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1. Introduction

Let F, be a finite field of order ¢ where ¢ is a power of a prime p. In 1960, a
conjecture by Higman [5] on the number k(U,(q)) of conjugacy classes of the
unitriangular group U,,(¢) of degree n over F, was that k(U,,(¢)) is a polynomial
in ¢ with integral coefficients. From the relation between conjugacy classes and
ordinary irreducible characters, Higman’s Conjecture is also studied from the
point of view of character theory. Isaacs [8] showed that the character degrees
of U, (q) are powers of q.

The unitriangular group U, (¢) is also known as a maximal unipotent sub-
group of the special linear group SL,(q). A generalization of Higman’s Con-
jecture on the maximal unipotent subgroups U(q) of other finite groups G(q)
of Lie type is that k(U(q)) is a polynomial in ¢ with integral coefficients.

By ap we denote the highest root of the root system ® of G(g). It is well
known that «gp is a positive integral linear combination of the fundamental
roots of ®. So without loss ag = ZZ:I a;o; where the o;’s are fundamental
roots of ®. Recall that a prime s is bad to the Lie type of G(q) if s is a divisor
of some a;. A prime s is good to the Lie type of G(q) if it is not bad. Except
for type A, the other Lie types have their own bad primes.

Many results have been obtained on the conjugacy classes and irreducible
characters of maximal unipotent subgroups U(q) of finite groups G(q) of Lie
type, see [11, 4, 12, 3]. The common behavior of small Lie ranks comes up
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as follows. For all good primes p, k(U(q)) is a polynomial in ¢ with integral
coefficients. If p is bad, then k(U(q)) is still a polynomial in ¢ with integral
coefficients but different from the one of good primes. Furthermore, in the bad
prime cases, some character degrees of U(q) are not powers of ¢, see [11], [7],
[9]. In [7], all irreducible characters of Sylow p-subgroups U(gq) of the Chevalley
groups Dy(q) = PQg (¢) have been computed. In this paper, we construct all
irreducible characters of Sylow p-subgroups of the Steinberg triality groups
3D4(¢?). Denote by U a Sylow p-subgroup of Dy (¢3) and let F* := F_ — {0}.
We prove the following result.

Theorem 1.1. The irreducible characters of U are classified into five families
as listed in Table 1.

TABLE 1. Irreducible characters of Sylow p-subgroups U of 2Dy (¢?)

Family | Notation | Parameter set Number Degree
8o | Xgg | Fy xEyp (4= 1)¢° ¢

S5 Xg,lq’g%b Fg xFg xFgs (¢ —1)g* ¢
Fo | X F x Ty (¢® —1)q ¢
FE | X g Fo ¢* -1 ¢’

Xa oy | B2 xFX x Fy xFy | 4(¢° —1)(g— 1) | ¢/2

8 | xmyt | Fhx(Fp/Fy) | (@D q

Sin | 02 Fs x F, ¢ 1

Here are some explanations of Table 1. There are five families of irreducible
characters of U and each row represents one of them. The first column gives a
name for each family. Notice that the family §9% exists only for ¢ odd, while
55" exists only if ¢ is even. The index j of this notation describes the j-th
positive root of maximal height such that Y} is not contained in the kernel
of any character of this family. (The positive root set of 3D, is presented in
Subsection 2.3.) The family §;,, contains all linear characters of U. The second
column gives the notation of irreducible characters in each family. The lower
indices indicate their family and degree. The upper indices are the parameters
to confirm their uniqueness in the family where a,a; € Fgy, b,b; € Fgs and
¢; € Fy. These parameters take values from the set in the third column. The
fourth column lists the cardinality of each family and the last column gives their
degrees. More details will be given during the constructions of each family in
Section 3.
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Corollary 1.2. If q is odd then k(U) = 2¢° + 2¢* — ¢* — ¢*> — q. Otherwise, if
q is even, then k(U) = 2¢° + 5q* — 4¢> — ¢®> — 4q + 3.

It is well known that the primes 2 and 3 are bad for the Chevalley groups
of type Ga. Since the Steinberg triality groups ®Dy4(q?) also has the Dynkin
diagram of type Ga, we are curious that if the primes 2 and 3 show up as
the bad primes of 3D4(¢3) in terms of the representation theory of the Sylow
p-subgroup. Theorem 1.1 and Corollary 1.2 point out that only the prime
2 affects on the structure of U and k(U), which is compatible to the global
computation on character degrees of 3Dy(q%), see [10].

We approach Sylow p-subgroups U of 2Dy(¢*) by its root system. The
method to construct all irreducible characters of U is quite elementary, mainly
using Clifford theory. In addition, we study the actions of IF:S on its Fy-
hyperplane set and on F,-hyperplane set. We obtain the structures of U and
its factor groups U/Z where Z is generated by some root subgroups.

Let B be a Borel subgroup of 3D4(q?%), i.e. the normalizer of U. Notice that
the conjugacy classes of B have been computed by Geck [2], and the irreducible
characters of B have been computed by Himstedt [6]. Using the character table
of B, one can also obtain all irreducible characters of U by Clifford theory.
However, the parameterizations may be different from the ones in Table 1.

This paper is organized as follows. First we introduce some relevant finite
field properties and some character theory notations which are used later for the
proof of Theorem 1.1. Next we construct Sylow p-subgroups of the Steinberg
triality groups 2Dy (¢%) from its root system. Finally, we prove Theorem 1.1 in
Section 3.

2. Basic set-up and notations

In this section we present some finite field properties, some fundamental
notations of character theory and a construction of Sylow p-subgroups of the
Steinberg triality 3Dy (¢3).

2.1. Some fundamental field results. Throughout this paper, for each prime
power ¢, we consider the field extension F s /F,. Fix nontrivial linear characters
¢ :Fy = C*, and ¢ : Fyis — C*. For each a € Fy, b € Fys, we define ¢, and
oy by ¢a(x) = P(ax) for all z € Fy, and py(y) := p(by) for all y € Fys. Hence,
Irr(Fy) = {¢q : @ € Fy} and Irr(Fys) = {¢p : b € Fys}. Recall the Frobenius
map p:Fgps — Fgs, t ¢4,

Definition 2.1. For each t € Fs, we define
(i) Ay = {tud + 1t +tTu v € Fys},
(ii) By := {t9u+tu? :u e Fys}.

Notice that Ag = {0} = By. Now we observe a few important properties of
Ay, By.
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Lemma 2.2. We have A, =F for allt € IF;S.

Proof. It is clear that A; C Fy since its elements are p-invariant. So [A;] < gq.
It suffices to show that |A:] > g.

For each a € Iy, the equation 7"y +tud + 949" = @ has at most ¢? solutions
for u in Fs. Therefore, when u runs all over F, s, A; has at least [F|/q® = ¢
elements. This completes the proof.

For each t € IFqXS, we define an F -homomorphism f; : Fgs — Fgs given by
fi(u) := t9u 4 tu? for all u € Fys. By Definition 2.1 (ii), B; = im(f;).
Lemma 2.3. For allt € IF;, the following hold.
(i) By is an Fy-vector space and By, = By = xB; for all x € Fy.
(ii) If q is odd, then By = Fys.
(iii) If q is even, then ker(f;) = tF, and By < (Fys,+) of order ¢*.

Proof. Part (i) is clear by the F,-homomorphism property of f;. Thus, it
suffices to show parts (ii) and (iii) by finding the kernel of f;.

We have t9u + tu? = t9u(1 + (t"1u)?71). So fi(u) = 0 if and only if u = 0
or (t7!u)?~! = —1. Now we have two cases.

Case 1: If ¢ is odd: Since IFqX3 is cyclic of order ¢ — 1= (¢ — 1)(¢> + ¢+ 1)
and (¢® + ¢ + 1) is odd, there is no z € qug such that z¢~! has order 2. So
the equation (¢~'u)?9~! = —1 has no solution for u € F,. This shows that
ker(f;) = {0} and im(f;) = Fgs.

Case 2: If ¢ is even: The equation (¢~'u)?~! = 1 implies that t~lu € Fy,
ie. uetFX. It is clear that tF, C ker(f;). So ker(f;) = tF, and [B;| = ¢*>. O

Lemma 2.4. If q is even, i.e. ¢ = 2%, then the following hold.
(i) ker(f1) =Fq and Fys = ker(f1) & By.
(i) By = t4*t1By for all t € F;S.
(i) {B; : ¢t € qug} is the Fy-hyperplane set of Fys. Moreover, B, = B, if
and only if t € rIFy.
X

(iv) There is a unique t € Fs, up to a scalar of B, such that B; C ker(yp).

Proof. (i) By Lemma 2.3 (iii), ker(f1) = Fq and By = {u+u?:u € Fs} is a
2-dimensional F -vector space. It suffices to show that ker(f;) NB; is trivial.
Suppose that ker(f;) NB; is nontrivial, i.e. there exist z € F* and u € ]qu3
such that x = u + uf.

If u € Fy, then 2 = u+u? = 2u = 0 since char(F,) = 2, contrary to = € F.
Notice that Fp» ¢ Fs. If u € Fy, from ut” ul+u € Fy, we have u+u? ¢ Fy,
contrary to x = u + u? € F,. So ker(f1) N By = {0}.

(i) From t9u + tu? = ¢t (ut=1 + (ut=1)?) € t971B;, the claim is clear.

(iii) Since g is even and ¢ — 1 = (¢ —1)(¢* + ¢+ 1), ged(¢ + 1,¢> — 1) =1
and {tit! : ¢t € Frs} = Fr. By part (i), Fs acts transitively on the set of
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all B;’s. Since the left multiplication action of ]F;3 is also transitive on the
Fq-hyperplane set of Fys, {B; : t € IF;;} is the [F-hyperplane set of Fs.

Here the cardinality of the F -hyperplane set of Fs is (¢> — 1)/(¢ — 1). By
the transitive action of ]qug, on {B; :t e IF{IX?,}, we have |Stab]qu3 (By)| =q—1.

By Lemma 2.3 (i), Stabe3 (By) = F;. Thus, by part (ii), B; = B, if and only
q
if (tr1)atl e Stabg (B1) =FJ, if and only if ¢ € rF .

(iv) The uniquen(iess follows from part (iii) since B; + B, = Fgs 2 ker(p)
for any B; # B,. Since {ker(y¢,) : ¢, € Irr(Fs)*} is the Fo-hyperplane set
of Fys, By C ker(ypy) for some ¢, € Irr(Fgs)*. The existence follows from the
transitive action of IF‘qX3 on the Fo-hyperplane set of Fgs. |

2.2. Character theory. Let G be a group. Denote G* := G—{1}, Irr(G) the
set of all complex irreducible characters of G, and Irr(G)* := Irr(G) — {1¢}-
Let x be a character of G and A\ be a character of a subgroup H of G. We
write \¢ for the induced character of A to G and X|g for the restriction of
X to H. We denote Irr(G, \) := {x € Irr(GQ) : (x,\%) > 0} the irreducible
constituent set of A%, ker(x) := {g € G : x(9) = x(1)} the kernel of x, and
Z(x) :={g € G : |x(9)] = x(1)} the center of x. Furthermore, for N < G, let
Irr(G/N) be the set of all irreducible characters of G with N in the kernel. For
the others, our notations will be quite standard.

2.3. Root systems of D, and Sylow p-subgroups of 3D,(¢®). Let aj,
g, ag, ay be fundamental roots of the root system ® of type Dy. Here is the
Dynkin diagram of ®, see Carter [, Chapter 3].

a3

[ ®
(%) g Qg

The positive roots are those which can be written as linear combinations
of the fundamental roots a1, as, a3, ay with nonnegative coefficients and we

write @ for the set of positive roots. We use the notation 1 ; 1 for the root

2a1 + ag + a3 + a4 and we use a similar notation for the remaining positive
roots. The 12 positive roots of ® are given in Table 2.

Fix a power p/. Let X, := {z4(t) : t € F,s} be the root subgroup corre-
sponding to aw € ®. The group generated by all X,, a € ® is known as the
Chevalley group D4 (p’) =2 PQJ (p/). Let UD4(p’) be the group generated by
all X,, a € ®,. So UD4(p?) is a Sylow p-subgroup of Dy(pf).

For positive roots, we use the abbreviation z;(t) := x,, (t), ¢ € [1,12]. Let v
be the permutation (2, 3,4)(5,6,7)(8,9,10). By [, Proposition 12.2.3] the map
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TABLE 2. Positive roots of the root system ® of type Dy.
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Height | Roots
1
5 a12.—121
1
4 0411.—111
3 ag = L Qg = 1 aqp = 0
8~ 110 97 011 0= 911
2 as = 0 ag 1= 1 = 0
57 110 6= 010 T o011
1 ap = Y g = 0 azi= ! agi= 0
1= 910 27100 37 000 4 001

7 : UD4(p’) — UD4(p’) defined by 7(z;(t)) = x,(t) induces an automorphism
of UD4(p?) of order 3.

The commutators [z;(t), z;(u)] = z;(t)
ble 3. All [z;(¢), z;(u)] not listed in this table are equal to 1.

“laj(u)

—1

TABLE 3. Commutator relations for type Dy.

xe(tu),
T2 (tu) s
T10 (tu),
xg(tu),
x11 (tu),
xg(tu),
T12 (tu) s
12 (tu) .

x;(t)z;(u) are given in Ta-

Notice that the signs in Table 3 are chosen to satisfy this choice of 7, and
T is also known as the restriction of a triality automorphism of the Chevalley
group Da(p) to UDy(p/).
Under the action of the permutation « on the positive roots of ®, there are
six orbits of roots as follows.

Sy i={a1 =
Sy = {as
Sy = {as
Sy = {ag =
S5

0
010}’
0

0

1

100°% = o

110°%= 9

110°%~ 9

1
={an=4 )
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56::{0412: 1;1}.

For the construction of 3Dy, it requires an automorphism o = 7p of Dy(p/)
where p is a nontrivial field automorphism of IF,s such that p> =1, see [1,
Section 13.4]. The existence of an order 3 field automorphism p of F,; forces
f = 3m for some m € N. So from now on we consider the field Fgs. By [I,
Proposition 13.6.3], the o-fixed points of UD,(¢?) corresponding to each root
orbit are as follows.

Yi={y(t):=a1(t) : t =t1 €Fps} = {y1(t) : t € Fy},
Yy = {ya(t) = 2o (t)as(t9)z4(t7) 1 t € Fys ),
Ys = {ys(t) == a5(t)z6(t9) 27 (t7) 1 t € Fya},
Y = {ya(t) == s ()ze (t9)x10(t7) 1 t € Fpa},
Y5 :={ys(t) ;= an1(t) : t =t9 € Fys} = {ys(t) : t € Fy},

Ys = {yg(t) = (Elg(t) t=1tle Fqs} = {yg(t) 1t e Fq}

Let {p;}; be Euclidian coordinates of the roots {«;};, see [1, Section 3.6].
By [ 5 Section 1334], set Pl = P1, P2 = %(pg +p3 +p4), P3 = %(p5 +p6 —i—p7>7
P4 = %(p8+p9+p10)7 P5 = P11, P6 = P12. It is easy to check that P3 = 1314*})27
Py =P+ 2P, P, = P, + 3P, Ps = 2P, +3P,. So {R S [1,6]} is the
positive root set of 2Dy of type Go, where P, is short and P; is long.

We call each Y; a root subgroup in the o-fixed-point group 3Dy(¢?). Tt is
clear that each Yj; is abelian, the subgroup generated by all Y;’s is a maximal
unipotent subgroup and a Sylow p-subgroup of 3D4(¢®), denote it by U. Since
Y1, Y5, Yg have order g and Y, Yz, Yy have order ¢, the order of U is ¢33+3 =
q'2. Using Table 3, we compute commutator relations among root subgroups
Y; as below. All [y;(t),y;(u)] not listed are equal to 1. For all t,u in the
appropriate fields to root subgroups Y;, we have

[1(1), y2()] = ya(tw)ya(—tu ™ ys(tus” T )y (Pu ),

(1), 5 (10)] = g (tu + £9)ys (— 19 us” — 19" Fay — 14° 1)
yo(—tu? +e — (a1 _ @ yatl),

[y2(), ya(w)] = ys(tu? + 19 + 17 u),

[ya(t), ya(u)] = yo(tud + t9u® + 14" ),

[y1(2), ys(u)] = yo(tw).

From commutator relations, it is clear that Z(U) = Yg, Z(U/Ys) = Y5Ys,
Z(U/YsYs) = YaYsYs, Z(U/Y,Y5Ys) = Y3Y,Y5Ys, and U/Y3Y,Y5Ys is abelian
of order ¢*. To classify all irreducible characters of U, we come up with the
definition of almost faithful irreducible characters.

Definition 2.5. An irreducible character y of a group G is said to be almost

faithful if Z(G) ¢ ker(x).

Due to the center series of U and the inflations of irreducible characters from
quotient groups, Irr(U) are classified as follows.
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6 :={x € Irr(U) : Y5 ¢ ker(x)}, the set of all almost faithful irreducible
characters of U.

s = {x € Irr(U) : Y5 ¢ ker(x) and Y5 C ker(x)}, the set of all almost
faithful irreducible characters of U/Y.

Fa:={x €Irr(U) : Yy ¢ ker(x) and Y5Ys C ker(x)}, the set of all almost
faithful irreducible characters of U/Y5Y5.

Fs:={x €rr(U) : Y3 ¢ ker(x) and Y3Y5Ys C ker(x)}, the set of all almost
faithful irreducible characters of U/Y,Y5Y5s.

Siin = {x € Irr(U) : Y3Y41Y5Y;s C ker()}, the linear character set of U.

Remark 2.6. For i > 3, each x € §; satisfies Y; < Z(x) and Y; ¢ ker(x). Thus,
Xly; = x(1) p for some p € Irr(Y;)*.

The definition of §;’s provides an algorithm to construct their characters as
follows (except §g). We shall work with the corresponding quotient group, e.g.
with §5 we study U/Ys. Let U be the quotient group and p be a nontrivial linear
character of Z(U). We extend u to some maximal normal abelian subgroup of
U. For each extension A of i, we compute the inertia subgroup I ()\) and use

Clifford theory to count all constituents of AU, as well as the ones of pU.

3. Characters of Sylow p-subgroups of the triality groups ®D,(¢%)

Let x € Irr(U). In this section we shall prove Theorem 1.1 by constructing x
through each family from §g to §s, ..., $1in as discussed above. Recall that for
the uniform of parameters of irreducible characters in Table 1, we use a, a; € Fq,
b,b; € Fys and ¢; € Fa.

3.1. Family §s where x is almost faithful. First we show that every char-
acter in this family has degree ¢*.

Let T := Y1Y3Y,Y5Ys and V := Y,;Y5Y;. It is easy to check that V is
abelian, V < T < U and Z(T) = Ys. By Lemma 2.2 and Clifford theory with
the transversal Y1Ys of V in T, all A € Irr(V) such that M|y, # ly, satisfy
AT € Irr(T) of degree ¢*. Thus all almost faithful irreducible characters of T'
have degree ¢*. Since x|r decomposes into sum of almost faithful irreducible
characters, x(1) > ¢*. Since ATl|y,y; is the regular character of the abelian
group Y4Y5, x|v has a linear constituent 6 such that 6y, = 1y;.

Let H := Y5Y5Y,Ys. Clearly H < U and Z(H) = Y5Ys. By the existence of 6,
let € be an irreducible constituent of x|g such that £|y, = £(1)1y,. Since Y5 <
ker(€), € can be considered as a character of H/Ys = Y3Y,Y3, which is abelian.
So ¢ is linear. We shall show that ¢V € Irr(U), which implies that y is the
unique constituent in Irr(U, €), i.e. x = &Y. Since HNT =V and U = HT, by
Mackey formula for the double coset H\U/T we have V| = &|gar. € Irr(T).
Thus ¢V € Irr(U) as claimed. So all almost faithful irreducible characters of U
have degree ¢*.
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By the extension of each A to U through Y5, we obtain (¢ — 1)¢® almost
faithful irreducible characters, parameterized by (Y5, Y2) = (F,Fgs) and de-

noted by Xg’g4 where (a,b) € (F),Fs).

3.2. Family §5 where Y; C ker(x) and Y5 ¢ ker(x). We study the quotient
group U := U/Ys. Abusing terminology slightly we call the image under the
natural projection of a root group of U, a root group of U.

Let H := Y5Y,Y3Y;. Clearly H is an abelian normal subgroup of U. Let
A € Irr(H) such that Aly; # ly;. By Lemma 2.2, for each y»(t) € Y,*, there
exists y4(u) € Yy such that [ys(u), y2(t)] = ys(tud + t9u? + t9°u) & ker()), i.e.
v2O) \(y4(u)) # AMya(w)). So the inertia group I(\) = H. By Clifford theory,
NV € Trr(D).

Since H has (¢—1)q” linear characters \ such that A|y, # ly,, by the above
argument we obtain (¢ — 1)¢* irreducible characters of degree ¢ in this family,
parameterized by (Y3*,Y1,Y3) = (Fx,Fy,Fys) and denoted by ngq’;”’b where
(al,ag, b) S (F;,Fq,ﬂ?qs).

3.3. Family §; where Y;Ys C ker(y) and Yy ¢ ker(x). We study the quo-
tient group U := U/YsYs. Recall that Z(U) = Y; and the commutator relations
in U are as follows.

[y1 (), y2(w)] = ya(tu)ya(—tu™?),

[y2(t), ys(u)] = ya(tu? + t7u).

Let H :=Y,Y3Y;. Clearly H is an abelian normal subgroup of U and Y5 is

a transversal of H in U. Let A € Irr(H) such that Ay, = ¢, where by € Fos.
First we compute the stabilizer Staby, (Aly,v;). For y2(t) € Y3 and y3(u) € Y3,

we have
2ON(ys(u) = Mys(u)M[ys (w), y2(1)])

= Mys () A(ya(=(tu? + t7u)))

= A(ys(w)) @, (= (tu? + t1u)).
So ya2(t) € Staby, (A|y,v,) if and only if ¢y, (—(tu? +t%u)) =1 for all u € Fys.
3.3.1. The case where q is odd. We have Staby,(\) < Staby, (Aly,vy) = {1}
by Lemma 2.3 (ii). Thus, the inertia group Ig(A\) = H and AU € Irr(U) by
Clifford theory. So there are (¢ — 1)q irreducible characters of degree ¢* in
this family, parameterized by (Y*,Y;) = (]F;?,, [F,) and denoted by XZ’,ZS, € F9dd
where (b,a) € (F5,Fy).
3.3.2. The case where q is even. Recall the function fi(u) := t%u + tu? defined
right before Lemma 2.3, and B; = im(f;). From

12O\ (g3 () = Ays (W) Mya(tu? + t9u)) = Mys(u) @u, (fi(w),
we have 2 \|y,y; = Aly,v, if and only if ¢y, (fi(u)) = 1 for all u € Fs, ie.
im(f;) = B; C ker(pp, ). By Lemma 2.4 (iv), there exists uniquely to € ]qug_, up
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to a scalar of I, such that By, C ker(p,). So we have Sty := Staby, (A|ly,v;) =
{ya(rto) : 7 € Fy}.
Let Aly, = ¢y, b3 € Fys. Now we compute St := Staby, (A) = Stabgy, ().

For y1(v) € Y7 and yo(rtg) € Sty, we have

vt X(yy (v) = M1 () A([y1(v), y2(rto)])
= Ay1(v)) A (y3(vrto)ya(—v(rte) 7))
= A(y1(v)) s, (vrto(bsby " + rtf)).

So ¥2(rto) \ = X if and only if ¢y, (vrte(bsby ' + rtd)) = 1 for all v € F,. Thus
we find r € F such that orto(bsby b + rtd) € ker(gp,) for all v € F,, where
b3 € IFys is a conditional parameter.

If b3by 't,? € Fy then it is a nontrivial solution for 7. Later we shall see
that this is the unique nontrivial solution for r and St = {1, y2(rto)}.

Now we suppose that bsby 'tg? & FX. Thus bsb; " + rtd # 0 for all r €
Fx. For each r € Fy, let T'(r,b3) := {orto(bsbyt + rtd) : v € F,} be a one-
dimensional I -subspace of Fs.

We claim that T'(r,b3) C ker(ipp,) if and only if 7to(bgb; * + rtl) € By,. If
T(r,b3) N By, = {0}, then Fys = T'(r,b3) ® By, C ker(yp,), a contradiction.
So T'(r,b3) N By, is nontrivial. By Lemma 2.3 (i), we have T(r,b3) C B;,. So
rto (bgbéf1 + rtd) € By, as claimed.

By Lemma 2.4 (i) with By, = tZ"'By, if T(r,b3) C ker(pp,), then there
exists y € By such that rto(bgb;* + rtd) = tgHy. Solve this equation for b3
with parameter r € F, we have b3 € {bat{(r~ty+r):re Fr,y € Bi} =: I3.
Here it is clear that St # {1} if and only if b3 € Is.

We claim |I3| = (¢ — 1)q? by proving that if there are r, s € Fx and y,z € By
such that r 'y 4+r = s71z + s then r = s and y = z. Since B, is an F4-vector
space, 1 ly+s"1z € By. From rly+r+stz+s =0 € By, we have r+s € By.
By Lemma 2.4 (i) with Fs = F; ® By, we have r + s € F, N By = {0}, i.e.
r=s.

This shows that each b3 € I3 determines uniquely ro € F* and y € B; such
that by = batd(rg 'y + o). Thus, St = {1,y2(roto)}-

Remark 3.1. For r € FX and y € By, we have 'y +r € FX if and only
if y = 0. This confirms our above claim when bgbzltaq € F;, the solution
ro = bgbthaq =rec IF;< is unique corresponding to b = bytdr € Is.

The |I3xY7| = (g—1)g¢? linear characters \ of H with |y, = ¢y, b3 € I3 sat-
isfy St = Staby, (A) = {1, y2(roto)} and Iz(\) = HSt. This set is partitioned
into ¢ — 1 orbits under the action of Y5.

It is easy to check that [HSt, HSt] < ker(\). Thus, these (¢ — 1)¢® linear
characters extend to 2(q — 1)¢? linear characters (of their inertia groups) and
induce irreducibly to U, which gives 4(q — 1) irreducible characters of degree
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q®/2. Together with all by € F5, we obtain 4(q® —1)(g — 1) irreducible charac-
ters of degree ¢3/2, parameterized by (Y, I, Y5, Y7*) & (Frs,Fy,Fa,IF2) and
denoted by XZ”Z;;IQ’CZ € F5'e" where (b,a,c1,c2) € (IF‘;3,IE‘;,IE‘2,IE‘2), which is
proven below in details.

The other ¢® linear characters A of H with Ay, = ¢p,, by € Fys — I3 have

St = Staby, (A\) = {1}. By Clifford theory and the fact that b4 € IF;a, we obtain
¢ — 1 irreducible characters of U of degree ¢, parameterized by (Y,*) = (qug,)
and denoted by X?ng € F5°°"™ where b € IFqXS.
3.3.3. The parametrization (Y, I3, Y5, Yy) & (IE‘qXS, FX,Fy,Fy) of XZ:Z;%’”.
Here b =b4 € F;S and a = b3 € I3 which is a representative set of ¢ — 1 orbits
of Irr(H, A|y,) with b3 € I3 under the action of Y3 as above. It suffices to show
the parametrization (Y5, Y7*) & (Fo,Fs).

Let p:= A|y,vs- So u extends to M := Iz(\) = HSt where H = Y,Y3Y;
and St = {1, ya(roto)}. Let m1, 2 be two extensions of u to M. Here u also
extends to K := Y,;Y3Sty where Sty = {ya(rto) : r € Fy} since [K, K] < ker(u).
Let 6 be an extension of p to K and Sy := Staby, (6).

We prove the following statements.

(i) |S1] =2 and € extends to N := I5(0) = K 5.
Let v be an extension of § to .
(i) (17.77) = 1 if and only if mi|se = lse and mis, = s, for i = 1,2,

(iif) (n{,n5’) = 1if and only if n1]s¢ = n2|s: and m1|s, = n2ls, -

An easy way to see these is described in the following diagram.

YiYs: H
Ve p
H= Y4Y3Yi DA 0 Y4Y3St2 =K
1 1
M=HSt: n; v :KS=N
N/ B
U: nY, Y € Irr(U)

Proof. (i) From the proof of 0|y, = uly, = ¢p, where b € I3, all elements
in Irr(U, ) have degree ¢3/2. By Clifford theory, the inertia group I (6) has
order 2| K| = 2¢" and 6 extends to I (6).

Let Ty be a transversal of Sty in Y5. It is clear that T5Y7 is a transversal
of K in U. There is no y2(t)y1(s) € Stabg () < Stabg (u) where 0 # t # rotg
since otherwise yo(t) # ya2(roto) € Staby, (A) = St. Since Y;Y3Y; is abelian, we
have Stabr,y, (f) = Staby, (#). Thus S; = Staby, (f) has order 2.

(ii) Set n = n;. We show that (n¥,7Y) = 1 if and only if n|s; = 7|s¢ and

nls, =7|s,. Notice that both nV,4Y € Irr(U) by Clifford theory.
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Since M <U = M K5, by Mackey formula for the double coset M\U /N and
Frobenius reciprocity we have

(Y. 4Y) = (UU‘Na'YA)[
= Mmnn,7)
= (7]|MﬁNa'V|MﬂN)-

Since M NN = Y,Y35tS; and both 7,y are linear, the claim holds.

(iii) Choosing v € Irr(N) such that v|pnn = m1|mnn, by part (ii) we have
nY = ~4Y. Again by part (ii) we have (n¥,7Y) = 1 if and only if n2|aprnny =
~|ann, which completes the proof. O

Notice that the parameterizations of Y5 and Y7* correspond to St < Y5 and
S1 < Y respectively, which both are cyclic of order 2.

3.4. Family §3 where Y,Y5Ys C ker(y) and Y3 ¢ ker(x). We study U :=
U/YsY5Y,. The commutator relation in U is [y1 (), y2(u)] = y3(tu). Let H :=
Y3Ys. Clearly H is an abelian normal subgroup U and Y} is a transversal of H
in U. Let A € Irr(H) such that \|y, = ¢, where b3 € Fs.

Now we compute Staby, (A). For y1(t) € Y7 and y2(u) € Yz, we have

nOX(y2(u) = Aya

So y1(t) € Staby, (A) if and only if ¢, (tu) = 1 for all u € Fys, if and only if
t =0. Thus, Ig(A) = H and \Y € Irr(U) of degree ¢ by Clifford theory.
For each b3 € IF(IXS, let Y5 be a representative set of ¢ orbits of Irr(H, \|y,)

3 — 1)¢? irreducible characters of

under the action of Y;. So F3 contains (g
degree g, parameterized by (Y3*,Y5) = (Fy5,Fy2/Fy) and denoted by ngq’bz

where (b1, b2) € (F 5, Fys /Fy).

3.5. Family §i;, where Y3Y Y5Ys C ker(y). We study U := UZYGYE,Y4Y3.
Since U is abelian, this family is the set of all linear characters of U. Here we

obtain ¢* linear characters parameterized by (Y2,Y:) = (F,s,F,) and denoted
by X0 where (b, a) € (Fgs,F,).

Acknowledgements

This paper was dedicated to Professor Geoffrey Robinson on his 60th birth-
day.



129

(1]

[11]

[12]

1 Le

REFERENCES

R. W. Carter, Simple Groups of Lie Type, Pure Appl. Math., John Wiley & Sons,
London-New York-Sydney, 1972.

M. Geck, Generalized Gelfand—Graev characters for Steinberg’s triality groups and their
applications, Comm. Algebra 19 (1991), no. 12, 3249-3269.

S. Goodwin, P. Mosch and G. Réhrle, Calculating conjugacy classes in Sylow p-subgroups
of finite Chevalley groups of rank six and seven, LMS J. Comput. Math. 17 (2014), no.
1, 109-122.

R. Gow, M. Marjoram and A. Previtali, On the irreducible characters of a Sylow 2-
subgroup of the finite symplectic group in characteristic 2, J. Algebra 241 (2001), no.
1, 393-409.

G. Higman, Enumerating p-groups, I: Inequalities, Proc. Lond. Math. Soc. (8) 10 (1960)
24-30.

F. Himstedt, Character tables of parabolic subgroups of Steinberg’s triality groups, J.
Algebra 281 (2004), no. 2, 774-822.

F. Himstedt, K. Magaard and T. Le, Characters of the Sylow p-subgroups of the Cheval-
ley groups Dy(p™), J. Algebra 332 (2011) 414-427.

I. M. Isaacs, Characters of groups associated with finite algebras, J. Algebra 177 (1995),
no. 3, 708-730.

T. Le and K. Magaard, On the character degrees of Sylow p-subgroups of Chevalley
groups G(pf) of type E, Forum Math. 27 (2015), no. 1, 1-55.

F. Luebeck, Online Data on Character Degrees of the Steinberg triality groups 2Dy(q?),
http://www.math.rwth-aachen.de/Frank.Luebeck/chev/DegMult/index.htm1?LANG=
en#3D4ad.

J. Sangroniz, Character degrees of the Sylow p-subgroups of classical groups, Groups
St. Andrews 2001 in Oxford, II, 487-493, London Math. Soc. Lecture Note Ser., 305,
Cambridge Univ. Press, Cambridge, 2003.

F. Szechtman, Irreducible characters of Sylow subgroups of symplectic and unitary
groups, J. Algebra 303 (2006), no. 2, 722-730.

(Tung Le) MATHEMATICS DEPARTMENT, NORTH-WEST UNIVERSITY, MAFIKENG, SOUTH

AFRICA.

E-mail address: Lttung96@yahoo.com


http://www.math.rwth-aachen.de/ Frank.Luebeck/chev/DegMult/index.html?LANG=en#3D4ad
http://www.math.rwth-aachen.de/ Frank.Luebeck/chev/DegMult/index.html?LANG=en#3D4ad

	1. Introduction
	2. Basic set-up and notations
	2.1. Some fundamental field results
	2.2. Character theory
	2.3. Root systems of 3D4 and Sylow p-subgroups of 3D4(q3)

	3. Characters of Sylow p-subgroups of the triality groups 3D4(q3)
	3.1. Family F6 where  is almost faithful
	3.2. Family F5 where Y6ker() and Y5ker()
	3.3. Family F4 where Y5Y6ker() and Y4ker()
	3.4. Family F3 where Y4Y5Y6ker() and Y3ker()
	3.5. Family Flin where Y3Y4Y5Y6ker()

	Acknowledgements
	References

