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ABSTRACT. It is commonly accepted that fractional differential equations
play an important role in the explanation of many physical phenomena.
For this reason we need a reliable and efficient technique for the solution of
fractional differential equations. This paper deals with the numerical solu-
tion of a class of fractional differential equation. The fractional derivatives
are described based on the Caputo sense. Our main aim is to generalize
the Chebyshev cardinal operational matrix to the fractional calculus. In
this work, the Chebyshev cardinal functions together with the Chebyshev
cardinal operational matrix of fractional derivatives are used for numerical
solution of a class of fractional differential equations. The main advan-
tage of this approach is that it reduces fractional problems to a system of
algebraic equations. The method is applied to solve nonlinear fractional
differential equations. Illustrative examples are included to demonstrate
the validity and applicability of the presented technique.

Keywords: Fractional-order differential equation, operational matrix of
fractional derivative, Caputo derivative, Chebyshev cardinal function, col-
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1. Introduction

Fractional differential equations have been found to be effective to describe
some physical phenomena such as damping laws, electromagnetic, acoustics, vis-
coelasticity, electroanalytical chemistry, neuron modeling, diffusion processing
and material sciences [3, 11, 13, 28, 32, 38].

The treatment of models of the above mentioned phenomena takes different
facets. For example, existence and uniqueness of solutions have been investigated

in [11, 21, 33, 34].
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In the recent decades, some attempts have been made to find analytical and
numerical solutions for the fractional problems. These attempts have included

finite difference methods [27, 30, 39], collocation— shooting methods ([1, 9, 37]),
spline and B-spline collocation methods [22, 26], Adomian decomposition method
[10, 40], flatlet oblique multiwavelets method [18], variational iteration methods
[17, 34], homotopy analysis methods [16, 20, 33] and etc.

Interpolation approximate base function have received considerable attention
in dealing with various problems. The main characteristic behind this work
using this technique is that it reduces fractional problems to those of solving
a system of algebraic equations thus greatly simplifying the problem. In this
method, a Chebyshev cardinal function is used for numerical solution of differ-
ential equations, with the goal of obtaining efficient computational solutions.
Several papers have appeared in the literature concerned with the application of
Chebyshev cardinal functions [12, 19, 23, 24, 25].

In the present paper we extend the application of Chebyshev cardinal functions
to solve a nonlinear fractional differential equation.

Consider the nonlinear multi-order fractional differential equation

(1.1) F(y(z), Dy(x), DPy(x),..., DO y(x)) = g(),

with boundary or supplementary conditions

(12) Hl(y(g’t)a y/(gl)) = di7 1=0,1,

where F' is a multivariable function and g(x) is a known function, §; € [0,1], i =
0, 1, 1<a<2 0<max{f;, i =1,...,m} <1, H; are linear combinations

of y(z),y'(x) and D(®), DB denote the Caputo fractional derivative of order o
and f3; respectively and y(z) € L?[0,1].

The existence and uniqueness and continuous dependence of the solution of
proposed problem are discussed in [2, 31]. We apply the operational matrix of
fractional derivatives to solve nonlinear multi-order fractional differential equa-
tions.

We recall the existence and uniqueness of a special case of (1.1) from [31], and
we propose some stability analysis, convergence analysis, accuracy order of

(1.3) DWy(x) = f(a,y(z),DPy(z)), l<a<2, 0<B<L,

with initial conditions

(1.4) y(0) =yo, ¥'(0)=w
or boundary conditions
(1.5) y(0) =yo, y(1) =y

Our main aim is to generalize Chebyshev cardinal operational matrix to frac-
tional calculus. It is worthy to mention here that, the method based on using the
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operational matrix of an interpolate function for solving differential equations is
computer oriented.

The rest of the paper is organized as follows: Basic concepts of fractional
differential problems are discussed in Section 2. Section 3 is devoted to the
analysis of the methods and the construction of operational matrix for fractional
derivative. Application of proposed methods for fractional problems are given
in Section 4. In Section 5, we express existence and uniqueness and we discuss
stability analysis, convergence analysis, accuracy order for class of nonlinear
multi-order fractional differential equation. The numerical results for confirming
effectively of the proposed methods are given in Section 6.

2. Concepts of fractional problems

We give some basic definitions and properties of the fractional calculus theory
which are used further in this paper.

Definition 2.1. A real function f(x), « > 0, is said to be in the space C,, p € R,
if there exists a real number p > p such that f(x) = zPfi(x), where fi(z) €
C10,1). Clearly C,, C Cgif 5 < p.

Definition 2.2. A function f(z), = > 0, is said to be in the space C}';, m €
Nu {0}, if ™ e C,,.

Definition 2.3. The left sided Riemann-Liouville fractional integral operator
of order a > 0 of a function f € C,, p > —1, is defined in [29] as follows:

L
(@) -
J f(x) F(a)/o (Ift)lfadt’ a>0, x>0,
(2.1) JOf(z) = f(2).

Definition 2.4. Let f € C™, m € NU{0}. The Caputo fractional derivative
of f(x) is defined as in [29]:

. Jm=a) fm) gy m —1<a<m, meN,
(2.2) D) f(x) { D™ f(z) @
Dxm™

It can be shown that [4, 8, 29, 36]:
(2.3)

o =M.

L J@ gy =gt av>0, feCu, p>0.

9. gy Mzaﬂ
Fla+vy+1) ’

—1

3. JDW f(z) = f(z) - > P07

a>0,v>-1, z>0.

3

.’L’k

AR >0 m—-—1<am.

>
Il
o

4. D JO () = f(z), >0, m—1<a<m,
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5. D™ C =0, Cis constant,
6. D2 =0, BeNy B<lo], No={0,1,...},

%xﬁiav ﬂ € No ﬂ > [a]’

8. D) £(z) = DD f(2)] £ D™D f(z)], meN, [o] €2,
9. Jf(z) = DY f(x), a>0.

10. D JB) f(z) = DP) f(2),

11. J@DP f(z) = 7O DO (7D f())

|m—n|Orlm—n—1| (k+18—al) (+\ .k
_ Nn(B—a) _ ﬂ
=D f(z) 7l
k=0

7. Dl =

,nla<n+1lm<pg<m+1,<a.

The Caputo fractional derivative is considered here because, it allows traditional
initial and boundary conditions to be included in the formulation of the problem.

3. Analysis of the methods

In this section, we first present a brief review of the Chebyshev cardinal func-
tions for solving fractional differential equations.
Chebyshev cardinal functions of order N in [—1,1] are defined as [7]:

Tnia(x)
(3.1) ¢j(x) = ;
! T;v+1(wj)($ — )
where Ty 11(x) is the first kind Chebyshev function of order N 4+ 1 in [—1,1]
defined by

j=1,2,..,N+1,

(3.2) Tn41(x) = cos((N + 1) arccos(z))
and z;, j =1, 2, ..., N+1, are the zeros of T 41 (x) defined by cos((2j—1)/(2N+
2)), j=1,2, ..., N+ 1. We apply variable changing ¢t = (x 4+ 1)L/2 to use

these functions on [0, L]. Now any function f(t) on [0, L] can be approximated
as

N+1
(3.3) F(t) =) ft)e;(t) = FTex(1),
j=1
where t;, j =1, 2, ..., N+1, are the shifted pointsof z;, j =1, 2, ..., N+1,

by transforming ¢t = (z + 1)L/2 (here we choose t; so that, t7 <tz <... <

tN-‘rl),

(34) F= [f(tl)v f(tQ)a "'7f(tN+1)]Tv q>N(t) = [¢1(t)v ¢2(t)a "'7¢N+1(t)]T'
Note that the functions ¢;(t) satisfy the relation

1, j=i, ..
¢j(ti):5j,i:{07 i#z ) ]aZ:]-v"'vN—’_]-'
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So we have
(35) @N(tl):el, Zil,,N+1,
where e; is the ¢th column of unit matrix of order N + 1.

Theorem 3.1. Let y(t) € CVN*Y0, L] and Px(t) be polynomial interpolation of

y(t) at the pointst;, i =1, ..., N+1 (zeros of Chebyshev polynomial of degree
N +1), then
My 41
. = - < ANHL
(36 ex = g [0) — P (0] < g gl

where My 1 = max [y\NTY(€)|, € € [0,L]. Thus Py(t) — y(t) as N tends to

Definition 3.2. [15] Let M, : R™ — P,,_; be the linear map associating to each
vector u” = [uy,us, ..., u;] € R" and

n
p(x) = Zukxkfl e P,_1, n>2.
k=1

For any p € P,_1, we shall write v = M, 'p, where M1 is the inverse map
of M,,. We define the condition of the map M,,, relative to the compact interval

[a, b], by [17]

(3.7) Condse My, = HMnHooHM;lHoo;

where the norms are ||u||eo = 1r<n]?2(n|uk| (in R™) and ||p||leo = Jnax, |p(x)] (in
Pn,l[a,b]).

Definition 3.3. [15] The Chebyshev polynomial T,,, adjusted to the interval
[a, b], will be denoted by T,,a, b],

2r —a—>b

Tinla, b](x) = T ( —

), a<z<h.

Relative to any such interval [a,b], the norm of the map M,, is easily seen to
be

b —1

= b#1
M|l = b—1" ’
] ] { n, b=1.

More delicate is the determination of ||M,, }||o, as this amounts to finding the
norms of the linear functionals Ay : p — p*=1(0)/(k — 1), p € P,_1[a,b], k =
1,2,...,n. Indeed

—1 o
1M oo = max Al
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Theorem 3.4. The condition number (3.7) on [—w,w] is given by

w’ﬂ

(3.8) Cond.oM,, =
w

-1
1 maX{H“Tnfl(x/w)Hom HuTn,fz(:c/w)Hoo}v

(here and in the sequel) is to be interpreted as having the value n if
w=1 (for more details see [15]).

where &

We can get good approximate function f € L?[0, 1] using Chebyshev cardinal
functions by small N where N is the number of Chebyshev cardinal basis. But
for large values of N, the expansion coefficients grows like (14 +/2)%" ((14v/2)"
on L?[—1,1]) and so the condition number is large, in this case. Therefore, we
use this expansion for small values of N (see [5, 6, 15]).

3.1. The operational matrix of derivative. The differentiation of vector ®
in (3.4) can be expressed as

(3.9) Py = Doy,

where D is (N + 1) x (N + 1) operational matrix of derivative for Chebyshev
cardinal functions.

It is shown [23] that the matrix D is in the form
o) o tnga)
(3.10) D= : : : ,
Pyyr(tt) o Dypa(tne)
where
N4y
(ty) = =1 N+1
(b_](t]) ; t] _tz’ J ) ’ + )
1#]
3 N+1
(3.11) o;(t) = T/i()H(tk*tl)a Jhk=1...,N+1, j#k
N+1 ] =1
1#k,j

and B = 22N+ /[ N+l Note that

T N+1

N+1

12 t—tg)

(3.12) t—t; =px H k)
k#]

3.2. The operational matrix of fractional derivative. The fractional dif-
ferentiation of vector @ (t) in (3.4) can be expressed as

(3.13) Doy = DDy,
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where D, is (IV 4+ 1) x (N + 1) operational matrix of fractional derivative for
Chebyshev cardinal functions. The matrix D, can be obtained by the following
process. Let

(3.14) Doy (t) =[5 (t), ¢5 (1), ., 'L ()]

Using Egs. (2.2), (2.3), (3.4) and (3.12) the function ¢§-a)(t) can be approximated
by two methods as

N+1

«@ 1 (0%
(3.15) (1) = % s (T (¢ = t1)).
N1 (t5) i
=
N+1
First method: We can expand H (t—1tr) as
k=1
=
N+1 N+1
[[e—t)=t"=C > "+ > tinte) Y 2 =+ (DN ] e
k=1 k1#] k1,k2#j k=1
k#j 1<k <N+1 1<ki<ko<N+1 k#j
(3.16) j=1,2,...,N+1.
Lemma 3.5. Let ¢, (t) be a Chebyshev cardinal function such that n < «, then
D¢, (t) = 0.
Proof. Using Eqs.(2.3) in Eq.(3.16) the lemma can be proved. O

For 0 < a < 1 using (3.16), we get

(@) N B
¢; 7 (t) = B x ([TE-tn@ =
j TJ/\H-I(tj) kl;[l T;\,H(tj)F(N +1—aq)
k#j
XINUN=C — (N —a)(N =D Y gtV
k1#£j
1<k <N+1
+H(N=a)(N—a-DN =21 Y tite,)tVN 27—
k1,ka#j
1<k1<k2<N+1
N-2
HD)WD TV = a = k)( > taty - try ) )t
k=0 ki,ka,...k(n—1)#]

1§k1<k§2<...<k(N,1)§N+l
(3.17) j=1,2,.. . N+1.
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Any function qﬁga)(t), using (3.3) can be approximated as

N+1

(3.18) ¢>(a Z ¢( (tr)ow(t)
By comparing (3.13) and (3.18), we get
D) . ¢ (tve)
(3.19) D, = : : ,
St )

where the entries of the matrix D, can be found using Eq. (3.17).
Second method: Let

(3.20) T = [1,t,¢,...,tN]7,
then (3.4) results in
(3:21) O (t) = [p1(t), p2(t), vdni1(H)]" = AT,

where A is (N + 1) x (N + 1) operational matrix of coefficient for Chebyshev
cardinal functions as follows

(3.22)
N41 1
()N —— thy oo~ (5~ tky)s  may L
T1/v+1 t1) 1:[ TJ/V-H( 1) k§1 N+1(t)
kil 1<k;<N+1
N41 1
(—1)N tey, oo~ thy)
A 1(t2 falet TJI\]+1(t2) klz;é:Q 1 Ty 1a(t2)
=B x kA2 1<k1<N+1
1 A 1 .
(_I)N tk‘r*( tk )7 7 L
Thy1 (1) kl;[l Ty yq(tns) k17§+1 V7 T ()
k£N+1 1<k <N+1

Because of orthogonality of ¢;(¢),7 = 1,..., N + 1, this matrix is invertible.
From (2.3) and for 0 < a < 1, we get

(3.23)
' '3 I'(N+1

prr=00. F(Q(—)a) o F(3(—)a) T r(ng +1_—)a) BT =D T
where Dj is (N + 1) x (N 4 1) matrix of the following form

0 0 0 0

0 s 0 ... 0
(3.24) D= |0 0 o 0

: : . . 0

0 0 0 L(N+1)
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If 1 < a <2 then the second row of Dj is zero and ... . Using (3.21) we have
(3.25) D®n(t)= AD*T=t"“A.D;. T.

Note that A is invertible, so

(3.26) D®n(t) =t A D, AT A T=t">A.D;. AL Ox(b).
Hence

(3.27) D®n(t) = D,.Pn(t),

where D, =t~ A. D;. A™L.

4. Application of the operational matrix of fractional derivative

In this section, In order to use Chebyshev cardinal functions for Eq. (1.1),
we first approximate y(z), g(z), D(®y(x) and DPi)y(z), for j = 0,...,m from
(3.3) and (3.18) on the interval [0, 1] as follows

(4.1)
N+1
y(x) =~ Z cj;(x) = CTon (),
-

9(z) ~ Z 9i%i(z) = GToN(2),

DWy(z) ~ D(C"®n(z)) = CTD (®n(2)) = C"Dady(2),

DYy(z) =~ D (CTdN(z)) = CT" DY) (@n(2)) = C'Dg, ®n(z), j=1,...,m,
where G = [g1,...,9n+1)7, g5 = g9(t;), j=1,....N+1,C =[c1,...,en41]T
is an unknown vector and N > 1. Employing (4.1) in (1.1) we get

(4.2)
Ryii1(z) = F(CT®n(z), CT"Da®n (z),CT Dg, ®n(x),...,C7 Dg, &n(z)) — GT On ()
= 0.

Collocating Eq. (4.2) in the points t;,4 = 3,..., N + 1 and using Eq.(3.5), we
get
(4.3) Rny1(ti) = F(CTe;,CTDye;, CT Dpey,...,CT Dy, e;) — Gle;.
Also, by substituting Egs. (3.9) and (4.1) in Eq. (1.2) we obtain
(4.4) H;(CToN(&),CTDON (&) =d;, i=0, 1.

Equation (4.3) together with equation (4.4) gives a system of equations with
N +1 set of algebraic equations, which can be solved to find ¢;, i =1,..., N+1.
Consequently, the unknown function y(z) given in Eq. (4.1) can be calculated.
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5. Main results

The aim of this section is to analyze the numerical scheme (1.1) with special
cases (1.3)-(1.5).

5.1. Existence and uniqueness. We consider the space 8 = {y(t) : y(t) €
C[0,1], DPy(t) € C[0,1]} furnished with the norm ||y(t)|| = maxyecio,) [y(t)| +
maxyecio,1] |D®)y(t)|. The space B is a Banach space [41].

Theorem 5.1. (Theorem 8.2 in [31]) Let f : [0,1] x R x R — R be continuous
and there exists a function p : [0,1] — [0, 00], such that

(5.1) |f(z,y,2)| < p(t) + arlyl + azlz], a1,a2 20, a1 +az <m,

o . I'(a+1l) T'()T'2—B)+T'(a—pB+1
where m = min{ ( 5 ), 4%(&—(,6-1-1;1“(05)1“(2—[3))

lem (1.3)-(1.5) has a solution.

Theorem 5.2. (Theorem 3.8 in [31]) Let f :][0,1] x R x R — R be continuous.
If f satisfies Lipschitz condition with respect to the second and third variables as

(5.2)
If(@,y,2) = f(@,y1,21)] < k(ly — y1| + [z — z1]), for each x € [0,1] y,y1,2,21 €ER k <1,

}. Then, the boundary value prob-

then there exists a unique solution of the boundary value problem (1.3), (1.5)
such that y(x) is the solution of integral equation

(5.3)
y(x) = T (f(z,y(x), DPy(x))) — 2T (f(1,9(1), DPy(1))) + (y1 — yo)z + yo,

- / G, 5) (5, 4(s), DPy(s))ds + (1 — yo)z + vo,

where G(x, s) is the Green function, given by

1 { (x—s)*1—z(1-5)>"1 0<s<uzx

(54) Gla,s) = @ —z(1—s)*! T ; s ; 1.

Theorem 5.3. Under the hypothesis of theorem 5.1 with mzmin{%,%}
the initial value problem (1.3)-(1.4) has a solution.

Theorem 5.4. Under the hypothesis of theorem 5.2 with k < min{I'(a+1),T'(a—
B+ 1)} the initial value problem (1.3)—(1.4) has a unique solution.

The proofs of Theorem 5.3 and 5.4 are similar to those of Theorem 5.1 and
5.2.

5.2. Stability analysis. The sufficient conditions for the local asymptotical sta-
bility of (1.3) are discussed in this part.
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Definition 5.5. we define an operator 2 : § — 8 by
(5.5)
Ay(z) = J'(f(z,y(z), DPy(2))) — 2@ (f(1,y(1), DDy (1)) + (1 — yo)z + yo,
1
= [ G.)7(5.9(9). DPy()ds + (1~ )z + 10,
0

Definition 5.6. The equilibrium y* = 0 of nonlinear fractional differential equa-
tion (1.3) is said to be locally asymptotically stable if 36 > 0 such that Vy, € K,
one has

(5.6) lim ||y(z,y4)|| = 0,
T—r0o0

where K = {y : ||y|| < ¢} and y(z,y,) denotes the solution of (1.3) with initial
or boundary conditions.

By assuming that 0 < o — 8 < 1, wui(z) = y(x), uz(z) = DPy(x), we can
reduce (1.3) to the system of fractional differential equation as follows

a—p A wy(1)—uy (0))zl—o+A
Gm§<)<ﬁemamwwwmmw+‘“@£$> )

uz(2) [, (@), uz(2))
(5.7) U= = F(z,U),
where U = (u1,u2)T and G(z, s) is obtained as follows:
DE-A@Ay)(x) = JO-)(Day)(x)

= SO fa,y @), DOy )
(L0, DDy(1) + (11— o)
= IO f(ayl@), DPy(@)) = (I (L y(1), DDy(1)))

xl_a"!‘ﬁ
=)
(Z/l y0)>1“(2 Tt 5)
' — 1—a+p
o8 - G(x,5)f(s,y(s), DPy(s ds+w7
(5:) | Gt DOyas +
where G(z, s), (with respect to ) is of order (a — ) as
. (=71 (og)olglmets o
(59) G(Z‘,S) = { (Ii(igs))a—lml_r;(f)ilﬂ@*aﬁLB) ’ =2 =%y
T T(@)l(2—at+h) r<s<l1

Ifl<a—-p<2then, we get 0 < a—f—1< 1 and we continue the similar
process of (5.7)-(5.9) as follows

(mwv““”“::(ﬁémﬁﬁ@mm@mx@m&+wmﬁﬁﬂ%a”)’
ual?) ff(xvul(-f),uz(l‘))dx

(5.10) Ule=f=1 = p(x,U),



Numerical approach for solving a class of nonlinear fractional differential equations 1118

where G(z, s), (with respect to z) is of order (o — 3 — 1) as

(z—s)P2 (1—s)* lg—ath

g - ) <s<uz,
(5.11) G(z,s) = { 2@3)a71w7£§%)F(1—a+ﬂ)
T T(@T(I-a+h) r<s<l1
Theorem 5.7. The equilibrium U* = 0 of autonomous nonlinear fractional

differential equation of (5.7) or (5.10) with VF(U) € C([0,1] x [0,1] x [0,1]) and
(a—pB) € (0,1] or (=B —1) € (0,1] is locally asymptotically stable if Re(A) < 0
where A is eigenvalues of the Jacobian matrix VF.

The proof of this theorem is similar to the proof of Theorem 3.2 in [14].

5.3. Convergence analysis, accuracy order of the proposed method.

Theorem 5.8. Leteni1(x) = y(x)—yn+1(x) be the error function of Chebyshev

cardinal approzimation, where y(x) is the exact solution of (1.3) and yny1(x) =
N+1

Z cipi(x) = CT®N(x) is the Chebyshev cardinal approzimation for y(z). Un-
i=1

der the hypothesis of Theorems 5.1, 5.2 or 5.3, 5.4, en+1(x) — 0 as N — oo for
(1.3), (1.5) or (1.3)-(1.4), respectively.

Proof. Using Egs. (4.1), (5.3) and (5.4) we have

lent1(2)] = I/0 G(z,9)f(s,y(s), DVy(s))ds + (31 — yo)z +yo — CT O (w)]

= 1[Gl )10 DV (5) = 5,1 (3). D ()
+/(5,yn+1(5), DPyn+1(s))]ds + (y1 — yo) + yo — CT B ()|
= 1 [ Gls) (F5.9). DPy() = Fs a5 DDy (s) s

+/OG(1", 8)f(s,yn+1(5), DPynia(s))ds + (y1 — yo)z + yo — C"n (2))].
(5.12)
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Using Eq. (5.2) we get

exer(@l < Hlewn @)l ( [T ET L s+ [0 )

+ / Gz, ) f(5,CT D (s), C" Db (s))ds + (41 — yo) + 4o — OO ()|

IN

Ellen+1(z)l| ( M(a+1) * o+ 1))

1
+|/OG(J:7 $)f(s,CT @ (s), CT D (s))ds + (y1 — yo)a +yo — C" O (2)|

IA

Hllews1 (@)l 5y +|/ G(,5)f (5, CT0n (5), CT D (s))ds
(5.13) +(y1 — o)z +yo — CT O ().
On the other hand we have
(5.14)  Ryyi(z) = f(2,CTON(z),CT Dsdy(x)) — O D@y (2)) 2 0.
Employing J(®) on Ry 1(x) and using Eq. (5.3) we have
(5.15)
1
TRy (@] = | [ Glas) (s, CTy(s),CTDsb(s))ds
0
+Fynv+1(1) —yn+1(0))2 + yn41(0) — yv41(x)].
Using (5.15) in (5.13) and assuming yn+1(0) = yo, ynv+1(1) = y1 we get

(5.16) len+1(z)| < Kllenta(@)]] +[J Ry (@)].

2
INa+1)

On the other hand, we have

1
IDPena ()] < GG, )11 (s u(s), DPy(a)ds ~F s,y (), DDy (o)

750461 xlfﬁ 1 _ g1
< llewsa(e >||</ t—3) )/0 Ao g

fa-p) " Te-5 (@)
o B 1.17,8
(5.17) < P||€N+1(9U)|I,
where p < 1 and G(z, s) is defined by Eq. (3.6) in [31]. Thus, we have
518 lewn@ll £ (1=p= o) O Ryl

If weset z =1t;, i=1,...,N +1, then our aim is to have Ry41(t;) < 107",
where r; is any positive integer If we prescribe, maxr; = r, then we increase N
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as long as the following inequality holds at each point ¢;:
(5.19) |[Ryi1(ti)] < 1077,

in other words, by increasing N the error function Ry 41(¢;) approaches zero. If
Ry 41(t;) — 0 when N is sufficiently large enough, then the error decreases.

O

In this part we present accuracy order of numerical approach for solving (1.3).
N+1

Let y(x) is the exact solution of (1.3) and yyy1(x) = Z citi(z) = CTd N () is
i=1

the Chebyshev cardinal approximation. So, by using (3.2), (5.2) for sufficiently
large enough N, we have

(5.20)
| D@ y(@)-D W yny1(2)] = Dy (x)-Dayn+1(2) + Dayn1(z) — Dyn i (2)].
Thus
(5.21)
|Dy(x) = Dayn11(2)|
=[f(x,y(x), DPy(x)) = (2, yn+1(x), Dpyn+1(2))]
<klly(@) —yn+1(@)] + DPy(2)=DDyn 11 (€)+DPyn41(2) ~ Dgyn-1 ()]

iG]
=NV )

On the other hand, by using (2.3), (3.16), we have

+. DD [y(@) — ynr (@)]] + [DPyn i1 (2)-Dgyn 1 ()]

N+1 N+1

ID@yn i1 (x) = Daynia (@) = | 3 enlof (@) = 3 o (t))¢;(2)))]
k=1 j=1
N+1
3 e D6 (2)]
(5.22) < *=L ...

- 2N(N +1)!
Fa=1+6, 0<6<1,itisshown in Lemma 3.2 in [22] that
(5.23)
o020 g~ 400"

N+1/ (@) o N1 )
DI@NE) = DTRPGSEN T Ty T Lt -9
N+42, ,(0) S(=2—60—N,N +1)gx(0)z > "~V
D7 (¢ () — 26
: (h) h—0—N-—1
(0)S(k =6 —N,N + 1)z -
i ] F(h+1—9) ’ k*17~~~7N+1
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and

¢k(0>x—2(N+2)—9 N+2 ¢](€p) (()):rP*N*I*@

DN*2(¢\ () = ¢V T ()

[(-3-2N—0) "% T(p-N-90)
()@ 20 G 0y N 10
[(-3-2N—-0) < T(p—N-6)
(5.24) k=1,...,N+1,

where S(z,n) = z(z+1)...(2 +n —1). However, by using (2.3) and employing
J(@) in (5.22), we get

[T (D yy 11 (z) = Dayni (@)
1 N+1 ¢J (O).’E_Q(N+2) N+2 d)gp) (O).Z‘p7N+l

S NN 1) Zs i vy Y rprioy T

p=0
< 1 y(O)(L-_Z(N""l) N2 y(p) (O)xp_N
SN PN =1 ZT(p+1-N)

+o
< 1
S vV

< v @)+ D)

2
x
M)(0) +y VD O+ y N (0) )

(5.25)

i (p) p—N+1
where e(N) = Z yF (0)z

m—)()aSN—)OO7 m%()and

p=N+3
m ~0, p=0,...,N —2. However, by using (2.3) in (5.21)
(N+1)
(o [y ()] By () —
exaa()] < IO E 4 Do) = ]+
(N+1-a) (N+1)
@ e )
2N (N +1)! 2N (N +1)!

1 |y(k+N+1+ﬁ—o¢)(x)|mzoxk
71;0 2N(N + 1)1k I+
|y N =) ()| |y NI ()|
(5.26) = MSr v ) NN T
Thus
(N+1—«)
(5.27) enn (@) < KLl

2N(N + 1) 7
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where &, € [0,1]. Eqgs (5.25) and (5.27) show that for y(z) € C%,, we get an
exponentially convergence approximation.

6. Numerical examples

In this section we give a computational results of numerical experiments with
methods based on preceding sections, to support our theoretical discussion. It
should be noted that in Examples 6.1 and 6.3 the exact solution y(x) does not
belong to CY,, N > 1. So, we have not exponential convergence. But for
Examples 6.2, 6.4 and 6.5 y(x) belongs to CY,, N > 1, so we get exponentially
convergence.

Example 6.1. Consider the nonlinear fractional differential equation:

4 1 9F( ) \/>
Ds D= 2
sy(e) + D2y(x) +y(z)” = VG
(6.1) y(0)=0, y(1)=1
The exact solution of this problem is y(z) = x+/z. Table 1 shows the Ly and
L errors for the method presented in Section 4 for different values of N.
TABLE 1. Ly and L. errors using presented method for Exam-
ple 6.1

+ - \fx—i—x x € 10,1],

N+1 Lo error L error
2 1l0xe—1 1ld4xe—1
4 13xe—2 23xe—2
8 22xe—3 29xe—3
10 1.3xe—3 23xe—3

Example 6.2. Consider nonlinear boundary value problem

aDiy(z) + (14 22%)D3y(z)(y(z)) = 552;1(32) e 11§f:?22)
3 3

243 17 512 1 243 1

g
w‘g

T

[

et Trr et T r@)”
(6.2) ) =1, y1)=2.
The exact solution is
(6.3) y(z) = a2* + 1.

Table 2 shows the Ly and L., errors for the method presented in Section 4 for
different values of N.



1123 Irandoust-pakchin, Lakestani and Kheiri

TABLE 2. Ly and Ly, errors using presented method for Exam-
ple 6.2

N+1 Lo error L error
2 33xe—1 47xe—-1
4 6.3xe—2 8T7Txe—2
8 1.7xe—6 34xe—6
10 1.8xe—8 95xe—38

Example 6.3. Consider the fractional differential equation:

(6.4)

Az +1)D3y(z) + ADy(z) + 771 —y(x)
. =14z 7w (z+1)
- _9 2 vt
vV + arcsm(x+1 )+7r+ NoEs ik

y(0) = v, y(1)=2m

The exact solution is y(z) = \/m(x 4+ 1). The Ly and L, errors are obtained in
Table 4 for different values of N using presented method in Section 4.

TABLE 3. L, and Ls errors using presented method for Exam-

ple 6.3
N+1 Loerror Lyoerror
3 blxe—3 T74xe—3
4 36xe—4 7T0xe—4
5 7T9xe—5 1llxe—4
6 6.5xe—6 9.7xe—6
7 l6xe—6 23xe—6
8 13xe—7 27xe—7

Example 6.4. Consider the nonlinear fractional differential equation:

s i 32768 2% 65536 2%
Dy(x) + D2y(x) + (y(x))? = 5 Jr + 12155 v/ +at®

(6.5) y(0) =0, y(1) = 1.

The exact solution is y(z) = z¥.

Table 3 shows the L., and Lo errors that obtains for different values of V.
TABLE 4. Ly and Ly errors using presented method for Exam-
ple 4

N +1 Loerror Lyerror
7 73xe—3 82xe—3
8 hbidxe—4 12xe—3
9 41xe—-5 T70xe—5
10 56 xe—35 9.1xe—35
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Example 6.5. Consider the fractional differential equation:

y'(@) + T(3)@) DEy(e) + 5T @) Dhy(a) — (o (@)? =2+ a?
(6.6) y(0) =1, y(1)=2

The exact solution is y(z) = 2% + 1.
Figure 1 shows the plot of error with NV = 3 using the method presented in
section 4.

2.x 1077

.x 107394

0.2 0.4 0.6

=

-1.x 107371

~2.%x 10739 1

-3.%x 107371

-4.%x 1073 -

FIGURE 1. Plot of error for y(z) with N = 3 for Example 6.5

7. Conclusion

In this paper we presented a numerical scheme for solving the nonlinear frac-
tional differential equation. The Chebyshev cardinal functions was employed.
The obtained results showed that this approach can solve the problem effectively.

REFERENCES

[1] Q. M. Al-Mdallal, M. I. Syam and M. N Anwar, A collocation-shooting method for solving
fractional boundary value problems, Commun. Nonlinear Sci. Numer. Simul. 15 (2010),
no. 12, 3814-3822.

[2] Z. B. Bai and H. S. Lii, Positive solutions for boundary value problem of nonlinear frac-
tional differential equation, J. Math. Anal. Appl. 311 (2005), no. 2, 495-505.

[3] H. Bbeyer and S. Kempfle, Definition of physically consistent damping laws with fractional
derivatives, Z. Angew. Math. Mech. 75 (1995), no. 8, 623-635.

[4] L. Blank, Numerical treatment of differential equations of fractional order, Nonlinear
World 4 (1997), no. 4, 473-491



1125

(5]

[19]

[20]

21]

22]

Irandoust-pakchin, Lakestani and Kheiri

J. P. Boyd, The asymptotic Chebyshev coefficients for functions with logarithmic endpoint
singularities: mappings and singular basis functions, Appl. Math. Comput. 29 (1989), no.
1, part I, 49-67.

J. P. Boyd, Polynomial series versus sinc expansions for functions with corner or endpoint
singularities, J. Comput. Phys. 64 (1986), no. 1, 266-270.

J. P. Boyd, Chebyshev and Fourier Spectral Methods, Second edition, Dover Publications,
Inc., Mineola, 2001.

A. Carpinteri and F. Mainardi, Fractals and Fractional Calculus in Continuum Mechanics,
Springer Verlger Wien, New York, 1997.

Y. Censiz, Y. Keskin and A. Kurnaz, The solution of the Bagley-Torvik equation with the
generalized Taylor collocation method, J. Franklin Inst. 347 (2010), no. 2, 452-466.

V. Daftardar-Geiji and H. Jafari, Adomian decomposition: a tool for solving a system of
fractional differential equations, J. Math. Anal. Appl. 301 (2005), no. 2, 508-18.

V. Daftardar-Geiji and H. Jafari, Analysis of a system of nonautonomous fractional dif-
ferential equations involving Caputo derivatives, J. Math. Anal. Appl. 328 (2007), no. 2,
1026-1033.

M. Dehghan and M. Lakestani, The use of Chebyshev cardinal functions for solution of
the second-order one-dimensional telegraph equation, Numer. Methods Partial Differential
Equations 25 (2009), no. 4, 931-938.

M. Dehghan, J. Manafian and A. Saadatmandi, The solution of the linear fractional partial
differential equations using the homotopy analysis method, Zeitschrift fur Naturforschung,
J. Phys. Sci. 65 (2010), no. 11, 935-949.

W. Deng, Smoothness and stability of the solutions for nonlinear fractional differential
equationd, Nonlinear Anal. 72 (2010), no. 3-4, 1768-1777.

W. Gautschi, The Condition of Polynomials in Power Form, Math. Comp. 33 (1979), no.
145, 343-352

I. Hashim, O. Abdulaziz and S. Momani, Homotopy analysis method for fractional IVPs,
Commaun. Nonlinear Sci. Numer. Simul. 14 (2009), no. 3, 674-684.

S. Irandoust—pakchin, Exact solutions for some of the fractional differential equations by
using modification of He’s variational iteration method, Math. Sci. Q. J. 5 (2011), no. 1,
51-60.

S. Irandoust-pakchin, M. Dehghan, S. Abdi-mazrach and M. Lakestani, Numerical solu-
tion for a class of fractional convection-diffusion equation using the flatlet oblique multi-
wavelets, J. Vib. Control 20 (2014), no. 6, 913-924.

S. Irandoust-pakchin, H. Kheiri and S. Abdi-Mazraeh, Chebyshev cardinal functions: an
effective tool for solving nonlinear Volterra and Fredholm integro-differential equations of
fractional order, Iran. J. Sci. Technol. Trans. A Sci. 37 (2013), no. 1, 53-62.

S. Irandoust-pakchin, H. Kheiri and S. Abdi-Mazraeh, Efficient computational algorithms
for solving one class of fractional boundary value problems, Comput. Math. Math. Phys.
53 (2013), no. 7, 920-932.

V. Lakshmikantham and A. Vatsala, General uniqueness and monotone iterative technique
for fractional differential equations, Appl. Math. Lett. 21 (2008), no. 8, 828-834.

M. Lakestani, M. Dehghan and S. Irandoust—pakchin, The construction of operational
matrix of fractional derivatives using B-spline functions, Commun. Nonlinear Sci. Numer.
Simul. 17 (2012), no. 3, 1149-1162

M. Lakestani and M. Dehghan, Numerical solution of Riccati equation using the cubic
B-spline scaling functions and Chebyshev cardinal functions, Comput. Phys. Commun.
181 (2010), no. 5, 957-966.

M. Lakestani and M. Dehghan, The use of Chebyshev cardinal functions for the solution
of a partial differential equation with an unknown time-dependent coefficient subject to
an extra measurement, J. Comput. Appl. Math. 235 (2010), no. 3, 669-678.



25]

[26]

27]

28]

(29]

(30]

(31]

(32]

(33]

(34]

(35]

(36]
(37]

(38]

(39]

[40]

[41]

Numerical approach for solving a class of nonlinear fractional differential equations 1126

M. Lakestani and M. Dehghan, Numerical solution of fourth-order integro-differential
equations using Chebyshev cardinal functions, Int. J. Comput. Math. 87 (2010), no. 6,
1389-1394.

M. Lia, S. Jimenezc, N. Niea, Y. Tanga and L. Vazqueze, Solving Two—point boundary
value problems of fractional differetial equations by spline collocation methods, Available
from http://www.cc.ac.cn/2009 researth-report/0903.pdf, (2009), 1-10.

V. E. Lynch, B. A. Carreras, D. Del-Castillo-Negrete, K. M. Ferriera-Mejias and H. R.
Hicks, Numerical methods for the solution of partial differential equations of fractional
order, J. Comput. Phys. 192 (2003), no. 2, 406-421.

F. Mainardi, Fractional relaxiation and fractional diffusion equations: mathematical as-
pects, Proceedings of the 14th IMACS World Congress, 1 (1994) 329-32.

F. Mainardi, Fractional calculus: Some basic problems in continuum and statistical me-
chanics, Fractals and fractional calculus in continuum mechanics (Udine, 1996), 291-348,
CISM Courses and Lectures, 378, Springer, Vienna, 1997.

M. M. Meerschaert, Finite difference approximations for two-sided space-fractional partial
differential equations, Appl. Numer. Math. 56 (2006), no. 1, 80-90.

M. U. Rehman and R. A. Khan, The Legendre wavelet method for solving fractional
differential equations, Commun. Nonlinear Sci. Numer. Simul. 16 (2011), no. 11, 4163—
4173.

M. Ochmann and S. Makarov, Representation of the absorption of nonlinear waves by
fractional derivatives, J. Acoust. Soc. Amer. 94 (1993), no. 6, 2-9.

Z. Odibat, S. Momani and H. Xu, A reliable algorithm of homotopy analysis method for
solving nonlinear fractional differential equations, Appl. Math. Model. 34 (2010), no. 3,
593-600.

Z. Odibat and S. Momani, Application of variational iteration method to nonlinear differ-
ential equations of fractional order, Int. J. Nonlinear Sci. Numer. Simul. 7 (2006), no. 1,
27-34.

G. M. Phillips and P. J. Taylor, Theory and Applications of Numerical Analysis, Fifth
edition, Academic Press, Inc., 1980.

1. Podlubny, Fractional Differential Equations, Academic Press, Inc., San Diego, 1999.

E. A. Rawashdeh, Numerical solution of fractional integro-differential equations by collo-
cation method, Appl. Math. Comput. 176 (2006), no. 1, 1-6.

Z. Shuqin, Existence of solution for a boundary value problem of fractional order, Acta
Math. Sci. Ser. B Engl. Ed. 26 (2006), no. 2, 220-228.

C. Tadjeran and M. M. Meerschaert, A second-order accurate numerical method for the
two-dimensional fractional diffusion equation, J. Comput. Phys. 220 (2007), no. 2, 813—
823.

S. A. El-Wakil, A. Elhanbaly and M. A. Abdou, Adomian decomposition method for
solving fractional nonlinear differential equations, Appl. Math. Comput. 182 (2006), no.
1, 313-324.

X. Su, Boundary value problem for a coupled system of nonlinear fractional differential
equations, Appl. Math. Lett. 22 (2009), no. 1, 64-69.

(Safar Irandoust-pakchin) DEPARTMENT OF APPLIED MATHEMATICS, FACULTY OF MATHE-

MATICAL SCIENCES, UNIVERSITY OF TABRIZ, TABRIZ, IRAN.

Scr

Sct

E-mail address: s.irandoust@tabrizu.ac.ir, safaruc@yahoo.com

(Mehrdad Lakestani) DEPARTMENT OF APPLIED MATHEMATICS, FACULTY OF MATHEMATICAL
ENCES, UNIVERSITY OF TABRIZ, TABRIZ, IRAN.
E-mail address: lakestani@tabrizu.ac.ir, lakestani@gmail.com

(Hossein Kheiri) DEPARTMENT OF APPLIED MATHEMATICS, FACULTY OF MATHEMATICAL
ENCES, UNIVERSITY OF TABRIZ, TABRIZ, IRAN.
E-mail address: h-kheiri@tabrizu.ac.ir, kheirihossein@yahoo.com



	1. Introduction
	2. Concepts of fractional problems
	3. Analysis of the methods
	3.1. The operational matrix of derivative
	3.2. The operational matrix of fractional derivative

	4. Application of the operational matrix of fractional derivative
	5. Main results
	5.1. Existence and uniqueness
	5.2. Stability analysis
	5.3. Convergence analysis, accuracy order of the proposed method

	6. Numerical examples
	7. Conclusion
	References

