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ABSTRACT. In this paper, we consider a Cahn-Hilliard/Allen-Cahn equa-
tion. By using the semigroups and the classical existence theorem of
global attractors, we give the existence of the global attractor in H*
(0 < k < 5) space of this equation, and it attracts any bounded subset of
H*(Q) in the H*-norm.
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1. Introduction

In this article, we consider a scalar Cahn-Hilliard/Allen-Cahn equation

(1.1) wr = —AlyAu— f()] + [Au— F@)), v >0, 2 € 2,
with the boundary condition
(1.2) ulan = Aulsn =0,

and the initial value condition

(1.3) u(z,0) = up(x), in €,

where ) is a smooth bounded domain in R™(n < 2), v > 0 is a diffusion
constant and fou f(s)ds is a quartic bistable potential which has zeros at +1.

In this paper, for simplicity, we set f(u) = u® — u.
In recent years, the Cahn-Hilliard /Allen-Cahn equation has been studied in

different aspects, such as geometric motion [11], triple-junction motion [12], the
global attractor for the related dynamical system [4], discrete approximation
with logarithmic entropy [5], the generalized solution [3].
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The existence of global attractor 644

Equation (1.1) is introduced by Karali and Katsoulakis [6] as a simplification
of a mesoscopic model for multiple microscopic mechanisms model in surface
processes. G. Karali and Y. Nagase [7] considered a Cahn-Hilliard/Allen-Cahn
equation. They only provided existence of the solution for the deterministic
case. Then Antonopoulou, Karali and Millet [2] studied the stochastic case for
such an equation in the paper. They proved the existence of a global solu-
tion, under a specific sub-linear growth condition for the diffusion coefficient.
Path regularity in time and in space was also studied. In addition, Karali and
Ricciardi [3] constructed special sequences of solutions to a fourth order non-
linear parabolic equation of the CH/AC equation, converging to the second
order Allen-Cahn equation. They studied the equivalence of the fourth order
equation with a system of two second order elliptic equations.

The dynamic properties of the equation (1.1), such as the global asymptotical
behaviours of solutions and existence of global attractors, are important for the
study of fourth-order parabolic system. During the past years, many authors
have paid much attention to the attractors of Cahn-Hilliard equation or thin-
film equation [9, 14,17, 18].

In this paper, we discuss the existence of global attractors for problem (1.1)-
(1.3). By using the estimates of semigroups and the classical existence theorem
of global attractors, we give the two main theorems about the existence of
global attractor, then we prove the problem possesses global attractor and the
existence of global attractors in the H* space.

2. Preliminary and the main results

In this article, we assume that m(u) is the average of u, such that

mu
m/

Uy, = {ulu € H*(Q), Im(u)| < k}.
The following results on global existence of solution to the problem (1.1)-(1.3)
have been proved in [7].

We let

Lemma 2.1. Suppose that Q is a bounded domain in R? with smooth boundary
00, and uy € %, then problem (1.1)-(1.3) admits a unique solution u such
that

uw € C([0,T]; HY(Q)) N L0, T; H*(Q)) N LY(Q x (0,T)) for all T > 0.
By Lemma 2.1, we can define the operator semigroup S{(¢)}+>0 as
S(t)’LLO = u(t)7Vu0 € %l“ t>0,

where u(t) is the solution of (1.1)-(1.3) corresponding to initial value ug. It is
obviously that the operator semigroup {S(¢)}:>0 is continuous.
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The following lemma is the classical existence theorem of global attractor
by Temam [16].

Lemma 2.2. Assume that S(t) is the semigroup generated by Equation (1.1),
and the following conditions hold:
(1) for any bounded set A C L?(Q), there erists a time t4 > 0 such that
S(t)up € B, Yug € A and t > ty;
(2) for any bounded set U C L*(Q)) and some T > 0 sufficiently large, the
set Ug>7S(t)u is compact in X.
Then the w-limit set A= w(B) of B is a global attractor of Equation (1.1),
and A is connected providing B is connected.

Theorem 2.3. Assume that Q denotes an open bounded domain in R?, then
the semi-flow associated with the solution u of the problem (1.1)-(1.3) possesses
a global attractor o in space %, which attracts all the bounded set in .

In order to consider the global attractor for Equation (1.1) in H* space, we
introduce the definition as follows:

H = {ue L*(), Im(u)| <k},

Hy ={ue H*(Q)NH, u|y, =0},

Hy={ue H'(Q)NH, uly, = Auly, = 0}.
The following lemmas can be found in [13-15].

Lemma 2.4. Let u(t,ug) = S(t)uo (ug € H, t > 0) be a solution of (1.1), and
S(t) be the semigroup generated by (1.1). Let H,, be the fractional order space
generated by L and assume

(1) for some a > 0, there is a bounded set B C H,, which means that for
any ug € Hy, there exists t,, > 0 such that u(t,ug) € B, Vt > ty,;
(2) there is a B > «, for any bounded set U C Hg, and there are T > 0
and C > 0, such that ||u(t,uo)||m, < C, YVt >T, ug € U.
Then (1.1) has a global attractor o C H, which attracts any bounded set of
H,, in the H,-norm.

Lemma 2.5. Let L be a sectorial operator which generates an analytic semi-
group T(t) = ‘L. If all eigenvalues \ of L satisfy ReX < —\, for some real
number Ao > 0, then for L*(¥ = —L), we have

(1) T(t): H— H, is a bounded for all « € R, and t > 0;

(2) T(t)ZL*x = LT(t)(x), Vo € Hy;

(3) for eacht >0, LT (t) is bounded, and || LT (t)|| < Cot~%e%, where

some § >0, Cy,, > 0 is a constant only depending on «;
(4) The H, - norm can be defined by ||x|| g, = ||-Lx| x-

The main results is the following.
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Theorem 2.6. Assume that Q denotes an open bounded domain in R?, then
for all k satisfying 0 < k < 5, the semi-flow associated with the solution u of the
problem (1.1)-(1.3) possesses a global attractor </ in space H* which attracts
all the bounded set H* of in the H*-norm.

3. Proofs of main results

In this section, we prove Theorem 2.3 and 2.6. Firstly, we establish some
priori estimates for the solution u of problem (1.1)-(1.3). We always assume
that {S(¢)}+>0 is the semigroup generated by the weak solution of Equation
(1.1) with initial data ug € %. Then, the following lemma can be obtained.

Lemma 3.1. There exists a bounded set B whose size depends only on k and
Q in U, such that for all the orbits starting from any bonded set B in U,
Jtog=to(B) >0 s.t. Vit >ty , all the orbits will stay in AB.

Proof. Tt suffices to prove that there is a positive constant C such that for large
t, the following holds
[u(®)|| 2 < C.
We prove the lemma in the following steps.
Step 1. Multiplying (1.1) with u, and integrating it over {2, we obtain
1d
2 dt

A simple calculation shows that

f'(u) =3u* —1>—Cy, Cy >0,

lull® + | Auf® + [Vl + / flwudz = — / £ ()| Vuld.

hence
1d 2 2 2 4
5 g ul® 1 Aull® + [ Vul® + flull§
C C
< Sl ol + A,
that is
1d C() CO
5 g lull® + (= Al < (5 + 1)lull®

In addition, using the Poincaré inequality, we get
[ull* < C1|[Vul* + Ca,
IVl < 3l + m A
where C, C only depend on n and m. m(m > 0) is a constant, then

||u||2 < 2m||Au||2 + 2C5.
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Therefore,
C C Cy, C
2 0 0 2 0,C2
-0 < (y— 222,
Sl + (L — 22— D) < (- )22
Let v satisfy 5= — 4%’1 — 7 — 1> 0, owning to the above inequality, we finally
arrive at
Co _ Co 202(2"}/ — Co)

||u||2 < ef(ﬁ*m*Tfl)tHuOH? +

2v — Cyp — 2Coym — 4m’
Thus, for initial data in any bounded set B C %, there is a uniform time ¢ (B)
depending on B such that for ¢ > t1(B),
4C3(2y — Co)
= 2y —Cy —2Cym — 4m~
Step 2. Multiplying (1.1) with Awu, and integrating it over 2, we obtain

(3.1) lull? <

5Vl + IV 8uR + [ AuPda

= —6/u|Vu| Audx—/(3u2—1)|Au\ dx—l—/(u — u)Audz,
Q Q

that is

5Vl + v 8uR + [ AuPda

< 3/u2|Au| dx—|—3/ [Vu| dx—/3u2|Au|2dac
Q Q Q

+/ |Au|2dx+/€/(u3—u)2dm—|—f<;/ |Au|?dx
Q Q Q
< GallVuli+ CalldulP + s [ (af ~ud

Q

On the other hand, using Nirenberg’s inequality, we know
[Vulls < C4f
[ulls < C4l

+ﬁmﬁ-ﬁ+cmmw<nsm,
5 4 Caflull, (n<2).

That is ~
Cs|Vull7 < §IIVAUH2 + Cs,
Csllull§ < Cs||VAU|? + C's.
We also have

CollAul]? < Z[IVAu|? + Cr,

and
03/ (w —w)de < 2| VAl + Gy,
Q
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Hence,
1d
2 dt
On the other hand, we know

IVul® < Col VAU|5 < Cyl[VAu|? + CF.

IVulP + IV Aul” < Cs + Cr + Cs.

So

v
C'y

v

[Vul[* < 2(Cs + C7 + Cs) + o

d
Zlivul? + ey,

which gives

- ’ 7
||Vu||2 < €_c7,9t + 2(05 +C7 +CS)CQ +'VC 9.
7

Thus, for initial data in any bounded set B C %, there is a uniform time ¢2(B)
depending on B such that for t > t2(B),

2(Cs + C7 4+ Cs)C’ c”
(3.2) [ Vu(z, t)]? < 2 (Cs 4+ C7 + 78) 9+ 9
Step 3. Multiplying (1.1) with A%u and integrating it over €2, we obtain
1d
——||Aul]? + || A%u|)? + |[VAu|]? = / Af(u)A%udx — / f(u)A%udz.
Hence,
1d

1
§%IIAUII2 +y1A%u]* + [VAu|? < Crol|Af (W) [I* + Crall f (W) |* + §HA2UI|2~
On the other hand, we know

2C10</Q|f’(u)|2|Au|2d:c+/Q|f”(u)|2\Vu\4d:r,>
cuf ([ 1aubar) + ([ wuas)]

2
If@IF = [ (0 = 0)de < Cua
Q
Using Nirenberg’s inequality, we have
IVulls < Cral|A%u||3 || Vul| '~ 3 +C" 14| V], (n < 2),

3+n __34n
1Aullg < Crsl| A% 5 [ Vull' =787 +C 15| Vull, (n < 2).

CollAf ()|

IN

IN

and

Again by Young’s inequality,
|Au|2 < Ci6)| A% 5 + Ot < el| A%ul? + C,
[Vulld < CrollA%u|5 + C7 < el| A% + C..
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Then,
L aul + (25— 1)l + 2] 7 Au)?
< 20l 18l + ([ [9u) 1+ 20001
< A0 (]| A%u)” + Co) + 2011 Ol
Thus,

d
%HAqu + (27 — 4C1 2 — 1)[|A%u|]? + 2||VAu||? < 40150, + 2C11C4 3.

For e small enough, we have
2y — 4C10e — 1 > 0.

And applying regularity theorem of elliptic operator, we get

d
@HAUH2 + C15(2y — 4C12z — 1)(||Aul® + [V Aul?)
(33) <4C15C: + 2C11Cq3.

By Grounwall’s inequality, when ||Au(0)|| < R, we have

401205 + 2011013
018(2'7 — 40125 — 1)

||A’U,||2 S 67013(27746'12571)16HAUOH2 +
4C12C: + 2C11C3
018(2'7 — 40128 — 1)’
_ 1 C18(2y—4C12e—1)R?
for t > t3(B) = C18(2y—4C12e—1) 1 4012705+2162*f1013 .
Adding (3.1), (3.2), (3.4) together, we obtain
(3.5) Ju(z, )12 < C.

Let to(B) = max{t1(B),t2(B),t3(B)}, then the lemma is proved.

(3.4)

O

The above lemma implies that {S(¢)}:~0 has a bounded absorbing set in

.. In what follows, we prove the precompactness of the orbit in %.

Lemma 3.2. For any initial data ug in any bounded set B C %, there is
a T(B) > 0, such that |u(x,t)||gs < C, ¥t > T > 0, which turns out that

UrsTu(t) is relatively compact in .

Proof. The uniform bound of H?(2)-norm of u(¢) has been obtained in Lemma

3.1. In the following, we derive the estimate on H3(§2) — norm.
Acting A on (1.1), we obtain

(3.6) Auy = =A% (yAu — f(u)) + A(Au — f(u)).
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Multiplying (3.6) by A2?uand integrating on 2, using the boundary conditions,
we obtain
1d
2dt
z/ VAf(u)VA%udr — / Vf(u)VA%udz,
Q Q

IV AUl + 7| VAU + [ A%

in which
/VAf(u)VAQde
Q
< /|f’(u)VAuVA2u|dx
Q
+3/ |f”(u)VuAuVA2u|dx+/ I (w)| Vul> VuV A%u|dx
Q Q
< 5(/ |VAUVA2u|dx+3/ |VuAuV A%u|dz
Q Q
+/ |Vu|2|VuVA2udm)
Q
< (VAU + [ Vuldu|? + | Vull§) + " | VA%ul]?,
and
/Vf(u)VAZudx
Q
= / f'(w)VuVA*ude| < e / VuV A*udx
Q Q
< IVl + [VA%).
Hence,
1d
§%||VAU||2 + I VAZul? + || A%ul®

< (VAU + [[Vuldal* + [|Vul)
+e! | VA% + (| Vu)) + | VA%)®).
On the other hand, we have
e[ Vulul* < C||[Vullj~ [ Aul? < Crg|[VulF~,
IVulZ~ < C(IVA%u| ¥ | Vul* % +[|Vul®) < pl| VA%u|? + C,,
IVull§ < C(IAZ||? |Tu] % + |[Vul®) < ul| VA% + C,.
Therefore,

1d

5 71 VAul + 7 VA%l + A%l
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< VAUl + Oy Vullf
e’ u||VAu|? +€'C, + || VA%u||2 + Oy + " || VAZu||?
< (2 + Crom)| VA% + &V Aul?
+C19Cy, +€'C,, + Cop.
Thus,
1 d 2 / " 2 2
3 g IVAUll® + (v = e'n = 26" = Crop) [VA |
(3.7) < €|VAul* + C19C,, + €'C,, + Cog.
Taking u enough small, we havey — &’y — 2¢” — Crou > 0,
(3.8) %%HVAU‘P < EVAu|? + C1oCy + €'C, + O

On the other hand, integrating (3.3) between ¢ and t + 1, using (3.4), we have

t+1
Chs(2y — 4C10e — 1)/ |V Aul|dr
t
4C12C: 4+ 2C11C43

(3.9) < HAMﬂW+2Ow@v—MAﬁ—1)§C'

Owning to (3.8), (3.9) and the uniform Gronwall inequality in [16], we get
[VAu|> < C,t > 1.

The lemma is proved. ]

Proof of Theorem 2.3. From above we conclude that @7, = w(Z), the w-limit
set of absorbing set & is a global attractor in %. By Lemma 3.2, this global
attractor is a bounded set in H3(£2). Thus the proof of Theorem 2.3 is complete.

O

Corollary 3.3. Assume that Q denotes an open bounded domain in R?, then
we have

(3.10) [u(t)]loe < C,

(3.11) Vu(t)]leo < C.

Proof. Based on Lemma 3.1, we conclude (3.10). By (1.2), (1.3), (3.7), a simple
calculation shows that ||[VAu||* < C.
Therefore, combination with Sobolev’s imbedding theorem [1], we have

IVullo < C.
Then, the corollary is proved. O
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Based on [10], it is well-known that the solution u(t,ug) of problem (1.1)-
(1.3) can be written as

t
u(t,ug) = eFug +/ LG () de,
0

where let L = —A?, G(u) = A(f(u) +u) — f(u).

Then
t t
u(t,up) = etLuo—F/ e(t_T)LA(f(u)—i—u)dT—/ =L f(u)dr
0 0
¢ t
(3.12) = etLuo—i—/e(t*T)LAgl(u)dT—/ e L gy (u)dr,
0 0

where g1 (u) = f(u) +u, ga(u) = f(u).

Lemma 3.4. Assume that Q denotes an open bounded domain in R?, then for
any bounded set U C H,, there exists C > 0 such that

5
(3.13) llu(t,wo)llg, <C,Vt>0,u €U CH,, 0<a< T

Proof. For a = %, this follows Theorem 2.3, i.e., for any bounded set U C H%,
there is a constant C' > 0 such that
||w(t, uo)||lg, <C, Vt>0, ug €U C Hy.
2
Then, we prove (3.13) for any a > % There are following steps.

Step 1. We prove that for any bounded set U C Ha(% <a< %), there
exists a constant C' > 0 such that

1
(3.14) llw(t, wo)l|a, < C, ¥t >0, ug € U, < a<1.

In fact, by the compact embedding theorems of Relhch—Koapawes [1]:
H, — W2 H, — C%(9Q),

[ WP

we have,

o (w) s,

< /|3u2Vu\2da:
< C / | u 2| Vu )d
< |UHCO [ul|21.2)
S CHUHHav
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and

l2(u) s,

/ |V ga(u)|*dx
Q

< /|Vu—|—3u2Vu\2da:
Q
< C/(|Vu|2+|u|2|Vu|2)dx
Q
< Clullf, + llulli,),

which implies both ¢; : H, — H% and go : Hy — H% are bounded, then

”gl(u(ta UO))HH; < Ov vt > 0,u0 € U,

<a< %,
4
lg2(u(t, uo))llmr, <C, Vt=0,u0 €U,

§a<%.

N[ D=

Then, we obtain

llu(t, uo)| .,
t
< Clluola, + [ (- e g, (0)
0
t
4 / (= L) gy () | sl
0
<

t
Clluoli, + [ =D fga (), ar

t
+ [ DT )y o

IN

Clluol| e, +O/ T Pe™07dr,
0
< CNVt>0,up €U C H,,

where 8 =a+ 1 (0 < 8 < 1). Hence (3.14) is proved.
Step 2. We prove that for any bounded set U C Ha(% < a < 1), there exists
a constant C' > 0 such that

3
(3.15) lu(t, wo) g, <C, Vt >0, uy €U, 1 <a<l1.
In fact, by the compact embedding theorems of Rellich-Koapawes:
H, — W22 H, — W' H, — C%(Q),

we deduce that

lor ()2, = / Aga (u)|2da

1
2

IA

/ |6u(Vu)? + 3uAul*dz
Q
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< O/Q(|u|2|Vu|4—|—|u|4\Au|2)d1:
< C/((Sup [ul?)|Vul* + (sup |ul*)|Au|?)dz
Q xEN zeQ
< Cllulld, lullr, + lullf, lull?,)
< COlul,
ozl = [ |Am(Pds
< /|Au+6u(Vu)2+3u2Au|2dx
Q
<

C/ (|u|2|Vu|4 + |u|4|Au|2 + |Au|2)d:c
Q
< C(llullGy, + lullF,)-
It implies both ¢g; : H, — H% and go : Hy — H% are bounded, then

3
lg1 (u(t,wo))||m, <C, Vt>0,uo €U, 1 <a<l,
2

3
lg2(u(t,wo))||m, <C, ¥t>0,uo €U, 1 <a<l.
2
Then, we obtain (3.15). In fact by Lemma 3.2 and (3.12), we obtain

[[ult, wo) |,

t t
= letu— [ (~DAe g dr - [ gy (u)drila,
0 0

IN

t 1
Clluol, + / I(=L)F+2etDE gy (w)dr|ydr
0

t
+ [ Ly g ] dr
0

IN

t t
Clluoli, + [ L) drly [ (wparly dr
t ) t
+ [ bt fwparly [, ar

t
< Clluollm, —|—C’/ T Pe0dr < C,
0

where 8 =« (0 < § < 1). Then (3.15) is proved.
Step 3. We prove that for any bounded set U C H, (1 < a < 2), there
exists a constant C' > 0 such that

5
(3.16) lu(t,wo)||a, <C, Vt>0, up €U € Hy, 1 <a< T
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In fact, by the compact embedding theorems of Rellich-koapawes:
H, — WY H, =W H,—W?* H,— W3>»? H,— C%(Q),

we have,
lor ()l = [ 190 (0) P
gc/ (1Vul® + [u[*Vul* + |Au* + |u|*|VAu?)dz
Q

SC/ (|Vu|6 + (sup |u|4)\Vu|4 + |Au|4 + (sup |u|4)\VAu|2)dx
Q 2€EQ zeQ

<C(llullyrs + lulle lullyrs + lulluzs + lulgy lulgs.2)

<C(llullzr, + lull, + lullf, + lulz,),
loao)lf, = [ 1V(Aga(a)do
gc/ (VAU + [Vl +Jul |Vl + |Auft + [ul'|VAu)dz
Q

<C(llulldr, + lullf, + lull, + llul?,),
which implies both ¢; : H, — H% and go : Hy — H% are bounded,

5
||g1(u(t,’l,L0))||H§ < Ca A% > 03“0 € Ua 1 <a< 17
1
5
||g2(u(tau0))||H§ < Oa vt > O,UO € Ua 1<a< 1
1

Then, we obtain

llu(t, o)l .,

t t
= et up — / (—L) g, (w)dr — / =T go (w)dr 1,
0 0

t
< Cluol, + [ 1L} gy ()|
0
t
+ / 1= L)t gy (u)dr | ydr
0
t N t
< Clluolm, + / I(~L)* F et ar| / o (wydr|  dr
0 0 1
t 3 t
+ [ ety [ty dr
4
t
< C’||u0||Ha+C/ = Pe0tqr
0
< C,Vt>0,uy€eUCH,,
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where 8 = a — 1 (0 < 8 < 1). Hence (3.16) is proved.

Using the same method as the above, we can prove that for any bounded
set U C H,(a > 0), there is a constant C' > 0 such that i.e., for all & > 0 the
semigroup S(t) generated by the problem (1.1)-(1.3) is uniformly compact in
H,. O

Lemma 3.5. Assume that Q denotes an open bounded in R?, then for any
bounded set U C H, (0 < a < %), there exists T > 0, and a constant C > 0,
independent of ug, such that

(317) ||u(t,u0)HHa < O, vt > 0, ug € U C Hy,.

Proof. For a = 3, this follows from Theorem 2.3. Then, we prove (3.17) for
any o > 5. The steps is the following:
Step 1. we have

u(t,ug) = e(lth)Lu(T7 Ug) f/ (7L)%6(t7T)Lg1(u)dT7/ e(th)ng(u)dT.
T T

Let B C Hy be the bounded absorbing set of the problem (1.1)-(1.3), the time
such that

t t

l\:)\»—\

u(t,ug) € B, Vt > tg >0, ug €U C Hy, a >

On the other hand, it is known that

”etLH < Ce—dklt’

where A1 > 0 is the first eigenvalue of the equation,

{ —Au = Au,

For any given T' > 0 and ug € U C Ho (o > %) We can obtain

Jim (e (T, o) |, = 0.
Then,
(e, wo) 1,
< et uo) 1, + / (=) 5= gy (), dr
D) D ) dr
<

t 1
e~ uto, uo) |, +C [ [(=L)* =D |dr
to

+o/ (=)o b elt=T)L | g7
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IN

T—to
He(t_t(’)Lu(to,uo)HHcx + C/ reT 10t
0

< [l u(to, o) |, + C.

We have that (3.17) holds for all § < o < 2.
Step 2. By the same method as the above steps, we can prove that for any

3 <a<1,1<a< 2, the problem (1.1)-(1.3) has a bounded absorbing set
in H,. By the same method, we can obtain that (3.17) holds for all 0 < a <
1

L 0
Proof of Theorem 2.6. By Lemma 3.4 and 3.5, the proof of Theorem 2.6 is
completed. 0
Remark 3.6. For problem(1.1)-(1.3), by the same method as in [13-15], we

can prove the existence of global attractor in H"space, where k € R™.
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