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1. Introduction

In this paper, we study the existence of infinitely many solutions for the
bi-nonlocal problem
—M( [, |VulPdz)Apu = Af(x)|u|92u
_ 2r .
(1.1) +g(x)|ul” ZU[% fQ g(x)|u\"’d:c] , in Q,
u =0, on 0f),

where  C RY is a bounded open set with smooth boundary,
Apu = div(|Vu|p72Vu)

is the p-Laplacian operator, 1 < p < N, M(s) = s* with a > 0, 1 < ¢ < p* :=
NLZ)’ max{p(a+1),q} < 7(27;4— 1) < p* and 7, \ are positive parameters, and
the weight functions f,g € C(€) may change sign on (.

Nonlocal problems arise in many applications. In [16], we can find a nonlo-
cal equation arising in population dynamic models (see also [1,2, 11, 12] and

references therein). In this field we can mention the equation

Au™ zuf(x,/ ar),

Q
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Infinitely many solutions for a bi-nonlocal equation 612

where f denotes the crowding effect and the nonlocal term means that the
crowding effect depends on the entire population. Equations of the form

Ugy — (a/ |Vu|2dx+b>Au = f(z,u),
Q

were introduced by Kirchhoff [18] to describe the transversal oscillations of a
stretched string. Motivated by mathematical difficulties caused by the nonlocal
term and physical applications of Kirchhoff type equations, many researchers
studied these kind of equations. See, for example, [2—1,7-9,15,17,22] and the
references therein. The nonlocal elliptic problem

—div[a(/ u)Vu} = f— Au, in Q,
Q

describes a balance of population for some species of bacteria where €2 has been
considered as a container of bacteria, u is the density of bacteria within this
container and f denotes the supply of beings by external sources. For more
details about this problem see [10] and references cited therein.

Corréa and Figueiredo [13] considered problem (1.1) with A =0or 1, f(x) =
1, g(z) = pgi(x) where g; is sign-changing and p is a positive parameter.
They studied several cases: v < pgjill)7 v > péﬁill), pla+1) < ¢ <2, and
p—1< g <pla+1). Corréa and Figueiredo used the Krasnolselskii genus, the
mountain-pass theorem and the concentration-compactness principle, to prove
the existence and multiplicity of solutions. In this paper, we consider problem
(1.1) with two sign-changing weight functions and under conditions different
from those used in [13]. We use the Nehari manifold method and the Ljusternik-
Schnirelman critical point theory on C''-manifolds, to prove the existence and
multiplicity of solutions. When ¢ < p(a + 1) the Nehari manifold need not be
a closed manifold of class C!, and therefore the Ljusternik-Schnirelman critical
point theory does not apply. To overcome this difficulty we divide the Nehari
manifold into three subsets corresponding to local minima, local maxima and
points of inflexion of fibrering maps (see [5]). Then we prove that the subset
related to local maxima of fibrering maps is a closed C'-manifold.

Throughout this paper, we assume that f¥ # 0 an g* # 0 where

fT =max{f,0}, g" = max{g,0}.

Let
Q;{ ={zeQ: f(x) >0}, Qf :={zeQ:g(x) >0}
Our main results are as follows:

Theorem 1.1. Assume that ¢ < p(a+1). Then there exists A > 0 such that
for each 0 < A < A,

(i) problem (1.1) has at least two nontrivial solutions
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(i) if F\ Q}”‘ has nonempty interior, then problem (1.1) has infinitely
many solutions.

Theorem 1.2. Assume that p(a+1) < g and g > 0 on Q. Then problem (1.1)
has infinitely many solutions for each A > 0.

In section 2, we prove Theorem 1.1 and the proof of Theorem 1.2 is given in
section 3.

2. The case ¢ < p(a+1)
Consider the space X := W, (Q) endowed with the norm

|| := (/ |vu|de)p.
Q

and denote the norm in LY(Q) for ¢ > 1 by ||ul|;. Also, the best Sobolev
constant of embedding X — L!(Q) with 1 < ¢ < p* is denoted by S;. The
corresponding energy functional of problem (1.1) is defined on X by

1o A . 1 1 s
Ry L T e KT

where M(t) = fg M (s)ds. Tt is easy to verify that Jy € C*(X,R) and critical
points of Jy are weak solutions of problem (1.1).
The Nehari manifold associated with the functional J is defined as

Ny :={u € X\ {0} : (Ji(u),u) =0},

where ( ,) denotes the usual duality pairing between X* and X. Then u €
X \ {0} is in N, if and only if

@1 heaalr) - [ selaas - [ [ o] J—

Let w € X \ {0}, then the fibering map [14] corresponding to u is defined by
Bu(t) = Jx(tu),t € RT. According to the definition of 3, \ we have

~ A4
Bu(t) = %M(t”l\UI\p) — /Q f(@)lultdz

t(27‘+1)'y 1 2r+1
e ]

B () =t H[ul [P M (#][u]|7)

1 2r+1
et / F(@)|uftdi — 121 [ / g<x>u|mx] ,
Q Y Ja
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B A(8) = (p = P2 udl [P M (||l [7) + pt>E =D ua] PP M (27l [7)

— (g =M [ f(z)|ul?dz
Q

1 2r+1
—((2r + 1)y — 1)¢rr=2 [7 / g(ﬂ?)Ul'ydw] ,
Q

and for ¢ > 0, tu € Ny if and only if 8, ,(t) = 0. Now we split the Nehari
manifold according to the positive critical points of fibring maps into three
parts as follows:

N; ={u € N,: 559\(1) > 0},

Ny ={u € Nx: g, (1) =0},

Ny ={ue Ny:B;,(1) <0},

In the following we prove some properties of Jy on the Nehari manifold Ny.
Arguing as in Brown and Zhang [5] we have the following result about the local
minimizers on the Nehari manifold.

Lemma 2.1. Suppose that ug is a local minimizer for Jy on Ny and that
ug & NY. Then J}(up) = 0.

The next result is about the Palais-Smal condition. A functional J € C*(E)
is said to satisfy the Palais-Smale condition at the level ¢ € R, (the (PS).
condition in short) if any sequence {u,} C E such that

(2.2) J(un) = ¢, J' (un) — 0,

admits a convergent subsequence. Any sequence satisfying (2.2) is called a
(PS). sequence.

Lemma 2.2. Fach bounded (PS). sequence for Jy on X has a convergent
subsequence.

Proof. The proof is similar to the proof of Lemma 3.2 in [13] and we omit
it. O

By Lemma 2.2 and the following lemma we get that J satisfies the Palais-
Smale condition on X.

Lemma 2.3. The functional Jy is coercive and bounded from below on N .
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Proof. By (2.1) and the Sobolev inequality for any u € Ny we have

Tn(w) = SN l?) = gy P )
1 1 q
M- ) | f@ldvas
1 Pt
Z<p(0z-|-1) (27"+1)’y)|‘ e
1 1 =
—)\(g—m)ﬂfﬂwsq [lull?.

Since ¢ < p(a+ 1), Jy is coercive and bounded from below on Nj.

Lemma 2.4. There exists Ao > 0 such that for each A € (0, ), NY = 0.
Proof. By the definition, if u € Ng, then we have

B73(1) = (p — D)llulPM(ulP) + pllul A2 (ful?)
. 1 8 2r4+1
~ - [ Sl - <<z>r+1>v—1>[7 [ st dx}
2r+1
— (p(a+ 1) — )l [P — (@ + 1)y q) [i / g<x>u|’*dx]
— (p(a+1) — (2 + 1) [Jul PV

+((2r +1)7 - g)A /Q F(@)ultda
— (pla+1) - Q)/\/Qf(:v)|u\qu

+(pla+1)— (2r +1)7) {i/ﬂg(wﬂupdw} S

Consequently, for any u € N we have

up(aﬂ):(%—i—l)y—q 1 N u“/xQTH
23 il e S R

oo @r+ly—plat+[1 xu7x2r+1
20 [ eldras = RO [y
and

(@r + 1)y = pla+ 1) |[ul PO+ = ((2r + 1)y — ) A / £(2)|ul*dz,

< (@ + 1)y = @) Allf oo Sq” ||ul].
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Hence
(2r4+1)y — Pt q
e Il (G o e s )

By (2.3) for u € N we get that fQ g(z)|u|7dx > 0 and by the Sobolev inequality
we obtain

[l | sz
> 27
Jog@luldz = Tigllx

Let My :={u € Ny : [, g(x)|u|"dx > 0} and define the function 7 : My — R
by

(2.6)

’Y(2"'+1)*1]

(u)=C ( [ )7%2?51951 )\/ fa)lu|d
m(u) = C, | e x)|ul|?dz,
H Jo g(;v)|u|7dx]2 H Q

where
__yCren-1
C, =C(p,q,r7,0q) = 2r+ 1)y —pla+1) [ (2r + 1)y — ¢\ 7@ D-sGD
* sy Ty )y . p(Oé+]_)— p(O&+]_)— .
By (2.5) and (2.6), for u € NY we get
y(@2r+1)—1

m(u) = C (( Cridcall o g(a)fulda) @) 0= ) T
A = Ux
[; Jo 9(@)|u|vdz]

- )\/Qf(:c)|u|qu

_ @r+y—pla+1)[1 y 2t
 pla+1) - {7 /Qg(x)|U| dm]

2r+1

@7 - /\/Qf(x)|u|qda; ~0.

Using the Sobolev inequity, (2.5) and (2.6), for u € NY we obtain

[

L [ g(@)|uPda]

1
y(r+1)—1
m(u) > C*<[ 2r+1) R | = Al oS full?

ol
> [Ju|4 [C*( vSy )%
g

191loo

_ P

Hqu,l ||f‘|00 q :|
gP \ Qrbmet -1

(«/ al ) F@r+)—p(a+l)

| C-(fir 151157

> || n =" R

__a=1 (2r4+1)y—q ;‘1 P(O‘q*ll)"‘ o
Ap(a+)—q WHJCHOO
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Now, assume that there exists a sequence {\,} in (0, 00) such that A\, — 0 and
N # 0 for all n € N. Then, since m > 0, we should have ny, (u) > 0

for all u € Ny and n large, which contradicts (2.7). Consequently, there exists

Ao > 0 such that NY =0 for all A € (0,)). O O
Let
A1< pla+1)—gq ><+><+> Y2+ 1) —platl)
(M) (y2r + 1) —g) (120 + 1) = q) /]|

Proposition 2.5. Suppose that 0 < A < min{Ag, A1} where Ao comes from
Lemma 2.4. For u € X we have:
i) If [ 9(2)|ul"dx > 0 and [, f(x)|u|%dz < 0, then the equation B3, \(t) =
0 has a unique positive solutzon t, such thatt u € Ny
(ii) If [ 9(x)|u["dz > 0 and [, f( |u|‘1dx >0, then the equatzon Biat) =
0 has exactly two positive solutions t;; and t with tF <t such that
tfu € Ni
(iii) If [ 9(x |u\'ydx < 0and [q f(x)ul|?dz > 0, then the equation (3, ,(t) =
0 has exactly one positive solution t} such that tu € N+

Proof. (i) Since [, f(2)|ul?dz < 0 and p(a+1) < y(2r +1), there exists tg > 0
small enough such that f], ,(to) > 0. From the condition [, g(x)[u["dz > 0
we have 3, ,(t) — —oc as t — oo. Then f3, () = 0 has at least one solution
n (0,00). Now suppose that there exist t1,t2 € (0,00) such that 33 ,(t1) =
B4 . (t2) = 0. Then we have

t11>(a+1)”u||p(a+1) _ tQ)\fQ z)|u|?dx

2r+1
2r+1)’7|:1j‘ g |’U/|’yd$:| ,

(2.8) ol .
tg( + )Hqu( +1) — tq/\fQ (z)|ul|?d
2r+1

(2r+1)’)’|:1 ng |u|vd4 ,

hence
(tth)p(aH)_q(tézrﬂ)vfp(aﬂ) _ t§2r+1)'yfp(a+l))||u‘|p(a+1)
(29) _ (tg2r+1)7—fl _ thT-‘rl)’Y—(I))\/ f(.’E)|U|qd£L'
Q

Smce fQ x)|ul?dz < 0, (2.9) implies that t; = ¢5. Then there is a unique

= > 0 such that t;u € N, and so

2r+1
1
ezl [ gl e = [ / g<x>|t;u|7dm} .
Q 7 Ja
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This implies that
g (1) = (pla+1)—y(2r+ 1))ty ul PtV

to UsA
+(v(2r+1) —q) / f(@)|tyul%z < 0.
Q

Consequently ¢;u € Ny .
(ii) Consider u € X such that assumptions appeared in Proposition 2.5 (i)
hold. Without loss of generality we can assume that ||u|| = 1. Let

~
Then f, ,(t) = % 'hy(t). Tt is easy to see that the equation f] ,(t) = 0
has at most two positive solutions. Using the assumptions ¢ < p(a + 1) and
Jo f(@)lul?dz > 0, we have 3, \(t) < 0 for ¢ small enough. Also from the
conditions p(a+1) < y(2r+1) and [, g(2)|u|"dz > 0 we have lim; o, 3, ,(t) =
—o0. Let us to show that the equation B;, A(t) = 0 has at least two positive

solutions. To this end, it is enough to prove that there exists s > 0 such that
2 (8) > 0. Define

1 2r+1
ha(t) == 2@ D=0 _ X [ f(a)uftdy — £r+D-a [ / g<x>u|mx] .
Q Q

h(t) := platl)—q _ >\||f||ooS¢;; _ (H9||§o)27“+1tv(2r+1)fq
V5

Then A(t) attains its maximum at

, ( pla+1)—q )W
mazx (HgH‘X’)QT—H(’y(QT—I—l)—q) 9

and since A < A1, h(tmaez) > 0. Thus by the Sobolev inequality we have
;,/\(tmax) =t L by (tmaz) > t3 L h(tmaz) > 0. Then ﬁ{M(t) = 0 has ex-
actly two positive solutions ¢ and ¢, which are respectively points of a local
minimum and a local maximum for £, (). Since 5, x(t) has only two local ex-
trema, /3, ,(t) < 0 for ¢ small enough and lim; , f3;, ,(t) = —oo, then t;} <.,
tyu€ Ny and tfue Ny,
(iii). Since ¢ < p(a + 1) and in view of assumptions in Proposition 2.5 (iii),
we conclude that 3, (t) < 0 for ¢ small enough and lim;— 5, ,(t) = +oc.
Then 8, ,(t) = 0 has at least one solution in (0,00). Similar to the proof of
Proposition 2.5 (i), we can show that there exists a unique ¢ > 0 such that
tifu e Ny. O

Lemma 2.6. Suppose that 0 < A < Ag. Then

(1) Ny is a closed C'-manifold which is bounded away from zero;
(i) If u# 0 is a critical point of J)\‘N; then it is a critical point of Jy;
(#i1) J>\|N; satisfies (PS). condition for all ¢ € R.
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Proof. (i) Let u € N, . Then

2r+1
} <0

1
Bia() = (pla+1) =) [ul"**V = ((2r + 1)y - q) L /Q 9(@)|u|dx
Using the Sobolev inequality we have

(pla+1) = q)[[ul["*TV < ((2r + 1)y —q)
SN\ 2r+1
(210) > (||g|o<>S’Y ) Hquy(?r—o—l).
v

Since p(a+1) < (2r + 1), inequality (2.10) implies that N, is bounded away
from zero. In particular, for any v € N5 we have

(2.11) || > ( (p(a+1) —g)y* " >M_m+1>
(@r+ 1)y —q) (lglleSs” )7

Now define ¢ : X = R by

212 gale) = (G3wh) = [lPM(lul) = A | f@)lul'da

-} [ stourac] o

Thus ¢y € CY(X,R) and N = 5 '(0) \ [{0} UN}]. Since N9 =0 and Ny is
bounded away from zero, we have

Ny N[Ny U{o}] =9,
and this implies that N, is closed. By the definition of Ny,
<<p'>\(u)7u> = ﬁg,)\(l) <0,

for each w € N, . Then each point of N, is regular for ¢, and this completes
the proof of Lemma 2.6 (i).

(ii) Since NY = 0 and using Lemma 2.6 (i), N, is bounded away from N;"U{0}.
Then there exists an open set A C X such that Ny = {u € A : py(u) = 0}.
Now, let v € Ny be a critical point of Jy constrained to N, . Then there exists
a Lagrange multiplier § € R such that

(Jy(u),v) = §(p)\(u),v), for every v e X.

Since J} (u)|ry = 0 and (@) (u),u) = B, (1) < 0, we deduce that § = 0. Then
u is a critical point of Jy in X.

(iii) By Lemma 2.3 every constrained (PS). sequence for Jy is bounded. The
rest of the proof is similar to the proof of Lemma 3.2 in [13] and we omit it. O



Infinitely many solutions for a bi-nonlocal equation 620

In the next lemma we prove that Jy has different minimum energy levels on
Ny and N ;‘ . First we need some notations. Define

ci = inf Jy(u), ¢y = inf Jy(u),
uEN;r ueENy

(2r+1)y - ]ooHrl)z].S'qE
(2r+ 1)y —ag)pla+1)||flle
« ( (pla+1) — q)'y2r+1 )m
(2 + 17— 0) (llgllwss” )™

Proposition 2.7. Assume that 0 < A < min{Ag, A1, \a}. Then we have
(i) ¢f <O.
(#1) There exists constant co > 0, such that ¢, > co.

9 =

Proof. (i) Let u € Ny Then (1) > 0 and this implies that

—((2r + 1)y — pla+ D) [ul @D > —((2r + 1)y — g)A /Q F@)|ul?da.

Then

1 1
pla+1) ~(2r+1)
1 1
6 - m))\/ﬂf(xﬂu\qu
(@r+ Dy —pla+1)(pla+1)—q

- (2r + 1)yp(a+1)q

Consequently ci < 0.

(ii) Assume that w € Ny . Then we have (2.11). By the Sobolev inequality we
get

J,\(u) = (

= (

)||u\ |p(a+1)

) |Ju| [P < 0.

1 1
( (a+1) 7(21"4—1)

p
- (= Al
( (pla+1) - q)v”+1 ) D T
(2r+ 17— a) (lgllos,7) ™"
p(at+l)—q

Jertinopern Gesnogen ywE
2r+ Dyp(a+1) ((2r 1)y — )(HQH )2r+1

2r+1)y—gq =
W)Hf”oosq ]

Ia(u) = )l P+

>

_)\(
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The condition A < Ay completes the proof. O

In order to prove Theorem 1.1 (ii), we need to recall the Krasnoselskii genus
[20] and a result about critical points of functionals on C!-submanifolds [21].
Let

(2.13) Y={ACX:Aisclosed, A=—A}.

For A # () and A € X, the Krasnoselskii genus of A is defined as the least
integer n such that there exists an odd function f € C(A,R™\ {0}) and is
denoted by y(A4). Set y(#) = 0 and y(A) = oo if there exists no f with the
above property for any n. Now we recall a consequence of Corollary 4.1 in [21].

Theorem 2.8. Suppose that M is a closed symmetric C'-submanifold of a real
Banach space X and 0 ¢ M. Assume that J € C'(M,R) is even and bounded
below. Define

¢; = sup inf J(u),
A€T; ueA

where
(2.14) Ij:={ACM:A=-A, A iscompact, v(A) > j}.

IfT; # 0 for all j > 1 and if J satisfies the (PS). condition for all ¢ € R, then
all ¢; are critical values of J and c; — 0o as j — 00.

The last part of the above theorem ¢; — oo, doesn’t exist in [21], but
by a deformation lemma for functionals on C'-manifolds [6] and a standard
argument ( [19] Proposition 9.33), one can show that ¢; — oo.

Proof of Theorem 1.1. Assume that A = min{\g, A1, A2} and 0 < A < A
(i) Using Lemma 2.6 and Proposition 2.7, Ny is C' closed manifold and .Jy
is bounded from below on N; . Then by the Ekeland variational principle
[23], there exists a constrained Palais-Smale sequence {u,} C N, such that
Jx(un) — ¢, .Using Lemmas 2.2 and 2.3, there exists v~ € X such that u, —
u~ up to a subsequence. Thus

In(u”) = cy >0.

This implies that 4~ # 0 and by Lemma 2.1, Ji (v~ ) = 0.

Since NV /\+ is not a closed submanifold, we cannot use the above method to
obtain a (PS )Ci minimizing sequence. We continue the proof as follows.

By Proposition 2.7, we have

¢ = inf Jy(u)= inf Jy(u) <O.

uEN; ueE Ny

Using Lemma 2.3, Jy is bounded from below on N j . Hence there exists a
sequence {u,} C Ny such that

~ _ ot
nlgrolo Ia(up) = cy,
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By the compact embedding X — L*(Q) for 1 < s < p* and since J) is coercive
(cf. Lemma 2.3), {u,} is bounded. Then there exists ut € X such that
wy, — ut and u, — uT in L*(Q) for 1 < s < p*, up to a subsequence. Now we
show that u, — u™ strongly in X. Arguing by contradiction, assume that

(2.15) [[ut]| < liminf ||u,]|,
n—oo

By this fact that 8, (1) > 0 for any n € N, we have

2r + 1)
(2.16) lim inf [|u, |[PD) < ( h q / fa)ut|?dz.

Since ¢ < 0, we conclude {u,,} is bounded away from zero. Thus (2.16) implies
that [, f( |u+|qd:r > 0. Hence u™ # 0 and using Propositions 2.5 there exists
ty+ > 0 such that t,~u™ € Ny. Then

J(tyru™ )>c>\ = lim Jy(up)

n—o0

1 1
> _ ut|pletl)
_(p(a-i-l) 7(27’+1)>H l

_E_L ) ut4de
G ) [ St s,

and consequently

1 1
pla+1)  (2r+1)
1 1
- )7, - /\/ ut|9dz.

Inequalities (2.15)-(2.17) imply that 0 < ¢,+ < 1. Using Proposition 2.7, for

any n € N, the first positive critical point of 3, A(t) is a local minimum point.
Since By, x(t) is decreasing on (0, 1), we have

B ath) <0,

U,y A

(2.17) ( YA — 1) |ut|Petd) >

(

for any n € N. Subsequently we get

(2.18)  liminf (tﬁ&a“)‘1||un||p<a+l>_,\t3+1/9f(x)|un|qci:c

1 2r+1
e [ e )
Y Ja

= 1inrgi£f tz(fﬂ)—l |y [P

B 1 2r+1
_ (tgzlA/ F@)futde + 2+ 1L/ g(a:)|u"dx} ) <.
Q Q
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. y _ .
Since ﬁtu+u+,)\(1) = 0, we obtain

@19) Tt e < [ o)t
Q

1 2r+1
Al Y C T
Y Ja

Finally (2.18) and (2.19) imply that

lim inf||un||p(“+1) < Hu+||p(a+1)7

n—oo
and it contradicts (2.15). Therefor, u, — u" strongly and ¢,+ = 1. Subse-
quently, J(u) = ¢ and by Lemma 2.1, J'(u™) = 0. Since N N N, = 0,
then uT and u~ are two distinct nontrivial solutions.

(ii) By Lemmas 2.2, 2.3 and 2.6, all conditions appeared in Theorem 2.8 are
satisfied if we show that I'; # () for j > 1 where

I'y:={ACN, : A=—-A, Ais compact, y(A) > j}.
Let X be a subspace spanned by j linearly independent functions v, € C5°(£2)
such that supp v C Q;r \ Q;{ and assume that
Shi= X (Wue X+ |ul| =1}

Then by Proposition 2.7, for any u € S7~! there exists unique ¢, > 0 such
that t,u € Ny . Thus ¢ : S9=1 — N given by ¢(u) = t,u, is well defined.
Since 557/\(tu) < 0, by the implicit function theorem the mapping u — t, is

continuous. Therefore, A; := ¢(57~!) is homeomorphic to S7~!. Using the
properties of genus we have y(A;) = y(S77!) = j (see [20], Section I1.5) and
this implies that I'; is not empty for j > 1. O

3. The case p(a+1) < ¢

In this section, first we prove some properties of the Nehari manifold and
fibring maps. Throughout this section we assume that g > 0 on €.

Lemma 3.1. Suppose that A > 0. Then

(i) Ny is a closed C*-manifold which is bounded away from zero. Moreover
JIx(u) > 0 for all u € Ny.

(it) w # 0 is a critical point of Jx if and only if it is a critical point of
Ialny, and {un} C Ny is a (PS). sequence for Jy if and only if it is a
(PS). sequence for Jx|n,

(73t1) Jx|n, satisfies the (PS). condition for all ¢ € R.

Proof. (i) Let u € Ny, then then from the Sobolev inequality we have
777 2r+1

a %q ||g||003 T
[[al POFY < AllfllooSq IIUII‘“r<77 [Ju] D).
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Since p(a+1) < ¢ < v(2r+1), the above inequality implies that N} is bounded
away from 0. Now we show that it is a closed C'-manifold. Similar to the
proof of Lemma 2.6, we consider ¢y : X — R defined by (2.12). Then N, =
©51(0) \ {0}. Since N, is bounded away from 0, Ny is closed. Now we prove

that every point of N, is regular for ¢,. Arguing by contradiction, assume
that uw € Ny with (¢} (u),u) = 0. Then

1 2r+1
mw“m—k/ﬂmw%“{/ﬂme4 ,
Q Y Jo
and
1 2r+1
plat P = o [ lulras ozt 0|2 [ gopras|
Q Q
Consequently
1 2r+1
(3.1) @m+n—@mwmﬂt4ww+n—qﬂmémwmwﬂ

Since [, g(x)ulYdz > 0, from (3.1) we get u = 0 and this contradicts u € Ny.
Thus every point of N is regular for ¢y. Also for each u € Ny we get

(3.2) Ta(w) :(]ﬁ _ é)”uup(oﬂrl)
1 1 1 N 2r+1
- ) |5 L slad]
; _ } wlplat)
>y~ e

Hence, Jy(u) > 0 and it completes the proof.

(ii) The proof is similar to proof of Lemma 2.6 (ii) and we omit it.

(iii) Let {un} C Ny be a (PS). sequence for Jy. Then similar to (3.2), we have

1 1
Ia(up) > (——— — |uy, plat+l)
() 2 (s = vl

Thus {u,} is bounded and there exists v € X such that v, — w and up to
a subsequence. Similar to the proof of Lemma 3.2 in [13], using the compact
embedding X — L*(Q2) for 1 < s < p* we can prove that u,, — u strongly in
X. O

In the next lemma, we study the behavior of fibering maps.

Lemma 3.2. Let A > 0 and u € X. If [, g(x)lu|Ydz > 0, then the equation

fw\(t) = 0 has a unique positive solution t, such that t,u € Ny.
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Proof. Consider v € X with [, g(z)[u|"dz > 0. Since p(a+1) < ¢ < y(2r+1),

we get lim;,o0 (3, ,(t) = —o0 and 3, ,(t) > 0 for ¢ > 0 small enough. Then

there exists ¢, > 0 such that 3, ,(t,) = 0 and t,u € Nyx. If 3, \(t1) =
wa(t2) = 0, then (2.8) holds and consequently we have

(buto)? D) (57T — g g et =

. B . _ 1 2r+1
@ﬂﬂ%ﬂ&+nqgg+nqﬂylﬁ@OMw4 )

Thus from the condition [, g(z)|u|?dz > 0, we obtain t; = t5. Then ], ,(t) =0
has a unique positive solution. O

Proof of Theorem 1.2. . Let A > 0. Using Lemma 3.1, Ny is a closed
symmetric C''-submanifold, 0 ¢ N, and J is bounded from below on N,.
Then by Theorem 2.8 and Lemma 3.1 (ii), the proof will be complete if we
show that I'; defined by

I':={ACN,:A=—-A, Aiscompact, y(4) > j},

is nonempty for j > 1. Similar to the proof of Theorem 1.1 (ii), let X; be a
subspace of X spanned by j linearly independent functions v, € C§°(€2) such
that supp vy, C Q;‘ and assume that

Shi= X (Wue X« lul| =1}

For any u € §771, we have [, g(z)|u|Ydz > 0. Then by Lemma 3.2, there exists
a unique t,, > 0 such that t,u € Ny. Thus Similar to the proof of Theorem 1.1
(i), we have I'; # ) for j > 1. O
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