroup of Z(G). In the following, by the aid of representation the-
ory, we give the details of our investigation of the acting groups, case by case

according to Theorem 2.5, to see if Proposition 3.2 is satisfied.

a) G = SU(3). Consider the inner product space V = (su(3),(,)), where
(X,Y) = —traceXY and define the action of SU(3) on V as follows:

Ad : SU(3) x su(3) — su(3)
(A, X)— AXA™L

According to [17], this action is irreducible and of cohomogeneity one, d(Ad) =
ad is a real irreducible reprsentation of su(3). By [6] ad®C is irreducible as well,
so Propositions 2.13 and 2.14 yeild I, ~ R. Hence condition 1 of Proposition
3.2 holds only for T = Zs as the only finite subgroup of (R*,.) is Zs.

Now we consider codition 2 of Proposition 3.2. Let p : SU(3) — G be a cov-
ering homomorphism. Since kerp is a discrete normal subgroup of Z(SU(3)) =
Z3, we have two cases:

1. kerp = Id, so condition 2 of Proposition 3.2 holds trivially, hence it gives a
C1 action of SU(3) on RP’ = %:.

27 4mi

2. kerp=73. Let g=al € Zs = {Id,e™s Id,e s Id},
®I(z) =g.x
=grg~!

That is, ®9 = I € I' = Zs, so condition 2 of Proposition 3.2 holds which gives
rise to a C1 action of %53) on RP7 = %:.

b) G = SO(4). Here we follow [22] to describe the action of SO(4) on S7. Let
Vi be the vector space of homogeneous polynomials of degree k in two complex
variables z,w, then SU(2) acting on vectors (z,w) via matrix multiplication
induces an irreducuble representation m on Vi of complex dimension k + 1
and preserves the inner product, which makes z™w"™ into an orthogonal basis
with [z™w"|? = m!n!. The map (z,w) — (w,—z) extended to be a complex
antilinear map Ji : Vi — Vj, satisfies J,f = (—1)¥Id. Now consider Vi ® V3
and J; ® J3, which satisfies (J; ® J3)? = Id. Thus J; ® J3 induces a real
structure on C8, hence its +1 eigenspace W is invariant under the action of
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G = 8U(2) x SU(2) and is spanned by:

3 2

—yw?), zzw? + ywz?, i(zzw

yz® — xw?, i(yz® + zw?), 22w — yw?z, i(z2%w + yw?z).

2

x2° + yuw?, i(x — ywz?),

Since the kernel of the 2-fold covering SU(2) x SU(2) — SO(4) is Zs, the
action of SU(2) x SU(2) on W, say o, induces an irreducible C1 action of
SO(4) on W. In fact, 0 = 7|y with ¢ ® C = 7. By Proposition 2.9, 7 is
orthogonal, so according to Proposition 2.13, ¢ is of real type, hence I, ~ R
by Proposition 2.14. As the result, condition 1 holds only for Z,.

As Z(SO(4)) = Zg, kerp C Zo. Straightforward calculation shows that
®(-1d) — _Jd € Zjy, thus SO(4) and %&4) act on RP” with cohomogeneity
one.

c) G = SO(2) x SO(4). According to [17], irreducible C1 action of SO(2) x
SO(4) on R? @ R* is defined by p2 @ ps, where p,, is the standard action of
SO(n) on R™. The vector subspace spanc{—e1 ®e1®@1—e2Qe1 @i, —e1 Rea ®
l—ea®ea®i,—e1Re3®@1—eaRe3Ri, —e1 Res @1 — e ®eq @i} of the vector
space R? ® R* ® C is invariant under the complex representation ps ® py ® C,
thus ps ® py ® C is reducible. By the proof of Proposition 2.13, ( [21], p:126),
p2 ® ps ® C ~ 7@ 7" with 7 irreducible and 7 %2 7%, s0o 0 = ps ® pys is of
complex type, hence I, ~ C. Thus condition 1 of Proposition 3.2 holds for
Loy = {cosZ=Td 4 sin2= 1), where I is the complex structure on R? ® R*, since

m m
27mi

the only finite subgroups of (C*,.) are Z,, = (e™m ).

Now we consider condition 2. Let H be a discrete normal subgroup of
SO(2) x Zs, which is the center of SO(2) x SO(4). The next two possibilities
can occur:

1) (Id,—Id) € H. One can easily see that H = Zj, X Zg, for some k, as it
is well-known that the discrete normal subgroup of SO(2) is finite cyclic. We
show that condition 2 of Proposition 3.2 holds if and only if m is even and k|m.

Suppose that condition 2 holds, then —Id = U%~1d) ¢ 7. so m has to be

cos?E  —sin2t
even. Now assume that A = | " 4 o | As oA—Id) ¢ 7 we have
S'L’I’l? COS?

(p(AJd)(l 00 0):cos§f 0 00
0 0 0 O sim=f 0 0 O

k
~feos®2 0 0 0
~sinZ2 0 0 0

for some ¢ < m. Thus

2 2
T onli+ 2L = kg = m(kl + 1),
m k



575 Zarei, Kashani and Abedi

which shows that k|m.
Conversely, let m be even and k|m, i.e. m = kq, then we have

I 1000 [cos 2t —sin 271 (1 0 0 0
‘p(A’Id)([o 00 0]) 2t cos%'? 0000

_sm .

-COSQ;I 0 00
“lsin2 0 0 0
[cos 224 0 0 0
sin2Z4 0 0 0
_ mlq . 27lq 1 0 0 O
_(cosId—i—smI)([O 0 0 0})

m m

L 1 0 0 0]y _ [eos2Z —sinZZt][-1 0 0 0
oA Id)({o 000 )‘_sm% cosZ [0 0 0 0
_fcos%l 0 0 0
- —sm%l 0 0 0

k
[~cosZla g 0 0
- sln%—q 0 00
B 27lq sin 2mlq 1 0 00
= —(cos I)({O 0 0 0})

Since J = cos 2%qld—i— sin %I € Zy, and m is even, —J € Z,,.

2) (Id,—Id) ¢ H. In this case H can be embedded in SO(2) as a dis-
crete subgroup, and as stated before, it is cyclic. If H = ((A, Id)), for some

2r o 2w
A € So(2), then H =< A > xId, where A = €8 £ Sm%’f ] The same
sin <F  cos I

discussion as above shows that condition 2 holds if and only if k|m.

Now suppose that H = ((A4, —1d)). Note that in this case the order of H,
namely k, is even, since otherwise (Id, —Id) € H. First, let k = 2"q, where
r > 2 and (q,2) = 1. We show that condition 2 holds if and only if k|m.
Suppose it holds, then we have

1000 [cos 22t —sin27] [-1 0 0 0
w(A’_Id)({O 0 0 0}) sin 274 cos 22 0 000
_—COS2kl 0 0 0]

- Tl
| —sin Qk 0 0 O

7_005% 0 0 0]

! .
- 2mlq
[sin="%t 0 0 0
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Therefore
27rq/ 2w /
— :27Tl—|—7r+? = 2kq =m(2kl +k+2)
m
/ k
= kq :m(kl+§+1)
k
= k|m. (k,lk+§+1):1.

Conversely, if k|m , the condition holds similarly.

Now assume that £ = 2¢ and (¢,2) = 1. Condition 2 holds if and only if
k|2m. the ”only if” statement is obvious, so we prove the ”if” statement. Let
k|2m, i. e., 2m = kq', for some ¢ .

2m:kq/:>m:qql

100 0]) [cos 27k —sin%’”} {(1)1 0 0 0]

"L T "L . .
If  is even, then w(Al’(_l)lld) = cos 2Tr%ld—i—sim 2#[ € Zp and if lis odd , we

’ ’ ’j ,j
have (p(Al7(—1)lld) = cos %Ilf—i—&ln WI = cos %Id—&-bln %I S

Ly as q is odd.

d) G = U(2) x SU(2). According to Theorem 2.5, ¢ = (v ®¢ p2)r is
an irreducible C1 reprsentation of U(2) x SU(2) on (C? x C?)g, where us
is the standard representation of SU(2) on C? and vy = 6§ ® g with & the
representation of S! on C. It is well-known that uo is of quaternionic type,
and by Proposition 2.15,  is of complex type. therefore v ® ps is of complex
type by Proposition 2.10. On the other hand, according to Proposition 2.12
[ ®c polr ® C ~ & 7*, where m = v ®¢ p2. Hence o is of complex type
resulting in I, ~ C. Thus condition 1 of Proposition 3.2 holds for I' = Z,,.
Investigating condition 2 is the same as in case (c). O

We collect the admissible data for our classification in the following table.
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Corollary 3.4. Among all manifolds introduced in Theorem 2.2 only the man-
ifolds in part 1 with T' = (diag(R(), R(%),R(%), R(1)) admit an irreducible
C1 action.

Proof. By a straightforward computation, one can see that just the group in
part 1 of Theorem 2.2 is cyclic. On the other hand, by the proof of Theorem
3.3, we see that all I'’s obained in the theorem are cyclic, so the result is
obtained. |

Corollary 3.5. A compact connected non-simply connected 7-dimensional Rie-
mannian manifold of constant positive curvature admits an irreducible C1 ac-
tion only if it is homogeneous.

Proof. Theorem 2.3 and the proof of Theorem 3.3 gives the corollary. O

The readers should note that the corollary is the positive answer to the
conjecture presented in [1] in dimension 7.

In the following, we search for the isotropy subgroups of these actions to
describe the orbits.

Proposition 3.6. Let G be a Lie group acting on a nonsimply connectd man-
ifold %, G be its covering group which acts on the manifold M and G, be an

isotropy subgroup of G. Then the isotropy subgroup of G at 7(x) is isomorphic
to %m, where H ={g € G: g.x = ¢(x) for some o €T}, p: G — G is the

covering homomorphism, and 7 : M — % is the natural projection.

TABLE 3.1. 7-dimensional spherical space forms admitting
irreducible C1 actions

G Z(G) HgdiscreteZ(G) r G ]\47
SU(3) 7
SU(3) Z3 I1d,Z3 Zs = RP
S0(4) Ly 1d, Zs Zs 5ot RP7
SO(2) x SO(4) | SO(2) X Zg | Zy, X Za Zom,, m even, k|m w Zs;
SO(2)xSO ST
SO(2) x SO(4) | SO(2) X Za | Zy, x Id, Lom, k|m % il
(Ag, —Idy,
k=2"q,r>2
SO(2) x SO(4) | SO(2) x Z2 | (A, —Id), T, k|2m w ZST:,
k=2q
U(2) XSU(2) Sl X Lo Zk X Lo Zm7m even, klm w 2977
7
U(2) x SU(2) St X Zo 7y, X 1d, Zom, k|m w Zsm
(B, —Id),
k=2"q,r > 2
U(2) x SU(2) S x Zsy (B, —1d), Lo, k|2m w %
k=2q
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Proof. First, notice that kerp C H , since for g € kerp we have
m(g.x) = p(g)7(x)
=en(x)
= n(z)

= g.x = ¢(x), for someyp €T

For x € M, the isotropy subgroup of G at 7(x) is Gy = {p(9) : §
p(x) for some ¢ € I'}, so the result is readily obtained.

According to the classification given in Theorem 3.3, we explore the princi-
pal and singular isotropy subgroups of the irreducible C1 actions on S7 /T case
by case. To specify the notation, we use Ki, K, instead of H in Proposition
3.6 and call them the subgroups corresponding to the singular and principal
isotropy subgroups, respectively.

Theorem 3.7. The singular and principal orbits of irreducible C1 actions on
S7/T are those listed in the following table.

TABLE 3.2. singular and principal orbits of C1 actions on S7/T

Proof. Case 1: G = SU(3). The two singular points

G singular orbits principal orbit
SUB) | Ter =CP| w2 . n
SO(4) oEIE; o LT
U(1) x 50W) | 507 voraiur | SOUTesOmer | ZpxSomer
G0 500 | TR | UGSttt
Here Gx_ = {(1, [_ab 2} , [_ab 2}),(—1, {_ab Z] , {ba _Z]) ta,be
C, ad + bb = 1}

of the C1 action of SU(3)

Y6 0 0
5l

on S7/T are xy = | 0 gi 0 and z_ = —x4 whose isotropy sub-
0 0 =6

groups are isomorphic to U(2).
SU(S) ~

According to [1], O(r(z+))
= CP? and the other singular orbit is exceptoinal. To find the exceptional
and prln(:lpal orbits, let p : SU(3) — G be either the identity homomorphism
to SU(3) or the natural projection to i H

5%3) ; and Gy

_ K
~ kerp’

O(r(z-))

Gry) = Torp

be
the isotropy subgroups of the exceptional and principal orbits of the G-action
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on RP’, respectively, where K , H are as in Proposition 3.6. Since x, y are reg-
ular points of SU(3)-action on S7, and T2 is the isotropy subgroups of regular
points, it is isomorphic to the identity components of K , H. As in this case,
I' = Z, we get that K , H have at most two components. Therefore

Gﬂ'(z) _ (kelfp)
Gr(y)

K () m(E)

aad
™
i
3
=N
=

On the other hand, % = Wogg; = g”i”; is finite and nontrivial by definition
™0 7 (y

(cf. [2], p. 181), hence K=T2x Zo, H =T2. As the result, 7€2U><(2)27 5%3) are
the exceptional and principal orbits, respectively.

Case 2: G = SO(4). Let a = “ZJ\F/%MS and b = M By [22],

:czS+y1u3 + mzw2+y2w2
4 4

xo = cos(5)a + sin(5)b, r4 = and z_ = 22ty

12 12 23
regular and singular points, and their isotropy subgroups are Zg & Zo, O(2),
respectively. Again an easy computation shows that Ky = O(2) x Zy and

K():ZQXZQXZQ.

are

Case 3: G = SO(2)xSO(4). Ey — B R
isotropy subgroup is S(Z2x O(3)). For every ¢ € T', o(E1) € O(Ey). Therefore,
K. = S(Zy x O(3)) x . The other singular point is E_ = § {_11 1 8 8]
whose isotropy subgroup is SO(2) x SO(2) and K_ = SO(2) x SO(2) x T since
for every ¢ € T, p(X) € O(X). The regular point is E = ? Ll) } 8 8]

with isotropy subgroup Z, x SO(2), and similarly Ko = Zy x SO(2) x T'.

is a singular point and its

Case 4: G=U(2)xSU(2). X, = B 8} is a singular point with S x St as

its isotropy subgroup. Since o(X,) € O(Xy), forall g € T, K} = S' x S x T,
1
1

We also have X_ = 3 0 (1) as the other singular point and

ax ={a. {—GB C_ﬂ,{_‘% 2]),(—1, {_‘LB ﬂ{%“ :2}):a,be(€,ad+b5:1}

as the isotropy subgroup. We can easily see that forall p € T', (X_) € O(X_)
and as the result K_ = Gx_ x I'. Finally, the principal isotropy subgroup is
S and similarly Ko = S' x T. O
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We now take a look at some of the properties of the orbits. First, we study
their fundamental groups and then we discuss some of their geometric proper-
ties.

The two following lemmas are needed to investigate the fundamental groups.

Lemma 3.8. [/1] For a coset manifold M = G/H there is an exact sequence
of groups and homomorphisms

0— 7T2(M) — 7T1(H) — 7T1(G) — 7T1(M) — 7T0(H) — WQ(G).
Lemma 3.9. [0] Let G be a connected Lie group and K be a closed subgroup of

G; we denote by p: G — % the quotient map. Let q : G — G be the universal

covering group of G, K= ¢ Y(K) and I?O be the connected component of the
neutral element 1 € G . Then, the fundamental group 771(%) 1s 1somorphic to

~ K
the quotient "

In the following proposition we compute the 1st, and 2nd homotopy groups
of the orbits. The results are summarized in Table 3.3 on page 582.

Proposition 3.10. The first and second homotopy groups of the orbits pre-
sented in Theorem 3.7 are listed in Table 3.5. Notice that in Table 3.3

ax = {a, [_“b Z] {_ab Z}),(—L [_“b fj : [_b“ :ﬁj) . a,b e C,aa+
bh = 1},

Gy = {£(L,1),£(5,9), £(4, §), £(k, k), £(=1,1), £(=i,4), £(=j, §), £(=k, k) },
Gy = {+(1,1), £(i,4), (4, 5), £(k, k) }

Proof. Case 1: Let G = SU(3). Since m1(SU(3)) = 0, by the exact sequence
given in Lemma 3.8, 71'1(SU(3)) >~ mo(H), 7T2(SU(3)) =~ 7 (H), where H = T?

H H
or H =T? x Zy. Now the result can be easily obtained.

Case 2: Let G = SO(4), and ¢q : SU(2) x SU(2) — SO(4) be the uni-
versal covering map. Let K = Zy x Zy. As m(K) = 0, wz(%@))

o

by the exact sequence of Lemma 3.8. Some calculations show that K
¢ (K) = {£(1,1), £(0.1), £(j. 1), £(k, k) }. Since Ko = {(1,1)}, m (*F2)
I?, by Lemma 3.9. If K = Zy X Zy X Zg, we see that K = ¢ UK) =
{£(1,1),£(,4), £(4, ), £(k, k), £(—=1,1), £(—i,4), =(—4, ), (=K, k) }, so

m(294)) =~ K. Now let K = O(2). In this case K = (e7,ei") U (i, 1) (et e/t),
S0 7r1(SOK(4)) >~ 7. if we take K = O(2) x Zy, K = (e7t, e) U (i, ) (e, ) U

(e=t edt) U (i,i)(e~7t, ef?), and 7r1(501<(4)) = 7o X Lo.

Pl
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Case 3: Let G = SO(2) x SO(4), and g : R x SU(2) x SU(2) — SO(4)
be the universal covering map. Let K = S(Zz x O(3)) x I', where I' =
(cos2Z1d + sin2Z]). By some calculations we have K = Uo<i<m—1{(2km +
2 A A) i k€ Z, A€ SURFUUperam (((2k + D + 2L A, —A) s k €
Z, A € SU(2)}, hence m (S2QXSOW) & 7,5 7, x T. For K = §(Z x O(3)),
K = {(2km,AA) - k € Z, A e SU2)}YU{((2k+ 1), A, —A) : ke Z, A e
SU(2)}, and m (22@X5OMy =~ 7,47, Now let K = SO(2 ><SO(2)><F In this
casef(:UKKm_l{(ucos +2ﬂ+s jsin St Al B +2WLS):

T —isin —%——, cos —%— —isin —%
t,s € R}, andw(%)”l" If we take K = SO(2) x SO(2), K =

2

{(t, cos = — isin 2 cos L5 52) i t,s € R}, som 50(2) XSO S0@)x50M)y — g,
For K = Z? x SO(2 ) xT, K = U0<l<m @k + 2L, 27[; —isin %l;s’
cos 2*7:’1_ ® +isin zm tk€Z,s € RYUUp<i<m— 1{((2k+1)7r+2”l u

—isin +2;rl+s,cos ﬂz’gi +isin WLZ *):k € Z, s € R}, hence Wl(w)
> 7ixZoyxT. If K = Zyx SO(2), K = {(2k7r7cos —isin E,cosi—zsm )ik e
Z, s € RYU{((2k+1)m, cos T£= —isin 7F2, %) k€ Z,seR},
(50(2)230(4)) o~ Z % ZQ.

SO 71

Case 4: Let G = U(2)xSU(2), and ¢ : Rx SU(2) x SU(2) — S* x SU(2) x SU(2)
be the universal covering map.

) ) is 0 ’L(t+5+277y;’> 0
Let K = S'xS'xTI'. We have K = Uo<icm_1{(% [0 e’”} 0 milthe2l) ):

t,s € R}, so Wl(W) ~ T,

- eis 0 ez(t+s) 0
If we take K = S' x S*, K = {(t, [ 0 e*is] , { 0 —ilt+s) ) : t,s € R},
we have wl(W) = 0. Now let K = S' x Zy x I', we see that K =
it 0 it 0 :|

Uoglgmfl{(tv { 0 e—i(t+2m7‘l):| 1) :te R}UUOSZSm—1{(t» [ 0 et 22
—1) : t € R}, and m (YEX5VC)) >~ 7, « . But for K = S x Zy, K =

{(, [60” 604,1) t e RYU{(t, [ _4,-1) t € R}, and 7, (Y250 o

a b a b a -
wvmmn-ge-(o 4 4 Poft 2[5
@b € C, au+bh = 1}XF’ then K = Uz i {2k 221, { ag )

b

a
a7 ol a bl |—a
a,b € C, aa+bb =1,k € Z} UUg<i<pn_ 1 { (G +(2k+ 1), 5 oaltl s
a,b € C,aa +bb = 1,k € Z}, and m (Y2X5Y@)) =~ 7 5 7, x . Now



On cohomogeneity one nonsimply connected 7-manifolds 582

tet K = {(1, [_“b Z] , {_“b 2]),(-1, [_“b ﬂ , [‘b“ :Z}) L ab e C,aa+

= a b a b
bb —Ea’—l;}

2 U{((2k + D, {GB ﬂ [5“ 2}) . a,b € C,aa+bb= 1,k € Z}, so

71'1(7(](2)?5(](2)) =7 X L.

):abe€ Craa+bb=1,k¢€

1}, then K = {(2km,

Ql

The statements about second homotopy groups can be easily obtained by
the above resuls and the exact sequence of Lemma 3.8. O

TABLE 3.3. First and second homotopy goups of the orbits

orbits of S7/T T To orbits of S7 T To
o Zy Zx T - - -
SUG) 0 Zxz| ZT® 0 |[zxz
SO(4 SO(4
0(2)% %2 Ty X Ty z O(%)z Zy z
SO(4 SO(4
SO 255t o . OEEOIE) e -
X X
S0t | 2xZexT | 0 | ssomy |Z%%Z2| O
_S0(2)x50() _ r 7 | Zxsou) 0 Z
52(02 ()2X) Sgg ()4X) - Sl?( (12)) XSSOO(EE))
X X
U((2)xSU(2 U((2)xSU(2
30 3o R R 7 ol EL R
X X
e Zo x T 0 e Lo 0
TS Tz xZyxT| 0 | XA 1757, | 0

Theorem 3.11. [5] Let 7 : M — M be a Riemannian submersion. Ifg: N —
M is a horizontal isometric immersion, then its second fundamental form is
closely related to the second fundamental form of its projrction f = wog. For
instance, f is totally geodesic, minimal or totally umbilical if and only if g has
the coresponding property.

Proposition 3.12. The orbits of C1 actions on ST/T are not totally umbilic.

Proof. Since the natural projection 7 : ST — S7/T" is a local isometry, it is
a Riemannian submersion with discrete fibers, so the orbits of S7/I" are the
image of the horinzontal submanifolds (orbits) of S7. Thus by Theorem 3.11,
the orbits of S7/T" are totally umbilic if and only if the orbits of S” are totally
umbilic. Now by Proposition 3.10, we see that first and/or second homotopy
groups of the orbits G/H of S7 are not the same as those of the spheres,



583 Zarei, Kashani and Abedi

which follows that none of the orbits is homotopy equivalent to a sphere. Since
totally umbilic submanifolds of spheres are again spheres, no orbit G/H is
totally umbilic in S7/T. O
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