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ABSTRACT. The main purpose of this note is to establish some bounds
in Poisson approximation for row-wise arrays of independent geometric
distributed random variables using the operator method. Some results
related to random sums of independent geometric distributed random
variables are also investigated.
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1. Introduction

Let (X, ;,7 =1,2,---,n;n = 1,2,---) be a row-wise triangular array of
independent geometric distributed random variables with success probabilities
P(Xn,] = k) :pnj(l_pn,j)k70 <Pnj < 17k =0,1,2,--- 7] =12, ,nin=
1,2, -- . Let us denote by S,, the number of failures before the nth success in a
sequence of independent Bernoulli trials. Then, S,, = X, 1 + Xp o2+ -+ Xy 0.

n
Write A\, = E(Sn) = > (1 —pmj)p;; and suppose that lim A\, = ), (0 <
j=1 ’ n—00
A < +00). We denote by Z,, the Poisson random variables with means A,,.

Up to the present the Poisson approximation for many discrete distributions
(notably the Poisson-binomial distribution) has received extensive attention in
the literature and many different approaches have been proposed. (see [1, 2,

, D, 6, 7, 10, 11, 15, 14] for more details). The problem will be considered
in this paper are similar to those encountered in [8]. Actually, based on a
linear operator due to A. Renyi in [13], some bounds in Poisson approximation

Article electronically published on October 31, 2016.
Received: 25 December 2014, Accepted: 29 June 2015.
*Corresponding author.

(©2016 Iranian Mathematical Society

1087



On the bounds in Poisson approximation 1088

for non-random sums and random sums of independent geometric distributed
random variables are established.

Let K denote the class of all real-valued bounded functions f on the set of
all non-negative integers Z, = {0,1,2,---}. The norm of a function f € K
is defined by || f||=sup|f (z)|. The Renyi operator associated with random

r€EZ 4

variable X, denoted by Ax, is given by
(11)  Axf(x)=E(f(X +2)) =) flz+k)P(X =k),Vf € K,Va € Z,.
k=0

(Recall the definition in [13]). It is to be noticed that the linear operator defined
in (1.1) is actually a discrete form of the Trotter’s operator (see [20] for more
details).

Let Ag, and Az, , denote the Renyi’s operators associated with S,, and
Zy,,, respectively. The main purpose of this note is to establish the upper
bounds for || As,f — Az, f | in Poisson approximation for independent
geometric distributed random variables. Some bounds related to || As, f —
A Zay, f || in Poisson approximation for random sums of independent geomet-

ric distributed random variables are also investigated, with N,,n =1,2,--- are
positive integer-valued random variables independent of all X,, 1, Xy, 2, ;n =
1,2,--- . The results in this paper are extensions of published results in [10],

[15, 16, 17, 18, 19, 11, 9]. The present paper is also a continuation of earlier
results in [3].

It is to be noticed that in recent years, based on the Stein-Chen method there
are many papers related to bounds in Poisson approximation for independent
geometric distributed random variables (we refer the reader to [2, 5, 6, 10, 1,

, 14, 16, 17, 18, 19], and references therein). However, the linear operator
used in this paper is very elementary and elegant. The basic idea is very simple
and based on elementary properties of a linear operator introduced by Renyi
([13], 1970). The results in this note present a new approach to the Poisson
approximation problems for the discrete independent random variables.

2. Preliminaries

In the sequel we shall need some properties of Renyi’s operator in (1.1). We
recall some definitions and notations (see [13] for more details). Let us denote
by Ax and Ay two Renyi’s operators associated with two discrete random
variables X and Y. Moreover, let a, 5 be two real numbers and f, g € K. Then,
it is easily seen that

1) Ax(af + Bg) = aAx (f) + BAx(g)-

2) [[Ax(H) I f Il -

3) | Ax(f) + Ay (f) IS Ax () [ + | Ay () ] -
4) | Ax Ay (f) 1< Ay () II-

Py
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(5) Suppose that Ax,, Ax,, -, Ax, are operators associated with the in-
dependent random variables X1, Xo, -+, X,,. Then, for f € K,

Ax y xp 1 x, (f) = Ax, Ax, - Ax, (f)-

(6) Suppose that Ax,,Ax,, -+ ,Ax, and Ay,,Ay,, - -, Ay, are opera-
tors associated with independent random variables X7, Xo, -, X, and
Y1,Ys, - Y, respectively. Moreover, assume that all random vari-
ables X1, X5,---, X, and Y1,Y5,---,Y, are independent. Then, for
fek,

(2.1) I Ay () = A v (D IS D01 Ax () = Avc () |-
k=1

Clearly
Ax,Ax, - Ax, — Ay, Ay, -+ Ay,

= Z Ax, Axy - Axy (AXk - AYk)AYkJrl - Ay,
k=1

Accordingly
I Asy, x () = Asp v () |l

< Z ” AX1 T AXk—l(AXk - AYk)AYkJrl T AYn (f) ”
k=1

<Y N Ay Ay (Ax, — Av) () ||
k=1

k=1

() | A% (f) = AF(H) 1< n | Ax(f) = Av (f) || -

(8) Suppose that X1, Xa, -+, X, and Y7,Ys,---,Y,, are independent ran-
dom variables (in each group), and let N,,n =1,2,--- be a sequence
of positive integer-valued random variables independent of all X}, and
Y, k=1,2,--- Then, for f € K,

(2.2)
| Az, (f) = Agavn v, (f) I > P(N,=n) Z | Ax, (f) = Avi.(f) |-

Lemma 2.1. The equation Ax f(x) = Ay f(z) for f € K,x € Z, provides
that X and Y are identically distributed random variables.

Let Ax,,Ax,, - be a sequence of Renyi’s operators associated with the
independent discrete random variables X7, Xo, -, and assume that Ax is a
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Renyi’s operator associated with the discrete random variable X. The following
lemma states one of the most important properties of the Renyi’s operator

Lemma 2.2. A sufficient condition for a sequence of random variables X1, Xo, - -+
converging in distribution to a random variable X is that

lim [[Ax, (f) = Ax(f) =0, for [fekK

n— oo

Proof. Since lim ||[Ax,(f) — Ax(f)]| =0, for f €K, we conclude that
n—oo

lim 'éf (& + k) (P(X, = k) — P(X = k))| =0,

n—oo
for feK andfor ze€Z,.

Taking
1, if 0<z<t
f(x)_{o, it x>t
we obtain
t
lim > (P(Xp=k)-P(X = k))| =0.

k=0

It follows that, P(X,, <t)—P(X <t) = 0asn — +oo. We infer that X, 4 x

as n — 400, here and from now, 9y denotes the convergence in distribution.
This finishes the proof. O

3. Results

In this section, based on Renyi’s operator-method the theorems 3.1, 3.3,
3.5 and 3.7 are devoted to the discussions on bounds (in term of inequalities
(3.1) (3.2) (3.3) and (3.4) in Poisson approximation for independent geometric
distributed random variables with parameters p,, ; € (0,1),7 =1,2,--- ,n;n =
1,2, -+ from row-wise triangular arrays or double arrays and for Poisson ran-

dom variable Zy with mean A\, = E(S,) = >, p;;- (1 —py ;). Actually, some
j=1

upper bounds for || Ag, f — Az, [ || are established for f € K. The analogous
results related to random sums Sy, = X7 + Xo + - + Xy, and Zy, are
also considered, where N,, is a positive integer-valued random variable inde-

pendent from all Xy, Xo, -+ and Ay, = E(Sy,) = >, P(N, = n)E(S,) =
n=1

o0 n
> P(N, =n)>, p;; (1 —pn ;). The results considered in this section are
n=1 j=1

somewhat similar to the results in [16, 17, 18] and [19].
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Theorem 3.1. Let (X, ;,7=1,2,---n;n=1,2,---) be a row-wise triangular

array of independent, non-identically geometric distributed random variables
n

with probabilities py, ; € (0,1). Set S,, = > X, ; and let us denote by Z», the
j=1

n

Poisson random variable with mean A, = E(S,) = > (1 —pnj)p;;. Then,

j=1
for f €K
(31) I Asaf = Az, FIS2IIY [0 posy? + L2,
j=1 m.j
Proof. We first observe that
[|As, f = Az, FI| <D Axp f=Az . f '
=1 n,j)Pn j
For f € K, and for x € Z,
Az (=) - AXn,jf(x)
A=ppn )P, 5
=> f@+k)[P(Z,,; =k) - P(Xn,; =k)]
k=0
oo _ 1— i 714 k
St wy |t el _pw.)k] |
k=0 ’

Hence

—1 f(m) - AXn,jf (I)

n,j

zZ
(1=pp, j)p

oo (e N1 [(1—py 1k
< ];0 flz+k) <e (1 pn,y)pn,j% 1 7pn,j)kpn,j)‘
>, —(1— Np L 1—pn j ;1’ k
< sup [£ ()] 5 [e (o lomgdrail iyt
yeZ 4 =
o s No—1 [(1=pn s ;1,’“
=11 5 |em Oty lCregrasl o p

— — . *1_
= £ ([emCpmdens — ps

—(1— Np_L _
+ ‘e (e (1 i) Py — (L= Pu) P
1

B ) o B G0 ) _pn,j)kpn,j}

| 1 V-1 [(1=pn i )pt]"
+ Z € (1 pnd)p"'j [( . Yk]!)pn’]] - (1 _pn,j)kpn,j
k=2

<A [(n = Prg) + (A= pnj)pns (P05 — Piy)

k>2 k>2
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= 1£1 [(prls = o) + (1= Do) 2y} (07} — P25)
1 —1
+ (1l — (1= p ) pr fem )P ) 4 (1= )]
<IN (2055 — 4Png + 205+ 005 — (L =pus) pn s+ (L= pnj)py s (1= pnj) Dy b]

= 2071 [0t =y + 522

n,j

Therefore
HAX"Jf Zapn i f‘
1—pn,
~ [z, £~ x| < 2000 [0 =iyt + LR
. 2
Thus
I Asaf = Az, FI< 201 Y [0 oy + E222)],
=1 g
The proof is complete. O

Corollary 3.2. Under the assumptions of Theorem 3.1, from (2.1) with k €
{0,1,--- ,n}

n 1 N
|P(Sp=k)=P(Zy, =k)| <2 [(1 Png)’ + (PJ)]
Jj=1 an
Theorem 3.3. Let (X, ;,j=1,2,--- ,n;n=1,2,---) be a row-wise triangular

array of independent, geometric distributed random variables with parameters
Pn.j € (0,1). Moreover, we suppose that N,,n=1,2,--- are independent posi-
tive integer-valued random variables independent of all Xy, j,m =1,2,---n;n =

Nn
1,2,---. Set Sy, = > Xn, ;. Moreover, let us denote by Zx, the Poisson

j=1
random variable with mean

AN, = E(Sn,) =Y P( n)E(S,) =Y _ P(N, me — Pnj)

n=1 n=1

Then, for f € K

(3.2) IlAsN,,f—AZAanHS?IIfIE(Z[ ) +“‘pN)D
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Proof. According to the Theorem 3.1, for f € K, and = € Z,

| Asy, £ = Az, FIS 5 PN =m) [[4s,, () = Az, ()]
<2 8 PO =m) I (v + s |

Nn,j

Ny o
=20E | X [(1—PNn,j) +%]
Jj=1

Thus, for f € K

Np,

1—pN.
l ASan_AXAN" |<2|f||E<Z|:1_pNn] 2+(QPN'“J):|>'

— PNn.j

This finishes the proof. (]

Corollary 3.4. On account of (3.2), for k € {0,1,--- ,n},

|P (S, =k) = P (Zsy, =k)| <2E (; [(1 —pnj)’ + “;;’J"J)D .

Theorem 3.5. Let (X, ;,i=1,2,---;j=1,2,---) be a double array of inde-
pendent geometric distributed random variables with probabilities

P(Xij=k)=pij(1—pij)" 0 <pij <1Lk=01,2-3i,j=12-

Assume that for every i = 1,2,--- the random variables X;1,X;2,..., are

independent, and for every j = 1,2, - the random variables X j, X2, -

are independent. Set Sy, = Z Z X ;. Let us denote by Zy,, . the Poisson
i=1j=

m
> —pi’j)p;jl. Then, for

15=1

M:

random variable with mean Ay = E(Sp,m) =

fek

3

n m 1*])1‘7'
63 As, S~ Az, S 2D [0 g+ L
=1 j=1 2y

Proof. 1t is easy to check that

|| Asn,mf - AZ/\nvmf HS ZZ H AXLJf - AZ(17 :Jlf || .

Py )P
i=1 j=1 o7
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According to the Theorem 3.1, for f € K, and for all x € Z,

2, (=piy)
” Axwf B Az(l—zo7 j)p;;f HS 2 ||f|| [(1 *pm) + p2‘| .
, i
Thus
| Asuinf = Ao, £ 1S 21AD0 Y [0 =)t + B2,
i=1 j=1 i3
This finishes the proof. O

Corollary 3.6. According to the Theorem 3.5, forr € {0,1,...,n},

e R ED » ol B

=1 j=1
Theorem 3.7. Let (X, ;,i=1,2,---;j=1,2,---) be a double array of inde-
pendent geometric distributed mndom variables with probabilities

P(Xij=k) =pij(1—pi)"0<pij <1L,k=0,1,2,3i,j =12

Assume that for every i = 1,2,--- the random variables X;1,X; 2, -+, are

independent, and for every j = 1,2,--- the random wvariables X j, X2, -
n m

are independent. Set Spm = Y. > X;;. Moreover, suppose that Ny, Mp,
i=1j=1

are non-negative integer-valued random variables independent of all (X; ;,1 =

1,2,---575 =1,2,---). Let us denote by Zx, ,, the Poisson random variable

with mean

> P(Ny =n)P(My, = m)E(Spm)-

M8

AN, M, = E(SN, M,,) =

n=1m=1
Then, for f € K
(3.4)
L —pi,
| Asw, saf = Az, FIS21FIE B I Gt )]

i=1 j=1 pi;j

Proof. On account of the definition of Renyi’s operator in (1.1), we check at
once that

(Asy, s, [) (@) = E(f (SN, + 7))

f
Z P(N, = n) Z P (My =m) (4s, . f) ()

and

&

(Azay, 1 ) @) =B (f (Zan,ar,, +7))

Mg

ZP M, =m) AZAnmf)(f”)-

n=1
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Hence, for f € K, and for z € Z, we see at once that
|P (Snm =7)—P(Zxr,.,. =7)]

<N P(Nu=n) Y P(My=m)|As,,.f— Az, f|
IS PN =m) S P (M = m) (ZZ {(1_pi,j)z+<1;fi,j>]>

_2|f|ZP(Nn—n)E<. ' {(1_pi’j)2+12pw]>

2|/ B <Zf -ps) O—MD |

n My

2
i=1 j=1 b3
Thus
Ny My, (1= pi,)
| Asny i = Aray, o FI< 2001 E <ZZ R pD .
i=1 j=1 ¥
This completes the proof. O

Corollary 3.8. According to the Theorem 3.5, for r € {0,1,--- ,n},

S (1—pij)
|P(Sv,nt, =7) = P (Zayyu, =7)[ S2E (D) l(l i) p2p,w ]
i=1 j=1 ©J

We conclude this paper with the following comments. The results obtained
in this note are illustrations for simplicity and elegant of the Renyi’s operator
method in Poisson approximation for independent geometric distributed ran-
dom variables. Especially, this method is likely to be more effective for random
vectors in higher dimension spaces.
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