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1. Introduction

Mathematical finance is a field of applied mathematics, concerned with fi-

nancial markets. Generally, mathematical finance derive and extend the math-
ematical or numerical models suggested by financial economics.
In the recent years stock option was one of the most popular financial deriva-
tive. Indeed, an option is a financial contract which gives its owner the right to
buy or sell a specified amount of a particular asset at a fixed price, called the
exercise price, on or before a specified date, called the maturity date. Black
and Scholes have shown in [2] that option prices satisfy a second-order partial
differential equation (PDE) with respect to the time ¢t and asset price x. This
equation is known as the Black-Scholes equation and is given by

1
(1.1) u + §A2x2um + Bxu, — Bu =0,

where A, B are arbitrary constants.

Gazizov and Ibragimov in [14] have shown that the one-dimensional Black-
Scholes equation is included in Sophous Lie’s classification of linear second-
order PDEs with two independent variables. Then, they obtained the invariant
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solutions of the Black-Scholes equation. Pooe et al. in [30] utilized two sets of
transformations, introduced in [14], which reduce the Black-Scholes equation
to the one-dimensional heat equation. Then they exploited an optimal system
of one-dimensional subalgebras for the heat equation to obtain two classes
of optimal systems of one-dimensional subalgebras for Eq. (1.1). Complete
Lie symmetry group of the one dimensional Black-Scholes equation is derived
in [24] and infinite dimensional Lie algebras of Eq. (1.1) and related invariant
solution are obtained. However, invariant solutions of Eq. (1.1) presented in
[17,24] are different from our obtained solutions, by nonclassical symmetries,
in Section 3. More recently, classical symmetries of the Black-Scholes equation
with time dependent coefficient is considered by O’Hara et al. in [17] and Group
classification of a generalized Black-Scholes-Merton equation is considered in
).

The nonclassical symmetry method due to Bluman and Cole [4] is one of
the most well known generalizations of Lie’s classical method for finding group-
invariant solutions of a PDE which these solutions are not deducible from Lie
group analysis. It consists in adding the invariant surface condition to the given
equation, and then apply the Lie group analysis. The main difficulty of this
approach is that the determining equations are no longer linear. M.C. Nucci
in [26], has found that iterations of the nonclassical symmetries method give
rise to new nonlinear equations, which inherit the Lie point symmetry algebra
of the given equation.

Concept of conservation laws, which are mathematical formulations of the
fundamental physical principles, such as conservation of momentum, mass,
charge, energy and so on, arises in a wide variety of applications and contexts.
Conservation laws are widely applied in analysis of PDEs, particularly, inves-
tigation of existence, uniqueness and stability of solutions of nonlinear PDEs.
Moreover, conservation laws play a vital role in studying the integrability of
nonlinear PDEs. The existence of infinite conservation laws is an important in-
dicator of integrability of the system. Edelstein and Govinder in [7] have found
the conservation laws of Black-Scholes equation by the method of Kara and
Mahomed [23], which utilizes the point symmetries. Also, we found that our
obtained conservation laws are different from the reported results in [7]. How-
ever, as mentioned by Edlestein, et al. comparison of Ibragimov method with
method of Kara and Mahomed is not possible. They obtained only six con-
served vectors for Eq. (1.1), whereas in this paper we present infinite number of
conservation laws. In [20] a general theorem on conservation laws for arbitrary
differential equations which do not require the existence of Lagrangians has
been proved. This new theorem is based on the concept of adjoint equations
for both linear and non-linear equations. There are many equations with phys-
ical significance which are not self-adjoint and several generalizations of this
concept have been introduced. In [21] Ibragimov has introduced the definition
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of quasi self-adjoint equations. Then, after introducing the concept of weakly
self-adjoint equations by Gandarias in [12], this concept is utilized to construct
the conservation laws of the Hamilton-Jacobi-Bellman equations which arises
from financial mathematics [13]. Finally, Ibragimov in [22] introduced the con-
cept of nonlinear self-adjointness where substitution v = h(u) can be replaced
with a more general substitution v = h(x,t, u, us, Uy, - ..). Some recent papers
in this field are [6,8-11, 18,31].

In this paper we look for nonclassical symmetries of Eq. (1.1) with the pur-
pose of deriving nonclassical symmetry solutions and then finding the conser-
vation laws [20] using the concept of nonlinear self-adjointness of Black-Scholes
equation and classical symmetries.

2. Heir-equations and nonclassical symmetries

Let us consider an evolution equation in two independent variables and one
dependent variable of second order:

(2.1) up = H(t, @, Uy Uy, Ugy).
If
(2.2) I'=Vi(t,z,u)0 + Va(t, z,u)0p — F(t, z,u)0,,

is a generator of a Lie point symmetry' of equation (2.1) then the invariant
surface condition (more details about invariant surface condition can be found
in [3]) is given by:

(2.3) Vi(t, z, w)uy + Va(t, x, u)u, = F(t, z,u).
Let us take the case with V; = 0 and V, = 1, so that (2.3) becomes®:
(2.4) Uy = G(t,x,u)

Then, an equation for G, namely, G-equation is easily obtained [28]. Its invari-
ant surface condition is given by:

(2.5) &t z,u,G)Gy + &tz u, GGy + E3(t, 2, u, GGy = n(t, z,u, G).
Let us consider the case £, =0, & = 1, and &3 = G, so that (2.5) becomes:
(2.6) G: + GGy =n(t, z,u,G).
Then, an equation for 7 is derived. We call this equation n-equation. Clearly
(2.7) Gy + GGy =ugy =1
We could keep iterating to obtain the Q-equation, which corresponds to:
(2.8) Ne + Gy + 1M = Ugee = Qt, 2,u, G, n)

IThe minus sign in front of F(t, z,u) was put there for the sake of simplicity: it could be
replaced with a plus sign without affecting the following results.

2We have replaced F(t, @, u) with G(t, z, ) in order to avoid any ambiguity in the following
discussion.
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and so on. Each of these equations inherits the symmetry algebra of the original
equation, with the right prolongation: first prolongation for the G-equation,
second prolongation for the n-equation, and so on. Therefore, these equations
were named Heir-equations in [26]. This implies that even in the case of few
Lie point symmetries many more Lie symmetry reductions can be performed
by using the invariant symmetry solution of any of the possible Heir-equations,
as it was shown in [I, 19,25, 26]. However, we recall that the Heir-equations
are just some of the many possible n-extended equations as defined by Guthrie
in [16].

In [26] it was shown that this iterating method yields both partial symmetries
as given by Vorob’ev in [32], and differential constraints as given by Olver [29].
In [15] Goard has shown that Nucci’s method of constructing Heir equations

by iterating the nonclassical symmetries method is equivalent to the generalized
conditional symmetries method.

The difficulty in applying the method of nonclassical symmetries consists in
solving nonlinear determining equations in contrast with the linearity of the
determining equations in the case of classical symmetries. In [27] it was shown
that one can find the nonclassical symmetries of any evolution equations of
any order by using a suitable heir-equation and searching for a given particular
solution among all its solutions, thus avoiding any complicated calculations.
We recall the method as applicable to equation (2.1).

We derive u; from (2.1) and replace it into (2.3), with the condition V4 = 1,
ie.

(2.9) H(t,z,u, Uy, Ugy) + Va(t, x, u)u, = F(t,z,u).

Then, we generate the n-equation with n = n(x,t,u, @), and replace u, = G,
Ugy = 1) into (2.9), ie.:

(2.10) H(t,z,u,G,n) = F(t,z,u) — Va(t,z,u)G.
For Dini’s theorem, we can isolate 7 in (2.10), e.g.:
(2.11) n=[h(t,z,u,G) + F(t,z,u) — Va(t, z,u)G] ha(t, z,u, G)

where h;(t,z,u,G)(i = 1,2) are known functions. Thus, we have obtained a
particular solution of 7 which must yield an identity if replaced into the 7-
equation. The only unknowns are Vo = Va(t,z,u) and F = F(t,x,u). If any
such solution is singular, i.e. does not form a group, then we have found the
nonclassical symmetries, otherwise one obtains the classical symmetries [27].

3. Nonclassical symmetries of Eq. (1.1)

We use a simple MAPLE program to derive the Heir-equations. In particular
the G—equation of (1.1) is:

Gt + BuGu + A2£L' (Gm + GGu) + %A2$2Gaca: = 0;
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and the n—equation is

A2 2
A22? (Gnuc + Gngw + 1Mec)  +1 + B+ An + Tx (G*Nuw + Noa + 1°1G0G)
(3.1) +Bxn, + Bun, + A%z (nne + 2Gn. + 2ng) = 0.

The particular solution of the 7-equation that we are looking for is

(32) 77(@ T, U, G) = 2 (V2G BX;;;_ b F) ,

that replaced into (3.1) yields an overdetermined system in the unknowns F,
V5. Since we obtain a polynomial of third degree in G then we let MAPLE
evaluate the four coefficients that we call d;, ¢ = 0,1,2,3 where ¢ stands for
the corresponding power of G. We impose all of them to be zero. From d3 = 0,
we obtain

‘/Q(tv €, ’LL) = 61(t7 I’)U + 82(t7 I)v
while dy yields

001 o
[

F(t
(t,2,w) =

1 2023
T A2g2 3
+0Os(t, z)u + O4(t, x)

=+ 2@1@2%2 — 2B91u2> —+

with ©;(¢,x), j = 1,...,4 arbitrary functions of ¢ and z. Since d; is a

polynomial of order 3 with respect to u, weset e;, j =0, ..., 3 as the coefficients
ofu/, j=0,...,3. From ez = 0 we get
(3.3) O1(t,z) =0,
which implies also e; = e; = 0. Finally we have

_ 2 3 862 28@2 3 3 6@3 _ 8262

€o = -3A"zx { PSR <B+4 o + 2Bz e + Az Q—Bx 9
00
—Qxa—; + 4@5] :

We consider the following special cases:
Case 1.: Oy(t,z) = O,(t).

Case 2.: Oy(t,z) = Oy(z).
Case 1.
In this case by setting ey equal zero, one can obtain:

~ 2,-2Bt
@2(7’5) = Cle_Bt, @3(t7.’L‘) = W + @3(t).

One time differentiation of dy and setting it equal to zero yields

@g(t) = C2, C1 = 0.



On Black-Scholes equation; method of Heir-equations 908

By using these values we can write dy as follows:

0°04 004 00,4
o3 T2+ 2Bat 28O,

From dy = 0 some subcases are considerable.

(3.4) dy = —A%2%| A%2?

Subcase 1.1. O4(t,z) = O4(x)
In this subcase by using dy = 0 we get
(:)4(37) =32 + 041‘%,

where c3, c4 are arbitrary constants. In this step all of the unknowns are

determined and we have
—2B

Va(t,z,u) =0, F(t,z,u) = cou+ c3x + cqx 42 ,
and Eq. (3.2) becomes

—2B
2 (—BmG + Bu — cou — c3x — cqx A2 )
n= A212 ’

namely

—2B
2 (—B:cugC + Bu — cou — €3 — C4x A22 )
A2z2
Eq. (3.5) is a linear ordinary differential equation with respect to x and its
solution is given by:

(3.5) Ugy =

2
2- 2 op 2 A2_2p
(3.6) u(t,z) = \IJ1(t)xA ar + \112(t)xA ~2B-2 3% +Cc4;6 A 7
2

where A = /A% +4B% + 4BA? — 8¢y A2. Substituting (3.6) into (1.1) yields
the following nonclassical symmetry solution

9 A2-2B
A2 2B A2_2B-) c3x” 4 cyx A2
(3.7) u(t,x) = cge®'x™ 247 + cgelaT 242 — ,
Co

with cg, k = 2,...,6 arbitrary constants.

Subcase 1.2. O4(t,z) = O4(t)
From dy = 0 we get
(:)4(15) = cqePt.
Therefore
Va(t,z,u) =0, F(t,z,u) = cou + czeb?,
and form (3.2), n-equation is as follows:

2 (Bu — BxG — cou — c;:,eBt)
17 = AQ.Z'Q )
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which is equivalent to
2 (Bu — Bzu, — cou — czeP?)
A2x2

Obtained equation is an ODE with respect to = and its solution is given by

Ugy =

Btl-A Bt c3eBt

(3.8) u(t,z) =V ()" 2 + W)z 2 + B

where A = /(B — 1)? + 4c¢y. Substituting (3.8) into (1.1) yields another non-
classical symmetry solution of (1.1) with

(3.9)
t((2+A2)(B2—B/\—B)+2A2c2) t((2+A2)(Bz+B)\—B)+2A2c2)
Uy (t) = cqe” 1 , Ua(t) = cse” 1 )
where ¢, k=2,...,5 are arbitrary constants and A is defined as before.
Case 2.

In this case ey = 0 becomes as follows:
(3.10)

00 a6 - 0, - .
o = 3A%° | 2423 2 4 A28 2+(4x®2—23x2)—2—4®§+2Bm92 =0.

ox dx? dx

To solve this equation, we consider the following subcases.

Subcase 2.1. O3(t,z) = 3 65 (x)

B T 2 dx
Eq. (3.10) yields ©2(x) = ¢y and therefore (3.4) becomes
%0, 00, 00,
_ 2.2 _
(3.11) do =z [A T + 2Bz % +2 ot 2B®4] .

By setting O4(¢,2) = O4(z) in (3.11), and solving dy = 0 we get
(:)4(:5) = Az + Agxf%.
Therefore

Va(t,z,u) = 1z, F(t,z,u) = %clu + Az + Agxf%,

and n-equation becomes

2(¢cy — B)xG 4 2Bu — cyu — 2A12 — 2A2x*2713
AQJ}Q )

in other words:

2(¢1 — B)zuy + 2Bu — ciu — 2A1x — 2A2x7%
(3.12)  upy = e :
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Eq. (3.5) is obtainable from Eq. (3.12) by setting ¢; = £ = 2¢,. Thus we scape
from the calculation of solutions for this case.
However, setting O4(t,z) = O4(¢) in (3.11), and solving dy = 0 yields
O4(t) = APl
Therefore

1
Va(t,z,u) = c1z, F(t,z,u) = Feu + ALe”.

Thus n-equation becomes

2(c1 — B)xG 4+ 2Bu — ciu — 2A,ePt
- A2x2 ’

in other words:
2(c1 — B)zus + (2B — ¢1)u — 24,5

(3.13) Ugpy = 242
Solving the obtained ODE yields:

2¢) —2B4+A%2 X 2¢c; —2B+A% 42 Bt
3.14) ult,z) = U(e T mT U 4 2he

23—01’

where A = \/4(c; — B)?2 + 4A2B + A*. Another nonclassical symmetry solu-
tion of (1.1) is obtainable as following, by substituting (3.14) into (1.1)

2B—2c1+AX
\I’l(t) = Ageclt( 2AC21 )7

2B —2cq 4+ 2B —2cq 4+
Wy(t) = A3eclt( A% ) + eclt( A% ) %

2B—2c; —A—A2 t(
2B—2c) —A—A% o
e 2A

4A1B(2B — 2c1 + Nz 242
81(4B+A2)(23761) ’

where Ay, k= 1,2,3 and ¢y are arbitrary constants and \ is defined as before.

Subcase 2.2. O;(t,z) = O3(x)
From Eq. (3.10) we have

6 (r) = S22 = Dula) | 1 d0ut)

By this value of (:)g,(x)7 equation dyp = 0 becomes a polynomial of order one
with respect to u. A special solution of coefficient of u in dy = 0 is

- x (A% + AT+ 8A2B +8B? — 1642%A;)

@2 (37) = 1 .
Thus dy = 0 becomes an equation without u, which by setting O4(t, z) = O4(t)
we get

A,

@4 (t) = kl eBt .
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Therefore
A2
Va(t, 2, u) - #7
2 4 2\, 42,2 2 Bt
F(t,z,u) :(A B+ A* 4+ 2B?%)u — M(Bu — A%u?®) 4+ 4k  A%e 7

4A?

where A = /A% + 8428 + 8B2 — 164, A2 and n-equation becomes
(3.15)

_ A*2G + MN(A%2G + Bu — A%u) — 4A*BxG N 3A%Bu — Ay — 2B%u — 4k A%eP?
= 2A452 2A472 ’

or equivalently

_ A*zu, + MN(A%zu, + Bu — A%u) — 4A% Bru,

Yaw 2A%4x2
3A%Bu — A*u — 2B%u — 4k A?eP?
1 .
(3.16) + 2A%4z2

Another nonclassical symmetry solution of Eq. (1.1) can be found by solving
Eq. (3.16) which is as follows:

A2_2B4) A2-B 4k, A2eBt

GI7) ullm) = Ve =T 4 W T e s sy

where
2_ 42 2
4A1A%-A%B-B 2. p

Ui(t)=e ( 242 ) Wy (t) _ (5 ),

and A = /A +8A2B + 8B% — 164, A2.
Also, if in dy = 0 we set O4(t,z) = O4(x), then

(:)4(:L‘) =k + k2$7%7

and therefore

A? + X
Va(t,z,u) = %7
A2Bx?u — M(Ba? — A2X?)u + A*22u
F(t,z,u) = =
A2
(3.18) +4k1A2m3 + 2B%2%y + 41@21421;2(73)
. 4A252 J

where A\ = /A% + 8428 4+ 8B2 — 16A, A2. Hence, n-equation is as follows:
_ A'3G + MN(A%2PG + Bua® — A%ua®) — 4A?Ba’G
N 2A%x4
2(4352)
3A%2Bux? — A*uz? — 2B?%ux? — 4k A%a3 — 4k, A%227\ " A2
+ )
2A%472

n




On Black-Scholes equation; method of Heir-equations 912

in other words
B AtzPu, + N A%23u, + Bux? — A%ux®) — 4A?Badu,

Yz 2A474
| BA2Bux? — Atua —2B%ua® — Ak A% — dky A% 0
24472 ’
which its solution is given by
A2 2B+ A2-B
u(t,z) = Wi(t)x 242 + Uy(t)z™ a2
9 9 A242B A212B
2A (A +B)(k1x A2 [L—)\B(kl.i? A2 —|—k2))

232 (44, A2 — A2B — B2)(\ — A2)(A2B + B?2)
koB(5A?B +4B? + A* — 84, A?)
24% (4A1 A2 — A2B — B2)(\ — A2)(A2B + B2)
where = 8A42A; — 3A%2B — 4B? and similar to previous

2,2 2
44,A%-A’B-B A21B

\Ill(t) = kge ( 242 ), \Ifg(t) = k46tB 242

Comparison of presented solutions of Eq. (1.1) in literature with nonclassical
solutions shows that reported solutions in this section are new.

4. Nonlinear self-adjointness and construction of conservation laws

In this section, after some preliminaries, we obtain conservation laws for the
Eq. (1.1) using the new conservation theorem introduced in [20].

4.1. Preliminary. Consider a k"-order PDE of n independent variables x =

(x',22,...,2") and dependent variable u, viz.,
(4.1) F(aj,u,u,u(l),...,U(k)) =0,
where w1y = {ui}, u) = {ui;}, ... and u; = Dy(u), us; = DyD;(u), where
0 0 0 .
D, =— g +u18 +u”a 4+, 1=12,....n

are the total derivative operators with respect to x’s.
The Euler-Lagrange operator by formal sum, is given by

0
4.2 Dy
(4.2) 6u + Z T 0y
s>1
Also, if A be the set of all differential functions of all finite orders, and £%, 1 € A,
then Lie-Backlund operator is

8 0 0
+C’L +C7,1’L2a +'.'7

1112

(4.3) X=¢

3:5’
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where
(4.4) ¢ =D; (77) —u;D; (fj)7
(4.5) Giroia = Di (Ciy i 1) = Wjir iy 1 Di, (gj)’ 8> 1.

One can write the Lie-Bécklund operator (4.3) in characteristic form

. 0 0
X=¢D,+W— Di,.. Dy (W)mmr——
¢Dit 8u+z " i )auii...i,7
s>1 12215

where
(4.6) W =n—&u;,
is the characteristic function.
Euler-Lagrange operators with respect to derivatives of u are obtained by re-
placing u and the corresponding derivatives in (4.2), e.g.

50 . B
Su;  Oug - Z(_l) By D, Ougjyj,
s>1 s

There is a connection between the Euler-Lagrange, Lie-Béacklund and the as-
sociated operators by the following identity:

4]

(4.7)

X +Di(¢) =W — + DN,
ou
where
; : 1) ) )
Nt =¢ +W6ui+zpil"‘pis(w)m7 i=1,...,n,

s>1
are the Noether operators associated with a Lie-Backlund symmetry operator.
The n-tuple vector T = (T, T?,...,T"), T* € A,i =1,...,n, is a conserved
vector of Eq. (4.1) if

(4.8) Di(T") =0,

on the solution space of (4.1). The expression (4.8) is a local conservation law
of Eq. (4.1) and T € A are called the fluxes of the conservation law.

Definition 4.1. A local conservation law (4.8) of the PDE (4.1) is trivial if
its fluxes are of the form 7% = M’ + H?, where M* and H* are functions of
x, u and derivatives of u such that M? vanishes on the solutions of the system
(4.1), and D;H® = 0 is identically divergence-free.

In particular, a trivial conservation law contains no information about a
given PDE (4.1) and arises in two cases:
1. Each of its fluxes vanishes identically on the solutions of the given PDE.
2. The conservation law vanishes identically as a differential identity. In par-
ticular, this second type of trivial conservation law is simply an identity holding
for arbitrary fluxes. These T = (T%,T?,...,T") are called null divergences.
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The adjoint equation to the k'"-order differential Eq. (4.1) is defined by

(4.9) F*(m,u,v,u(l),v(l),...,u(k),v(k)) =0,
where
. S(PF,
F*(z,u,v,u(1),0(1), - - -, U(k)s V(k)) = %, v =v(z),
and v = (v',v?,...,0™) are new dependent variables.

We recall here the following results as given in Ibragimov’s paper [20].

Definition 4.2. ( [20]) Eq. (4.1) is said to be self-adjoint if the substitution
of v = w into adjoint Eq. (4.9) yields the same Eq. (4.1).

Definition 4.3. ( [21]) Eq. (4.1) is said to be quasi self-adjoint if the equation
obtained from the adjoint Eq. (4.9) by the substitution v = h(u), with a certain
function h(u) such that h'(u) # 0, is identical to the original equation.

Definition 4.4. ( [12]) Eq. (4.1) is said to be weakly self-adjoint if the equation
obtained from the adjoint Eq. (4.9) by the substitution v = h(t, z,u), with a
certain function h(t,x,u) such that hi(t,z,u) # 0, (or hy(t,z,u) # 0) and
hy(t, z,u) # 0 is identical to the original equation.

Definition 4.5. ( [22]) Eq. (4.1) is said to be nonlinearly self-adjoint if
the equation obtained from the adjoint Eq. (4.9) by the substitution v =
h(z,u,u(y, .. .), with a certain function h(x, u, u(y, . . .) such that h(z, u,uq), . . .)
# constant is identical to the original equation (4.1).

Main theorem which in this paper is used to construct the conservation laws
is given as follows:

Theorem 4.6. ( [20]) Every Lie point, Lie Backlund, and non local symmetry
admitted by the Eq. (4.1) gives rise to a conservation law for the system con-
sisting of the Eq. (4.1) and the adjoint Eq. (4.9) where the components T* of
the conserved vector T = (T, ..., T") are determined by

L 5L _ ' oL o
(410)  T' =L+ W > Diy... Dy, (W)———, i=1,...n,

.
= Uiy ig..is

with Lagrangian given by
L=vF(x,u,... upg).

4.2. Construction of conservation laws for Eq. (1.1). Adjoint equation
for Eq. (1.1) is as follows:
S(wF)  §(v[u + 3 A%x*uy, + Bru, — Bu))

_F“k = =
Su Sdu ’
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which by some simplifications we get
(4.11) F* = —2Bv — v, — Bz, + A%v + 2A%20, + %A2x2vm =0.
By setting t = 2! and = 2, the conservation law will be written
Dy(TH) + Do (TF) =0, i=1,...,T.
Now, we discuss about self-adjointness of Eq. (1.1) by the following theorem.

Theorem 4.7. Fq .(1.1) is neither quasi self-adjoint nor weakly self-adjoint,
however Eq. (1.1) is nonlinearly self-adjoint for

2B—3A%4x 2B3A2X>

(4.12) h(t,z,u) = ! (@a: 247 4 cgx 242

where x = v/4B2? + 4BA2 + A% + 8A2¢,.

Proof. By few computations we can show that Eq. (1.1) is neither quasi self-
adjoint nor weakly self-adjoint. To demonstrate the nonlinear self-adjointness,
setting v = h(t,z,u) in Eq. (4.11) we get

—2Bh 4+ A?h — Bx(hy + hyug) + 2A%2 (hy + hyts) — by — hyty
1
+§A2x2(hm + 2hpu s + hyutt® + hytipe) = 0,
which yields:

F*— X (ut + %AQ:BQUM + Bruy — Bu) = —Aus — ABxuy + ABu — 2hB — hy

+A2h - huut + %A2m2(hzz + huuui + huuzz - Auzz + 2hzuuz) - Bxhz
—Bzhyus + 2A2x(hz + hyug) = 0.

Comparing the coefficients for the different derivatives of u we obtain some
conditions which one of them is A+ h,, = 0. Thus by setting A = —h,, in (4.13)
we get

A2 (hytze + hawtiz) — Bhyu — 2Bh — hy — Bzhy, + A°h 4 2A4%2(he 4 hots)
+%A2x2(hm + huuui) =0.
As previous, comparing the coefficients for the different derivatives of u, we

have the following condition:

A%x?
(4.13) —5hae + (2A4% — B)zh, + (A* —2B)h — hy = 0,

which solving this system completes the Proof. |

Here infinite dimensional Lie algebras of Eq. (1.1) presented in [24] are used
to construct the infinite number of conservation laws.
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Eq. (1.1) admits six-dimensional Lie algebras, thus we consider the following
three cases:

(i) We first consider the Lie point symmetry generator X; = %. By using
(4.10), the components of the conserved vector are given by

1
Tf = §A2x2vum + Bzvu, — Buu,

1
TF = — Bxoug + A%zous + §A2x2(utvz — VUty)-

By setting ¢; = ¢3 =0 and ¢ = 1 in Theorem 2, we have

A? B B A? B
Tfh:f2 = o Uz + o e T = D, <2ux + xU) )
A? B A? B
T1x|u:$2 = ) Uty — ;Ut = -Dy <2 Uy + x“) .

Then transferring the terms D, (---) from T} to T, provides the null diver-
gence Ty = (T}, TF) = (0,0).

(ii) Using Lie point symmetry generator Xy = xa% and (4.10), the compo-
nents of the conserved vector are given by

Ti = — VU,

1
Ty = zvus — Baou + §A2x2(vuw + zugLv,).

Setting v = h(t, z,u) = T% into T¢, TS and after reckoning, we have

u u
T2t|y:%2 = T2 + Dy (_E) )

B A? u
oy = s gue—Di(—g).

Therefore Ty = (T4, T§) = (—%, —Bu — %211;5)

(iii) Using Lie point symmetry generator X5 = “3% and (4.10), one can
obtain the conserved vector whose components are
T§ = uv,

1
T = §A2x2(vuz — wv,) + Baou — Azuv.
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Setting v = %2 concludes the previous conserved vectors, however ¢; = ca =0
and ¢3 = 1 in (4.12) yields

Té'v:z(%fl) - x(%_l)u,
2 -
T?ﬂ (%71) = A? (x(i%+1)uw — gj(%)u) .
v=x\ A

9

(iv) Using Lie point symmetry generator X, = 2tz 2>+ (tu — 2B %’;@)) -~

and (4.10), one can obtain the conserved vector whose components are
T = (A%tu — 2Btu + 2uln(z) — 2A%tzu,) v,
7 = —;x< — 4A%tvus + 2A% Btavu, — 242 Btou — 2A%0u — 2BA%xtuv,
+ A% (2uv + zuv, — 202 uyv, — 3zULv) 4+ 4B tuv

+In(2)(4A%uv — 4Buv + 2A%zuv, — 2A2xvuw)>.

Substituting v = m% into the components above, we obtain

A2 542
T _ (21n(x) 3;1 t 231:) w4t D, ( 21;1 tu) ’
- —2A%Btzu, — 2A%Btu — 4B*tu + 4Bu In(z) — Atzu,
T |“:f2 - 2x
+2A2xln(a:)uz —2A% D, (—2A2tu> .
2x x

Then transferring the terms D, (---) from T} to T§, provides

2In(z) — A%t — 2Bt
T‘flv:% = < ( ) 1}2 ) u7
. —2A%Btzu, — 2A?Btu — 4B*tu + 4Buln(z) — A*tau,
I |“:f2 - 2z
24%z1 o — 2A°
(4.14) 4287 n(“’gg L

(v) Using Lie point symmetry generator

4B?tu 4Buln(z)\ 0
ot A?

X5 = StQ +4z ln(sr)a2 + (AQtu—i—élBtu—l— ——— +2uln(x) —
x
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and (4.10), one can obtain the conserved vector whose components are
T =v <4A4tx2um + 8A?Btau, — 4A*Btu + A'tu + 4B%tu

+In(z)(24%u — 4Bu — 4A2:ruz)>,

T8 = —%x <6A4Btuv + A6tx(uvz —vug) + 16 A2 Btvuy + 4B2 A% tzuv, + 2A%uw

+A4tx(8vutz — 8utvy — 4Bvug + 4Buvg)

+A* In(z) (2zuvs — 62VUL — Ar%upv, + 4uv)
—4ABouln(z) — 4A% B*tzvu, + 4A° Bz In(z) (vu, — uv,)
—842 In(z)vus — 16 A tuw

—8B’tuv + 4A° Buu + 4A zvu, + 8B*uln(z)v — 2A4vu) ,

which by setting v = ?12 we get

).

¢ 4A?Bt +4A? — 2A% In(x) + A*t + 4B%*t — 4B In(x)
T5|v:% = 22 u
4 2 2 u
1D, (4A tue + (SA’Bt — 44 ln(a:));) ,
T _ 1 2 4 6 4 2
5 |v:% =2 12A"Bu + 4A  zue + A’tzus + 2A" Btu — 4A” B In(z)u
—2A% In(z)us + 8A?B%tu + 4A* Btzu, + 4A2B?*tzu, — 4A% B In(z)us
+24% + 8B*tu — 8B* ln(x)u) — Dy (4A4tum + (8ABt — 4A? ln(m))%
Therefore
’ 4A?Bt +4A? — 2A%In(z) + At + 4Bt — 4B In(x)
T5 |u:i = 2 Uu,
=2 T
1
I¢)pen = o (12A2Bu + 4A%%zu, + AStzu, + 2A*Btu — 4A2Bln(z)u
@ x

—2A4% In(z)u, + 8A%B%*tu + 4A* Btau, + 4A%B%*tau,

—4A?BxIn(x)u, + 2A% + 8B3%tu — 8B? ln(z)u) .
(vi) Using Lie point symmetry generator

0 3}
X = 8t2§ + 8tz ln(m)a—x + <A2t2u — 4tu + 4Bt*u + 4tuln(z)

4B%*t%u  8Btuln(z) n 4uln®(z) 0
A? A? A? ou
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and (4.10), one can obtain the conserved vector whose components are
T =v <4A4t2m2um + 8A’Bt*zu, — 4A?Bt?u + A**u — 4A4%u + 4B*%u
+1In(z)(4A%tu — 8Btu — 8 A tzuy) + 4u ln(x)Z) ,

Ts = —%x (16A23tvu — 4A U, 4+ 12A4% zuLv + 8A tuIn(x)v — 16A% In(x)vuy

+A4t2(GBuv — 8xutvy + 8TVuy — 16uv — 4Brvuy) + 16 A% Bt2uw
—4A2B* 22 0u, + 1n(x)2(4A2xuvz + 8A%uv — 4A%zou, — 8Buv) + A8 zun,
+16B*tuIn(z)v + In(z)(—8A° Btvu + 4A tauv, — 12A  zu,v)

—8Aa? In(z)uzvs + 4A* Bat?uv, + 4A% B* P ruv, + ln(m)(8A2BmtvuI

78A23xtuvz — 8A2uv) + 2A% 20 + 124%uv — 8B3 2wy — A6t2xvuz).

Setting v = 5 into the components of T} and Ty we get

_ 4APBt? + AM? + 4A%t + 4B%*t? — 4A% In(z) — 8BtIn(z) + 41n®(z) "

1
V=22 2

+D. (14" 0. + (842 BE — 84% In(2)) "),

T§|

T§C|v:g%2 = % ( — 8A’Btx In(z)us + ASt22uy, + 16 A2Btu + 4AM2u, + 244 B2y
—16B*tIn(x)u + 4A%z In® (z)u, + 8A>B*t*u + 4A* Bt zu, 4+ 4A* B*t*zu,
—8A”BtIn(z)u—4A "tz In(z)u, +4A tu—8A% In(x)u+8B°t°u + 8B In® (:v)z)
D, (4A4t2u1 + (8A°Bt? — 8A2t1n(a¢))%) ,

thus

T5|U:;1§ _AAPBE® + AM 1+ 4A% + 4B ;24A2t1n(x) — 8BtIn(z) + 41n?(x) 7

T§C|U:ﬁ = % ( — 8A%Btx In(z)uy, + A%t 2w, + 16 A2 Btu + 4A t2u, + 24 B2y

—16B%*tIn(z)u + 4A%z In® (z)u, + 8A2B*t*u + 4A* Bt*zu, + 4A* B*t*zu,
—8A°BtIn(z)u—4A*tz In(z)u, +4A*tu—8A% In(z)u+8B*t*u+8B 1n2(x)u) .
(vii) Using Lie point symmetry generator X7 = Ap(t,m)a% where ¢(t,z) satisfies
following equation:

2¢r — 2Bp + 2Bz, + A2x2g0m =0
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and (4.10), one can obtain the conserved vector whose components are

Tr = vy,
@ 1 2 2 2
7 = 53:((2311—214 v— Azug)p+ A xvcpx).
Substituting v = %2 into the components above, we obtain
t _ ®
T7|U=?12 = 22’
T 2By + Az,
7 |“=?15 B 2z ’
Since
2By + A%z,
T 2z

it follows that the vector T> = (T%,T%) is a local conserved current for equation (1.1).

5. Final remarks

The application of the nonclassical symmetry method to equation (1.1) yields some
of it exact solutions by the application of the Heir-equations. We investigated the
nonlinear self-adjointness of (1.1) and we found the nontrivial conservation laws, using
the Ibragimov’s conservation theorem.As mentioned before, Edelstein and Govinder
in [7] have found the conservation laws of Eq. (1.1), by a method which is based upon
the point symmetries. Their applied method, directly calculate the conservation laws
using the symmetries whereas in this paper the adjoint equation of Eq. (1.1) was
firstly obtained and then its Lagrangian before determining the conservation laws
has been determined. Six conserved vectors for Eq. (1.1) have been reported in [7],
whereas in this paper we present infinite number of conservation laws which are
different. However, since two approaches are complementary, it is not possible to
compare them.
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