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ABSTRACT. In this paper we define weak F-contractions on a metric
space into itself by extending F'-contractions introduced by D. Wardowski
(2012) and provide some fixed point results in complete metric spaces and
in partially ordered complete generalized metric spaces. Some relation-
ships between weak F-contractions and ¢-contractions are highlighted.
We also give some applications on fractal theory improving the classical
Hutchinson-Barnsley’s theory of iterated function systems. Some illus-
trative examples are provided.
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1. Introduction

Banach’s contraction principle is one of the pivotal results of analysis. It
establishes that, given a mapping f on a complete metric space (X,d) into
itself and a constant A € (0,1) such that

(1.1) d(f(2), f(y) < Md(z,y), Ya,y € X,

there exists a unique £ € X such that f(£) = £ and £ = lim,, f™(z), for every
x € X, where f, n > 1, denotes the n-times composition of f. A function f
that satisfies (1.1) is called Banach contraction.

This result is widely considered as the source of metric fixed point theory.
Also, its significance lies in its vast applicability in various branches of math-
ematics. Many authors have provided several extensions of this result. In this
regard, J. Matkowski [9] gives an extension of Banach’s contraction principle
to @-contractions, where ¢ is a comparison function (see Definition 2.1).

Those functions f : X — X that satisfy the inequality

d(f(z), f(y)) < d(z,y), Yo,y € X,z #y,
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called contractive maps, have been considered. Niemytzki-Edelstein’s Theorem
(see e.g. [5, Th. 2.2, p. 34]) states that each contractive self-mapping f on a com-
pact metric space X into itself has a unique fixed point £ and & = lim,, f™(z),
for all x in X. Some particular contractive mappings on a complete metric
space are investigated in fixed point theory. In this respect, starting from a
function F : (0,00) — R satisfying some suitable properties (see Definition
3.1), D. Wardowski [20] provided a new type of contractive mapping, namely
F'-contraction, and proved a fixed point theorem for F-contractions on a com-
plete metric space. He showed that any Banach contraction is a particular
case of F-contraction while there are F-contractions which are not Banach
contractions.

We say that a self-function f on a metric space X is a Picard mapping if it
has a unique fixed point ¢ and £ = lim,, f"(x), for every z € X, (the concept
of Picard operator was introduced by I.A. Rus, see [15,10]).

In this paper we consider the family F; of functions F' : (0,00) — R satis-
fying only (F1) and (F2) and defined weak F'-contractions. In Proposition 3.4
we provide a large class of functions F' that fulfil (F1) and (F2) and do not
satisfy (F3) such that every weak F-contraction on a complete metric space
is a Picard mapping. Some sufficient conditions in which weak F-contractions
are Picard mappings are given in Theorem 3.5 and Theorem 3.9.

In Section 3.1 we establish that, if F' € F; is continuous, then it is a ¢-
contraction for a suitable function ¢ (Theorem 3.9). Also, in Theorem 3.12
a sufficient condition for which a ¢-contraction is a weak F-contraction is de-
scribed.

Fixed point theory in partially ordered metric spaces is of relatively recent
origin. An early result in this direction is due to M. Turinici [19], in which fixed
point problems were studied in partially ordered uniform spaces. Later, this
branch of fixed point theory has been developed through a number of works.
T.G. Bhaskar and V. Lakshmikantham [6] provided a fixed point theorem for
a mixed monotone mapping in a partially ordered metric space using a weak
contractivity type of assumption. This is generalized by V. Lakshmikantham
and L. Ciri¢ in [8] where coupled coincidence and coupled common fixed point
theorems for mixed g-monotone mapping in partially ordered complete metric
spaces are presented. Some remarkable fixed point theorems for generalized
contractions in ordered metric spaces can be found in [12].

Existence of fixed point in partially ordered sets has been considered recently
by A.C.M. Ran and M.C.B. Reurings in [13]. Some fixed point results in
ordered L-spaces that generalize and extend a result from [13] are proved by
A. Petrugel and I.A. Rus in [11]. In [10] the authors extended the theoretical
results of fixed points in a partially ordered complete metric space for Banach
contractions. Very recently, in [7] the fixed point theorem in partially ordered
complete metric space given in [10] is extended to the case of partially ordered
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complete generalized metric spaces and in [14] some multidimensional fixed
point theorems in partially ordered complete metric spaces are proved.

In Section 4 of the present paper we improve the above mentioned results
considering weak F-contractions instead of Banach contractions and provide
two fixed point theorems in partially complete metric space and, respectively,
in partially ordered complete generalized metric space (Theorem 4.4, resp. The-
orem 4.10).

We apply our results in Section 3.2 and, respectively, in Section 4.1 to obtain
the existence and uniqueness of the attractors of some iterated function systems
and, respectively, of countable iterated function systems composed by weak F'-
contractions on a complete metric space. Iterated function systems play a
crucial role in fractal theory.

Some other illustrative examples are presented.

2. Preliminaries

We recall here some notions and results used in the sequel.
Throughout this paper the symbols R, Ry and N will denote the set of real
numbers, positive real numbers and positive integers, respectively.

2.1. p-contractions.

Definition 2.1. A mapping ¢ : [0,00) — [0,00) is said to be a comparison
function if it is monotone increasing (i.e. t; < to implies p(t1) < ¢(t2)) and
©"(t) — 0 as n — oo, for every t > 0, where ¢ = ¢ o "~ ! means the n-
times composition of ¢. A self-mapping f on a metric space (X,d) is called
p-contraction whenever it satisfies the following inequality

d(f(z), f(y) < e(d(z,y)), Yo,y € X.

Remark 2.2. If ¢ is a comparison function, then ¢(t) < ¢ for every t > 0,
©(0) = 0 and ¢ is continuous at 0.

Remark 2.3. If ¢ : [0,00) — [0, 00) is an increasing and continuous map with
o(t) < t, then ¢"(t) — 0, for every ¢t > 0. Consequently ¢ is a comparison
n

function.

Proof. If t = 0, then clearly ¢(0) = 0. Choose t > 0. Then ¢(t) < ¢, hence
©%(t) < ¢(t) and so on. Thus the sequence (cp"(t))n is decreasing, so it con-
verges to some [ > 0. If I > 0, then ¢(I) < [ while, by continuity of ¢, one has
¢(l) =1. Hence I = 0. O

Theorem 2.4. (Matkowski, [9]) Let (X,d) be a complete metric space, ¢ a
comparison function and f : X — X a p-contraction. Then f is a Picard

mapping.
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2.2. Hausdorff-Pompeiu metric. Given a metric space (X, d), we denote by
P*(X) the collection of all nonempty subsets of X and consider the mappings
D,h:P*(X) x P*(X) — [0, 00] defined by
(2.1)

D(B,C) = sup ingd(x,y) and, respectively, h(B,C) = maX{D(B,C),D(C’, B)}

zeBYE

The function h is called the Hausdorff-Pompeiu pseudo metric.

Lemma 2.5. [18, Prop.1.1,Th.1.13] Whenever B,C € P*(X), one has the
following properties:
(a) BCC=D(B,C)=0;
(b) D(B,C) =D(B,C);
(¢) D(B,C)=0= B C C;
(d) if (Ei)ies, (Fi)ies are two classes of nonempty subsets of X, then

n(UE.UFR)=n(UE.UFE)=swhE,F).

iy
€S iES €S ieS e
where the bar means the closure of the respective set.

When we consider the family K(X) of all nonempty compact subsets of X
instead of P*(X) in (2.1), one obtains the Hausdorff-Pompeiu metric.

3. Weak F'-contractions

We consider a new type of contractive mappings, namely F-contractions,
defined by D. Wardowski [20] and prove that, under certain conditions, the
fixed point theorem can be improved.

Definition 3.1. Let F' : Ry — R be a mapping and consider the following
three conditions:

(F1) F is strictly increasing, i.e. for all¢,s € Ry, ¢t < s, one has F(t) < F(s);

(F2) for each sequence of positive numbers (t,),, lim, ¢, = 0 if and only if
lim,, F(t,) = —o0;

(F3) there exists A € (0, 1) such that lims o t*F(t) = 0.

We denote by F7 the family of mappings F' : (0,00) — R satisfying Condi-
tions (F1) and (F2) and by F the class of those functions in F; which satisfy
(F3).

A mapping f : X — X is said to be an F-contraction, where F' € F if
(3.1)

37 > 0 such that T+F(d(f(x),f(y))) < F(d(m,y)), Ve,ye X, f(x) # f(y).

When (3.1) holds for F' € F; we say that f is a weak F-contraction.

Theorem 3.2. [20, Th. 2.1] Assume that (X,d) is a complete metric space,
FeFand f: X = X is an F-contraction. Then [ is a Picard mapping.



783 Secelean

Remark 3.3. [20, Ex.2.1] It is easy to verify that every weak F-contraction
is a contractive map and every Banach contraction with ratio r € (0,1) is an
F-contraction with F'(t) =Int and 7 = —Inr.

The next proposition states that there is a class of functions F' € F; for
which the result claimed in Theorem 3.2 holds.

Proposition 3.4. Let (X,d) be a complete metric space and consider F :
(0,00) = R, F(t) = —t~%, where a > 0, and a weak F-contraction f : X —
X. Then f has a unique fized point which is approximated by the sequence
(f”(x))n, for all x € X. Moreover, if « > 1, then F' ¢ F.

Proof. Assume that a > 1. Then lim; ,ot*F(t) = —oo, for every A € (0,1),
hence (F3) does not occur. When « € (0,1), Condition (F3) is verified, so the
result follows from Theorem 3.2. Therefore F' € Fy \ F.

From hypothesis, there is 7 > 0 such that (3.1) holds. That is, for every

z,y € X with f(z) # f(y),
1 1 L+ 7(d, )" _ 1

TAG@ @) @) T T @) @U@ @)

& d(f@). 1) € —2EY o a(s(@), 1) < pld(,),
(1 + 7(d(z, y))a> “
where ¢(t) = —Lt—. Clearly ¢ is monotonically increasing and " (t) =

@

147t

( )L — 0, for all ¢ > 0. Therefore ¢ is a comparison function, so f is a
14n7te) > ™

p-contraction. The conclusion now follows from Theorem 2.4. g

t

In many cases Condition (F3) is difficult to fulfil by a function F' and there
are bounded functions f which satisfy (3.1). Thus, in the examples given
in [20, Ex.2.5], [17, Ex.3.1] and [1, Ex.3.1] bounded functions f are considered
and the space (or a part of it) is a discrete set in R.

The following theorem describes a sufficient condition for a weak F-contract-
ion on a complete metric space to be a Picard mapping.

Theorem 3.5. Let (X,d) be a complete metric space, F € F; and f : X —
X be a weak F-contraction. Assume that there exists xq € X such that the
sequence (f"(xo))n is bounded (in particular f is bounded). Then f has a
unique fixed point . Moreover & = lim,, f™(x), for every z € X.

Proof. Since F(d(f(z), f(y))) < F(d(z,y)) — 7 < F(d(z,y)), for all z,y €
X with f(x) # f(y), one deduces that d(f(z), f(y)) < d(z,y) hence f is
continuous. Next, if £ # £’ € X are two different fixed points of f, then

d(&,€) =d(f(8), f(€) < d(&€)
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which is a contradiction. Therefore f has at most one fixed point.
We intend to check the existence of the fixed point. For every n,p > 1 we
have, according to (3.1),

F(d(f" (o), [P (wo))) < F(A(f" (o), f77 " (wo))) =7 < ...
< F(d(wo, f*(20))) —n7 < F(M) = nt — —00,
where M = sup,,>, d(zo, f*(x0)). Consequently, from (F2), it follows that the

sequence (f™(zo)), is Cauchy, so, the space (X,d) being complete, there is
¢ € X such that & = lim,, f™(xzp). Now using the continuity of f, we get

F(€) = F(lim f" (o)) = Tim J™+ (o) = &

Next, choose z € X. If there is N € N such that f¥(z) = f¥(z¢), then
fM(x) = f™(xo) for all n > N. So lim, f"(z) = lim,, f"(z¢). Assume that
f™(x) # f™(xg) for every n > 1. Then

F(d(fn<x)’fn($0))) F(d(fn_l(w)afn_l(mo))) -7

INIAIA

F(d(az,xo))) —nT — =0,

therefore d(f™(z), f"(x0)) — 0. Accordingly, = lim,, f"(z0) = lim,, f"(x).
The proof is complete. O

Example 3.6. Let consider the metric space (X,d), where X = [1,00) and
d(z,y) = |Inz —Iny|, a function f : X — X given by f(z) = ¢ + 3, where
a>0,8>1and F: Ry — R, F(t) = 1. Then the metric space (X,d) is
complete and the following assertions hold:

(a) FerR \]:;

(b) f is a weak F-contraction;

(c) f is a Picard mapping.

Proof. The completeness of the metric space (X, d) is a standard fact and it is
easy to check.

(a) Clearly F fulfil (F1) and (F2). Since limy ot F(t) = —oo for all A €
(0,1), one deduces that (F3) does not occur.

(b) We shall show that (3.1) is fulfilled for each 7 € (0, 8a~']. We observe
that f is strictly decreasing. Choose z,y € X with f(x) # f(y), that is z # y,
and suppose that, for example, z < y. One has

F(d(z,) = F(d(f@), f(5))) = F(In 2) - F(n ﬁ‘;i) _
1 1 B z 3
T e oy osZal"
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(¢) The assertion follows from Theorem 3.5 using the fact that f(X) C
(8, + B]. The fixed point of f is & = By Bt V§2+4a. O

Example 3.7. We consider the complete metric space X = [0, 00) endowed
with the Euclidean metric d(z,y) = |x — y| and a map f : X — X defined
by f(z) = 555 + @, where k > 0, o > 0. Let us consider further a function
F:Ry - R F(t)=Int - %, for every t > 0. Then

(a) f is not a Banach contraction;

(b) FeFR \.7:;

(c) f is a weak F-contraction;

(d) f is a Picard mapping.

Proof. First of all note that f is strictly increasing.

(a) For each n =1,2,..., we denote x,, = %, Yn = % Then
Un n
hm |f($n) B f(yn)‘ — hm kyn+1 B kiv;fz+1 — hm 1 — 1
n |xn*yn‘ n Yn — Tn n (%4‘1)(%4‘1)

Therefore, the inequality (1.1) does not occur for every A € (0, 1).

(b) Clearly F fulfills Conditions (F1) and (F2). Since lim; o t*F(t) = —o0
for all A € (0,1), it follows that (F3) does not hold.

(c) We show that Condition (3.1) is verified for every 7 € (0, k].

Choose z,y € [0,00) such that f(xz) # f(y). This means that = # y.
Assume, for instance, that = < y, the other case can be treated analogously.
One has

F(lz—yl) = F(If(x) - fFW)I)

1
= In(y—2z)— -1
n(y — ) - n(

In(kz + 1)(ky + 1) +

Y . x Yy . x -1
il D Uyt et
(kz+1)(ky+1)—1

y—x

kEzy + kx + ky
y—x

\Y]

AVARV]

T,

and hence 7+ F (| f(z)— f(y)|) < F(lz—yl), that is f is a weak F-contraction.
(d) The assertion follows immediately from Theorem 3.5 taking into account
that f(X) C [, k=" + ). The fixed point is & = 2k+ve hZ+dak W. O

By following a known result concerning Banach’s contraction principle, we
can improve Theorem 3.5.
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Theorem 3.8. Let (X,d) be a complete metric space, FF € Fy and f : X — X
a function. Suppose that there is an integer p > 1 such that fP is a weak F-
contraction and a point xg € X such that the sequence (f"(:ro))n is bounded.
Then f is a Picard mapping.

Proof. By applying Theorem 3.5 to the function fP, one obtains a unique £ € X
such that fP(¢) = &. Hence fPH1(€) = f(€). Therefore f(£) is also a fixed point
for fP so f(§) = & If £ is another fixed point for f, then it is a fixed point
for fP. Thus £ =¢'.

In order to check the last part of the theorem, choose n € N. There exist
m >1and r € {0,1,...,p — 1} such that n = pm + r. Since (fk(:co))k>1 is
bounded, it follows that (fk (fr(aco)))k is bounded too. Now, from Theorem
3.5, we deduce that f"(zo) = f7™(f"(x0)) — £

If x € X, using the same argument as in the proof of Theorem 3.5, we get
¢ =lim f™*(zo) = lim f"(x),
as required. O

3.1. The relationship between weak F'-contractions and ¢-contractions.
As we have seen above, every Banach contraction is a particular case of F-
contraction. Also, Proposition 3.4 describes a class of weak F-contractions
which are @-contractions for some suitable comparison functions. In the fol-
lowing we provide some sufficient conditions to have implications between above
mentioned kinds of contractions.

Theorem 3.9. If F' € Fy is a continuous function, then every weak F-
contraction on a metric space to itself is a @-contraction. Therefore, if the
metric space is complete, then every weak F'-contraction is a Picard mapping.

Proof. Since F is continuous and satisfies (F2) it follows that F(Ry) = (—o0, ),
where o € R U oo. Furthermore, because F' fulfil (F1), one deduces that F' is
injective. Thus F': Ry — (—o0, a) is invertible.

Let f be a weak F-contraction and 7 > 0 from (3.1). We define ¢ : [0, 00) —
[0,00) by ¢(t) = F~'(F(t)—7) for t > 0 and (0) = 0. Since, from (F2), t,, \, 0
if and only if F(t,) — —oo, we get F~1(F(t,) — ) \, 0, for every sequence

n n

of positive real numbers (t,,), converging to 0.

Thus ¢ is well defined and, further, it is continuous. Since F' and so F~!
are strictly increasing we deduce that ¢ is monotonically increasing. Next,
F(t) — 7 < F(t) implies ¢(t) < t for all ¢ > 0. Consequently, according to
Remark 2.3, ¢ is a comparison function.

In order to prove that f is a ¢-contraction we apply the function F~! to the
inequality,

F(d(f(2), /() < F(d(z,y)) — 7
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and obtain,

d(f(z), f(y)) < FH(F(d(z,y) — 1) = @(d(z,y)), Yo,y € X,

as required.
The last assertion of statement now follows from Theorem 2.4. O

Remark 3.10. The previous theorem offers a sufficient condition under which
a weak F-contraction is a Picard mapping concerning the function F while
Theorem 3.5 describes a sufficient condition for f.

Remark 3.11. The assertions of Examples 3.6 and 3.7 can also be proved
using Theorem 3.9.

Theorem 3.12. Let (X,d) be a metric space and f : X — X a map.

(7) Let F' € Fy and assume that [ is a weak F-contraction and there erists a
comparison function ¢ such that sup,q (F(t) — F(p(t))) < 7, where T is the
constant from (3.1). Then f is a @-contraction.

(ii) If f is a p-contraction and there is F € Fy such that inf;~o (F(t) —
F((p(t))) > 0, then f is a weak F'-contraction.

Proof. («) By hypothesis we have, from every z,y € X with f(z) # f(y),
F(d(f(2), f(y)) < F(d(z,y)) -

< Fd(, y)) ( (d(z,9))) - F(d(=,y))

F(p(d(z,y)))-

Yy
) fy )) go( )) for all z,y € X.
# f(y), one has

A

Hence, F' being increasing, ( ,
(8) For every z,y € X with f( )
I

d(f(@), f(y) < e(d(z,y))

hence, from (F1) and the hypothesis,

F(d(f(x), f(y)) < F(e(d(z,y))) < F(d(z,y)) -,

where 7 = infyso (F(t) — F(¢(t))). This means that f is a weak F-contraction.
O

3.2. Application: weak F-iterated function systems. We provide here a
more complex example from fractal theory. We first need some preparations
(see details in [2] and [17]). In the following (X, d) will be a complete metric
space and F' denotes an element in F;.

Definition 3.13. A family of maps (fx)2_,, N € N, is called a weak F-iterated
function system (weak F-IFS) whenever fi : X — X is a weak F-contraction,
for every k = 1,...,N. When F € F we say that (f)_, is an F-iterated
function system (F-IFS).
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K
The set function S : K(X) — K(X) defined by S(B) = |J fi(B) is called
k=1

the associated Hutchinson operator. A set A € K(X) is said to be an attractor
of the IFS whenever S(A) = A.

Lemma 3.14. [17, L.4.1] Let f : X — X be a weak F-contraction. Then the
mapping A — f(A) is a weak F-contraction too from K(X) into itself.

In the following example we adapt [17, Th.4.1] to the case of weak F-IFS.

Theorem 3.15. Let (f)Y_, be a weak F-iterated function system. Suppose
that

(a) F is continuous, or

(b) there exists a nonempty compact set K C X such that fi(K) C K for
everyk=1,...,N.

Then (fix)N_, has a unique attractor A and A = lim, S"(B), for all B €
K(X), the limit being taken with respect to the Hausdorff-Pompeiu metric.

Proof. For each k =1,..., N, we denote by 74 the constant from (3.1) associ-
ated to fx.
Let B,C € K(X) be such that 2(S(B),S(C)) > 0. Lemma 2.5 implies

0 < h(S(B),8(0)) < 1<SEENh(fk(B)7fk(O)) = h(fro(B), fr,(C)),

for some kg € {1,...,N}. Next, from Lemma 3.14 we get
lglﬂigNTk + F(h(S(B),8(B))) < Tk, + F(h(wky(A),wr, (B))) < F(h(A, B)),
which assures that S is a weak F-contraction on the complete metric space
(K(X),h) into itself.

If (a) holds, then the conclusion follows from Theorem 3.9.

Now, from fx(K) C K, for every k = 1,..., N, we deduce that S(K) C K,
so S"(K) C K for all n > 1. Therefore the sequence (S™(K)), is bounded.
Next we apply Theorem 3.5. 0

Example 3.16. Assume that X = [0, 00) is endowed with the Euclidean metric
d(z,y) = |z —y| and, for each k =1,...,N, let f; : X — X be a map defined
by fi(z) = Tag T @k, where ap > 0. Let consider further the function
F:Ry - R, F(t) = Int — %, for every t > 0. Then (fi)_, is a weak F-
IF'S and it has a unique attractor which is approximated with respect to the
Hausdorff-Pompeiu metric by the sequence (Sn(B))n, for every B € K(X).

Moreover (fi)N_, is not a classical Hutchinson IFS.
Proof. From Example 3.7 we deduce that F € F; and all fi, k =1,..., N,
are weak F-contractions which are not Banach contractions. Both Conditions
(a) and (b) from Theorem 3.15 are satisfied. Indeed, for (b), one has fx(X) C
[ag, ar +k71) C K, where K = [miny, ag, maxy ay, + 1]. Hence fi(K) C K, for
all k. The conclusion now follows from Theorem 3.15. O
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4. Weak F-contractions on partially ordered complete
metric spaces

Definition 4.1. Let (X, <) be a partial ordered set. Then z,y € X are called
comparable if x < y or y < x holds. If d is a metric on X, then we say that
(X,d, =) is a partially ordered metric space.

In [10] Banach’s contraction principle in a partially ordered complete metric
spaces is investigated and a fixed point theorem is proved. In [1] the following
extension of the above result to p-contractions is given.

Theorem 4.2. [I, Th.2.1] Let (X,d, <) be a partially ordered complete metric
space and f : X — X a map. Assume that there exists a comparison function
@ such that

(4.1) d(f(z), f(y) < e(d(z,y)), Vo 2y
Also suppose either
f is continuous, or

if (xn)n C X is a nondecreasing sequence with x, — x, then x, X x, for all n,

holds. If there exists an xo € X with o < f(xg), then f has a fized point £
and & = lim,, f™(zo).

By following the ideas from Section 3 and from [20], we provide in the
next theorem a similar result as before for weak F-contractions which also
generalizes [10, Th.2.1]. First we remind a classical result from real analysis.

Lemma 4.3. Leta > 0 and f : [a,00) — R be a decreasing map. Then, for
every k,p e N, k> a+1, one has

k+p k+p

> flg) < () at.
q=Fk !

Theorem 4.4. Let (X, d, X) be a partially ordered complete metric space, xg €
X and f: X — X a mapping. We consider the following conditions:

(a) for every comparable x,y € X, f(x) and f(y) are comparable too;

(b) xo and f(xg) are comparable;

(c) there exist F € F and T > 0 such that

(42) T+ F(d(f(2), f(v)) < F(d(z,y)),
for all comparable pairs x,y € X with f(z) # f(y);
(d) there exist F € Fy and T > 0 such that (4.2) holds for all comparable
pairs z,y € X with f(x) # f(y) and one of the following conditions is fulfilled:
(d1) F is continuous, or
(d2) the sequence (f”(xg))n is bounded;
(e) one of the following statements occurs:
(e1) f is continuous;
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(ea) for every sequence (x,)n C X which converges to x € X and x,, is
comparable to x,y1, then x, is comparable to x, for every n € N;
(f) for everyx € X, there existsy € X such that y is comparable to x and xo;

Then we have the following conclusions:

1) if Conditions (a), (b) and (c) hold, then the sequence (f”(xo))n converges
to a point £&. More precisely, concerning the rate of convergence, one can find
N € N such that

(43) A" (@) ) < T2

where A € (0,1) is the constant from (F3);
2) if Conditions (a), (b) and (d) hold, then the sequence (f™( ) converges;
3) if Conditions (a), (b), (¢) and (e) or Conditions (a), (b), ( ) and( ) hold,
then f has a fixed point which is approzimated by (f" x )
4) if Conditions (a), (b), (¢), (e) and (f) or Conditions
and (f) hold, then f is a Picard mapping.

Proof. 1) For each n =0,1,..., we denote v, = d(f" (o), f""(z0)). If there
is ng > 1 such that fmo~=1(zg) = f(z0), then & = f"0~1(zy) is a fixed point
of f.

Suppose now that v, > 0 for all n > 0. From Conditions (a) and (b), one
deduces that f"~1(xg) and f(xo) are comparable, for all n > 1. So, for every
n € N we have from (4.2)

(4.4) F(y) < Flm-1) =7 <--- < F(y) —n7.

It follows that lim, F(vy,) = —oo hence, by (F2), v, — 0. Next, from (F3),
there is A € (0, 1) such that

(4.5) lim ) F(y,) = 0.
n

(n—l)%, Vn> N,

(@), (b), (d), (e)

According to (4.4) one has
T F (1) = 1mF(0) < 7 (F(10) = n7) =9 F(y0) = —n7,7 < 0

and hence, using (4.5), lim,, ny;) = 0. So, one can find N € N such that ny) <1
for all n > N, hence v, < n~/* that is d(f™(zo), f**(z0)) < n~ A

In order to show that (f"(xo))n is a Cauchy sequence, choose n > N and
p € N. We get

k+p—1 0
(4'6) d(fn+p(x0)7fn(x0)) <Ynt+Ynt1+ +VYngp—1 < Z Z %
k=n

Lemma 4.3 implies

1 A a1
(4.7) § /mdt a 1)(n_1)%71:1—A(”_1) .
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From (4.6) and (4.7) it follows that the sequence (f"(x)), is Cauchy so, the
space (X, d) being complete, it is convergent. Let £ be its limit.
Letting in (4.6) p — oo, we obtain

A6, /(@) < 5, Y2 N

q>k

and hence, using (4.7), the inequality (4.3) comes.

2) If Conditions (a), (b), (d) and (d;) hold, then, using the same argument
as in the proof of Theorem 3.9, for x,y € X, x comparable to y, one obtains
(4.1). Next we apply Theorem 4.2.

Under the hypotheses (a), (b), (d) and (dz), the conclusion comes in the same
manner as in the proof of Theorem 3.5 tacking into account that f"~!(zg) and
f™(x0) are comparable, for all n > 1.

3) When (e1) occurs, then

7€) = f (Tim " (w)) = lim "+ () = €.

We assume that Condition (es) is satisfied. Then, by hypothesis and 1), £
is comparable to f™(z), for all n. One has

F(A(f©), F(f"(x0)))) < F(A(& "(x0))) =7
< F(d(f,f"(xo)))7 Vn €N,
So, F being increasing, d(f(€), " (z0)) < d(&, f™(20)). Therefore
d(f(€),€) < d(f(©), f" (o)) +dA(f" (20),€)
< d(&, M (wo)) + A" (o), €) — 0.

4) Set z € X and let y € X be comparable to z and zy. From hypothesis
(a) it follows that f"(y) is comparable to both f"(x) and f™(zg), for all n € N.
If there is N7 € N such that fNi(y) = fV(2¢), then f*(y) = f"(xo), for
every n > Ny, so d(f"(:vo)7 f”(y)) — 0. Suppose that f"(y) # f™(zo), for all

n > 1. Then
F(A(f™(x0), f"(y))) < F(A(f" o), /" (v)) =7 < -+ < F(d(w0,y)) —nr.

Hence limy, F(d(f"(z0), f"(y))) = —o0 and, by (F2), d(f"(z0), f"(y)) — 0.
Using the same argument as before we get

tim d(f"(v), /" (2)) = 0.
Therefore
d(f"(x0), f"(x)) < A(f" (o), f"(v)) +d(f" (), f"(2)) — 0.

Accordingly
lim f*(2) = lim f*(y) = lim f*(zo) = &
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Finally, if £’ € X is another fixed point of f, then ¢’ = f*(£’) — £ and hence
£ is the unique fixed point of f. 0

Remark 4.5. If, in the previous theorem, we consider F'(t) = Int and 7 =
—lInr, r € (0,1), f is nondecreasing and zy < f(x¢), then one obtains [10,
Th.2.1,2.2], [13, Th.2.1]. The same result is also obtained when f is nonin-
creasing.

Remark 4.6. Because of the symmetry of the metric d, it is enough to impose
that relation (4.2) to be verified for every x,y € X with x < y and f(z) # f(y).

Remark 4.7. Following the proof of Theorem 4.4, it is easy to verify that the
same results are obtained if we replace Conditions (a), (b) and (ez) by

(a’) f is nondecreasing (e.g. x Xy = f(z) < f(y)),

(V) xo = f(xo), and

(e4) for every nondecreasing sequence (z,,), C X which converges to x € X,
one has z, = z, for every n € N.

In the following we will provide some extensions of Theorem 4.4 and Theorem
3.15 which improve [7, Th.2.1] and [7, Th. 2.2], respectively.
We first need to remind the notion of generalized metric.

Definition 4.8. Let X be a nonempty set. We say that a functiond : X x X —
[0, 00] is a generalized metric on X whenever it satisfies the following properties:

(G1) d(z,y) = 0 if and only if z = y;

(G2) d(z,y) = d(y, x), for all x,y € X

(G3) d(=,2) < d(z,y) +d(y, 2), for all z,y,z € X.

In this event the pair (X, d) is called generalized metric space. If we further
have

(G4) every Cauchy sequence in X is convergent,
then (X, d) is a generalized complete metric space.

If (X,d) is a generalized (complete) metric space endowed with a partial
order =7, we say that (X,d, <) is a partially ordered generalized (complete)
metric space.

Example 4.9. Let (X,d) be a metric space and CL(X) the class of all
nonempty closed subset of X. Then the mapping h : CL(X)xCL(X) — [0, o],
given by
h(B,C) = max {D(B,C),D(C, B)}, where D(B,C) = sup ( ingd(:c,y))
z€B YE
is a generalized metric on CL(X), namely the generalized Hausdorff-Pompeiu
metric (see e.g. [3, §3.2]). Moreover (CL(X),h,= ) is a partially ordered
generalized metric space, where < represents the set-inclusion partial order.
According to [3, Th.3.2.4], the generalized metric space (CL(X),h) is com-
plete if and only if (X, d) is complete.
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Theorem 4.10. Let (X, d, <X) be a partially ordered generalized complete met-
ric space and f : X — X a mapping which satisfies the following properties:
(a) for every comparable z,y € X, f(x) and f(y) are comparable too;
(b) there is xg € X such that xo and f(xo) are comparable;
(c) there exist F € F1 and T > 0 such that

(4.8) T+ F(d(f(2), f(y)) < F(d(z,y)),

for all comparable pairs z,y € X with d(z,y) < oo and d(f(z), f(y)) € (0,00).
Furthermore one of the following assertions is satisfied:
(n) FeF, or
(c2) F is continuous, or
(c3) the sequence (f"(xo))n is bounded;
(d) one of the following statements occurs:
(d1) f is continuous, or
(d2) for every sequence (xy,), C X which converges to x € X and x, is
comparable to x,11, then x, is comparable to z, for every n € N;
(e) for every x € X, there exists an y € X comparable to x and xo and
d(f(2), f(y)) < oo, d(f(wo), f(y)) < oo;
Then we have the followings:
() if Conditions (a) — (d) hold, then one of the following cases occurs:
(@) d(f™(xo), f*(wo)) = o0, for alln €N, or
(8) (f”(aco))n converges to a fized point of f;
(i) if Conditions (a) — (e) hold and («) does not occur, then f is a Picard
mapping.

Proof. (i) Suppose that (o) does not occur and let N be the smallest positive
integer such that d(f™(z¢), fN*(z0)) < oo. If there is ng > N such that
fro(zo) = fro*t(zo) = 0, then clearly fm0(zg) = fo+¥(zg) for every k € N
and so (f"(a:o))n is convergent. Now suppose that d(f™(zo), f"**(z0)) > 0
for all n > N. Then d(f™(zo), f"™(z0)) € (0,00) and, by (4.8), one has

F(d(fn(x0)>fn+1(x0))) < F(d(fn_l(mo)?fn(wo)))

< ...
< F(d(fY (o), SN (w0)))

and hence d(f"(zo), f"(wo)) < d(fN(zo), N (z0)) < oo, for all n > N.
Next, considering the sequence ( f"(mo))
Theorem 4.4, 1)-3).

(#3) Choose € X and let y € X be as in the statement. Then, from (4.8), it
follows that d(f”(xo), f"(y)) < d(f(xo), f(y)) < oo and also d(f”(az:)7 f”(y)) <
d(f(z), f(y)) < oo, for all n > 1. The conclusion now results in the same way
as in the proof of Theorem 4.4, 4). O

.~y We continue as in the proof of
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Remark 4.11. If we take F(t) = Int in the previous theorem, we obtain [7,
Th.2.1,Th.2.2].

4.1. Application: weak F-countable iterated function systems. In this
section another example from fractal theory is described (more details of clas-
sical theory of countable iterated function systems can be found e.g. in [17]).
In the following (X,d) will be a complete metric space and F' an element in
Fi.

Definition 4.12. A countable family of weak F-contractions (fx)r>1 on X into
itself is called a weak F'-countable iterated function system (abbreviated weak-

F-CIFS). The set function S : CL(X) — CL(X) defined by S(B) = U fx(B)
k>1

is called the associated Hutchinson operator. A set A € CL(X) is said to be
an attractor of the weak-F-CIFS whenever S(A) = A.

Lemma 4.13. Assume that F is continuous and f : X — X is a weak F'-
contraction, its constant from (3.1) being 27. Then

T+ F(h(f(B), f(C))) < F(h(B,0)),

for every B,C € CL(X), either C C B or B C C, h(B,C) < o0, f(B) # f(C),
where h denotes the Hausdorff-Pompeiu generalized metric (see Example 4.9).

Proof. Let B,C € CL(X) besuch that C' C B, h(B,C) < co and f(B) # f(C).
So f(C) C f(B) and, clearly, D(B,(C) < oo and, according to Lemma 2.5,
D(C, B) = 0.

By hypothesis, we deduce that d(f(:c), f(y)) <d(z,y), forallz € B,y € C.
This implies

D(f(B), f(C)) = sup inf d(£(2), £(y)) < sup inf d(z,y) = D(B,C) < oo.
Since h(f(B), f(C)) > 0 and D(f(C), f(B)) = 0, one deduces that D(f(B), f(C))
> 0.

Next, by the continuity of F', it follows that, for 7 > 0, there is ¢ > 0,
e <D(f(B), f(C)) such that
(4.9)
L€ (D(F(B), J(C)) — &, D((B), F(C) +2) = F(t) > F(D(F(B), F(C))) 7.

One can find b € B such that inf,cc d(f(b), f(y)) +e > D(f(B), f(C)). Notice
that f(b) ¢ f(C) because if that was not so, we would have ¢ > D(f(B), f(C))

contradicting the choice of b.
Now, taking ¢ = infyec d(f(b), f(y)) in (4.9), we get

(410 F(DU(B).£(C)) < 7+ F(inf d(/(0). /(w)).
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By hypothesis, 27 + F(d(f(z), f(y))) < F(d(z,y)) for z € B, y € C,
f(z) # f(y). Therefore, usmg( 10), one has

4.
7+ F(D(f(B), f(C))) 747+ F( inf d(f(0), f(v))

<
< 2r+ F(A(f(0), ()
< F(d(by)),

for all y € C. Accordingly, using again the continuity of F', we have

(4.11) 7+ F(D(f(B), f(C))) < F(;ggd(b,y)) < F(D(B,C)) = F(h(B,C)).

Since D(f(C), f(B)) = 0, it follows
T+ F(h(f(B), [(C))) < F(h(B,C)),

as required. O

Theorem 4.14. Let (fr)r>1 be a weak F-CIFS on the complete metric space
(X,d), where F' € Fy is continuous. Suppose that infy>1 17, > 0, where 27y
means the constant from (3.1) associated to fr. If, for each ) # I C N, we put
Cr = {&; k € I}, where & is the fized point of fi, then one of the following
alternative may occur:

(i4) h(S™(Cr),S" T (Cy)) = oo, for alln € N,
or

(#i) there exists an attractor A € CL(X) of the considered weak F-CIFS
and A = lim, S"(Cy), the limits being taken with respect to the generalized
Hausdorff-Pompeiu metric.

If further S(X) is bounded, in particular when S(X) is compact, then the
attractor A is unique and it is successively approximated by (S"(B))n, for every
B e CL(X).

Proof. In order to apply Theorem 4.10, we check the conditions from the state-
ment taking into account Remark 4.7.

Clearly B,C € CL(X), B C C imply S(B) C §(C'), hence (a) holds.

Next, according to Theorem 3.9, for each k& > 1, there exists a unique fixed
point & of fr. Hence, for every I C N, I # 0, {&; k€ I} = Uye; fe({&}) C
Ug>1 fx(Cr), so Cr € S(Cy), therefore (b) is fulfilled.

Now we intend to prove (c). Set 7 = infy>; 74 > 0. Choose B, C € CL(X),
C C B, h(B,C) < oo, h(8(B),8(C)) € (0,00). Hence, one can find k €
N such that fi(B) # fi(C), that is D(fr(B), fx(C)) > 0. In view of the
aforesaid, using Lemma 2.5, Lemma 4.13 and the fact that, F’ being continuous,
F(sup M) < sup F'(M) for every set M € CL(X), one has

T+ F(D(S(B),S(C))) <7+ F( iliI;D(fk(B), f1(C)))
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< 7sup F(D(f(B). f+(C))) < sup (met F (D(f(B). £e(C)) ) < F(h(B.C)).

where, at the last inequality, we used (4.11). Since S(C) C S(B) implies
D(8(C),8(B)) =0, we get

T+ F(h(S(B),8(C))) < F(h(B,C)).

In view of Remark 4.7, it is enough to prove (e}) instead of (ez). Let (By)n
be a nondecreasing sequence of closed subsets of C' which converges in the gen-
eralized Hausdorfl-Pompeiu metric to a set B € CL(X), that is B = lim,(B,,),
so D(B,, B) — 0. We need to show that B, C B, for alln > 1. Let ng € N

and b € By, be fixed. Since B,, C B,, one has b € B, for every n > nyg.
Then, for each n > ng, we get

1nf d(b,z) < sup 1nf d(y,z) = D(B,,B) — 0.
yEB, T€ n

Thus b € B = B. This means B,,, C B. The first conclusion now follows from
Theorem 4.10, (i).

Assuming that S(X) is bounded, it follows that (a) does not occur. Since,
for every B,C € CL(X), one has BUC € CL(X), Condition (e) from Theorem
4.10 is obviously fulfilled. In conclusion, there exists a unique attractor A €
CL(X) and A = lim,, S™(B), for all B € CL(X), completing the proof. O

Remark 4.15. In the particular case when (X, d) is a compact metric space
and, for each k > 1, fi is a weak F-contraction with F'(¢t) = Int and infj 7, > 0,
we obtain the theorem concerning the existence, uniqueness and approximation
of the attractor of the classical CIFS consisting of Banach contractions whose
ratios satisfy sup,rp < 1 (see e.g. [18, Th.3.2]). Indeed, in view of Remark
3.3, F € F and f is a Banach contraction with ratio r, = e~ "%, for all k € N.
Since infy 7, > 0 is equivalent to sup, rr < 1, the conclusion comes.

Example 4.16. Let us consider X = [0, c0) endowed with the Euclidean metric
and, foreach k = 1,2,..., amap fy : X — X given by fy(z) = 755 +ax, where
ay > 0 (see Example 3.16). We consider further the mapping F : Ry — R,
F(t)=1Int — 1, for every t > 0. Then:

(i) fx is not a Banach contraction, for all k > 1;

(ii) F ¢ F;

(iii) (fr)e>1 is a weak F-CIFS and, for each k¥ > 1, 7, € (0,k], 7 be-
ing the constant associated to fi from (3.1). Moreover, if we denote C; =

ko ++/k202 +dak
{W; ke I}, for every () # I C N, two cases may occur:

(i) h(8™(C1), 8" (Cr)) = o0, for all n € N, or
(74) there exists an attractor A € CL(X) and A = lim,, S"(Cy), the limits
being taken with respect to the generalized Hausdorff-Pompeiu metric;




797 Secelean

(iv) whenever sup,, ai < 0o, there is a unique attractor A of the considered
weak F-CIFS and A = lim,, §"(B), for every B € CL(X).

Proof. From Example 3.7 one deduces that F' € F; \ F and, for each k >
1, fr is a weak F-contraction with 7, € (0,k] and its fixed point is & =

konty/Faj ok W. In addition, fj is not a Banach contraction. Notice that we
can take 1, = 1 for all k, so infy 7 > 0.

On the other hand, using again Example 3.7 (d), one has f(X) C [ag, ax +
k=), for every k € N, so S(X) C [0,supy, ax + 1]. Therefore, if sup,, ay. < o0,
then S(X) is bounded.

The assertions of statement now follows immediately from Theorem 4.14. O
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