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t. Let A be a Bana
h algebra andM be a Bana
h right A-module. A linear map Æ : M !M is 
alled a generalized derivationif there exists a derivation d : A! A su
h thatÆ(xa) = Æ(x)a+ xd(a) (a 2 A; x 2M):In this paper we asso
iate a triangular Bana
h algebra T to a Ba-na
h A-module M and investigate the relation between generalizedderivations onM and derivations on T . In parti
ular, we prove thatthe so-
alled generalized �rst 
ohomology group of M is isomorphi
to the �rst 
ohomology group of T .1. Introdu
tionRe
ently, a number of analysts [1, 6, 17℄ have studied various gener-alized notions of derivations in the 
ontext of Bana
h algebras. Thereare some appli
ations in the other �elds of study [11℄. Su
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f. [2, 5, 12℄.Let, throughout the paper, A denote a Bana
h algebra (not ne
essar-ily unital) and let M be a Bana
h right A-module. A linear mappingd : A! A is 
alled a derivation if d(ab) = d(a)b + ad(b) (a; b 2 A). Ifa 2 A and we de�ne da by da(x) = ax�xa (x 2 A), then da is a deriva-tion and su
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22 Abbaspour, Moslehian and Niknamis 
alled a generalized derivation if there exists a derivation d : A ! Asu
h that Æ(xa) = Æ(x)a + xd(a) (x 2M;a 2 A). For 
onvenien
e, wesay that su
h a generalized derivation Æ is a d-derivation. In general, thederivation d : A! A is not unique and it may happen that Æ (resp. d) isbounded but d (resp. Æ) is not bounded. For instan
e, assume that thea
tion of A on M is trivial, i.e MA = f0g. Then every linear mappingÆ :M !M is a d-derivation for ea
h derivation d on A.Our notion is a generalization of both 
on
epts of a generalized deriva-tion (
f. [5, 12℄) and of a multiplier (
f. [7℄) on an algebra (see also [19℄).To see this, regard the algebra as a module over itself. The authors in[1℄ investigated the generalized derivations on Hilbert C�-modules andshowed that these maps may appear as the in�nitesimal generators ofdynami
al systems.Example 1.1. LetM be a right Hilbert C�-module over a C�-algebra Aof 
ompa
t operators a
ting on a Hilbert spa
e (see [15℄ for more detailson Hilbert C�-modules). By Theorem 4 of [3℄, M has an orthonormalbasis so that ea
h element x of M 
an be expressed as x = X� v� <v�; x >. If d is a derivation on A, then the mapping, Æ :M !M de�nedby Æ(x) =X� v�d(< v�; x >) is a d-derivation, sin
eÆ(xa) = Æ X� v� < v�; xa >!= X� v�d(< v�; x > a)= X� v�d(< v�; x >)a+X� v� < v�; x > d(a)= Æ(x)a + xd(a):The set B(M) of all bounded module maps on M is a Bana
h algebraandM is a Bana
h B(M)�A-bimodule equipped with T:x = T (x) (x 2M;T 2 B(M)), sin
e we have T:(xa) = T (xa) = T (x)a = (T:x)a andkT:xak � kTk kxk kak, for all a 2 A; x 2M;T 2 B(M).We 
all Æ :M !M a generalized inner derivation if there exist a 2 Aand T 2 B(M) su
h that Æ(x) = T:x� xa = T (x)� xa. Mathieu in [16℄
alled a map Æ : A! A a generalized inner derivation if Æ(x) = bx� xafor some a; b 2 A. If we 
onsider A as a right A-module in a natural way,and take T (x) = bx, then our de�nition 
overs the notion of Mathieu.



Generalized derivations on modules 23In this paper we deal with the derivations on the triangular Bana
halgebras of the form T = � B(M) M0 A �. Su
h algebras were intro-du
ed by Forrest and Mar
oux [8℄ that in turn are motivated by workof Gilfeather and Smith in [10℄ (these algebras have been also investi-gated by Y. Zhang who 
alled them module extension Bana
h algebras[22℄). Among some fa
ts on generalized derivations, we investigate therelation between generalized derivations on M and derivations on T . Inparti
ular, we show that the generalized �rst 
ohomology group of M isisomorphi
 to the �rst 
ohomology group of T .2. Main resultsIf we 
onsider A as an A-module in a natural way then we have thefollowing lemma about generalized derivations on A.Lemma 2.1. A linear mapping Æ : A ! A is a generalized derivationif and only if there exist a derivation d : A ! A and a module map' : A! A su
h that Æ = d+ '.Proof. Suppose Æ is a generalized derivation on A. Then there exists aderivation d on A su
h that Æ is a d-derivation. On putting ' = Æ � d,we have'(xa) = Æ(xa) � d(xa) = Æ(x)a + xd(a)� (d(x)a+ xd(a))= (Æ(x) � d(x))a = '(x)a;for all a; x 2 A: Thus ' is a module map and Æ = d+ '.Conversely, let d be a derivation on A, ' be a module map on A andput Æ = d+ '. Then 
learly Æ is a linear map andÆ(xa) = d(xa) + '(xa) = d(x)a+ xd(a) + '(x)a= (d(x) + '(x))a+ xd(a) = Æ(x)a + xd(a)for all a; x 2 A. Therefore Æ is a d-derivation. �The next two results 
on
ern the boundedness of a generalized deriva-tion.



24 Abbaspour, Moslehian and NiknamTheorem 2.2. Let A have a bounded left approximate identity fe�g�2Iand let Æ be a d-derivation on A. Then Æ is bounded if and only if d isbounded.Proof. First we show that every module map on A is bounded. Supposethat ' is a module map on A and let fang be a sequen
e in A 
onvergingto zero in the norm topology. By a 
onsequen
e of Cohen Fa
torizationTheorem (see Corollary 11.12 of [4℄) there exist a sequen
e fbng andan element 
 in A su
h that bn ! 0 and an = 
bn; (n 2 N). Then'(an) = '(
bn) = '(
)bn ! 0. Thus by the 
losed graph theorem, ' isbounded. Now let Æ be a d-derivation. By Lemma 2.1, Æ = d + ' forsome module map ' on A. Therefore Æ is bounded if and only if d isbounded. �Corollary 2.3. Every generalized derivation on a C�-algebra is bounded.Proof. Every derivation on a C�-algebra is automati
ally 
ontinuous;
f. [13℄. �Let ' : A ! A be a homomorphism (algebra morphism). A linearmapping T :M !M is 
alled a '-morphism if T (xa) = T (x)'(a) (a 2A; x 2 M). If ' is a isomorphism and T is a bije
tive mapping thenwe say T to be a '-isomorphism. An idA-morphism is a module map(module morphism). Here idA denotes the identity operator on A.Proposition 2.4. Suppose Æ is a bounded d-derivation on M and d isbounded. Then T = exp(Æ) is a bi-
ontinuous exp(d)-isomorphism.Proof. Using indu
tion one 
an easily show thatÆ(n)(xa) = nXr=0(nr )Æ(n�r)(x)d(r)(a):For ea
h a 2 A; x 2M we have



Generalized derivations on modules 25T (xa) = exp(Æ)(xa)= 1Xn=0 1n!Æ(n)(xa)= 1Xn=0 1n! nXr=0(nr )Æ(n�r)(x)d(r)(a)= 1Xn=0 nXr=0( 1(n� r)!Æ(n�r)(x)( 1r!d(r)(a))= ( 1Xn=0 1n!Æ(n)(x))( 1Xn=0 1n!d(n)(a))= exp(Æ)(x) exp(d)(a):The operators exp(Æ) and exp(d) are invertible in the Bana
h algebrasof bounded operators on M and A, respe
tively. Hen
e T is an exp(d)-isomorphism.Proposition 2.5. Let Æ be a bounded generalized derivation on M .Then Æ is a generalized inner derivation if and only if there exists aninner derivation da on A su
h that Æ is da-derivation.Proof. Let Æ be a generalized inner derivation. Then there exist a 2A and T 2 B(M) su
h that Æ(x) = T (x) � xa (x 2 M). We haveÆ(x)b+xda(b) = (T (x)�xa)b+xab�xba = T (x)b�xba = T (xb)�(xb)a =Æ(xb) (b 2 A; x 2M). Hen
e Æ is a da-derivation.Conversely, suppose that Æ is a da-derivation for some a 2 A. De�neT : M ! M by T (x) = Æ(x) + xa. Then T is linear, bounded andT (xb) = Æ(xb)+(xb)a = (Æ(x)b+xda(b))+xba = Æ(x)b+xab�xba+xba =(Æ(x) + xa)b = T (x)b. It follows that T 2 B(M) and Æ(x) = (Æ(x) +xa)�xa = T (x)�xa. Therefore Æ is a generalized inner derivation. �The linear spa
es of all bounded generalized derivations and general-ized inner derivations onM are denoted byGZ1(M;M) andGN1(M;M),respe
tively. We 
all the quotient spa
e GH1(M;M) =GZ1(M;M)=GN1(M;M) the generalized �rst 
ohomology group of M .



26 Abbaspour, Moslehian and NiknamCorollary 2.6. GH1(M;M) = 0 whenever H1(A;A) = 0.Proof. Let Æ :M !M be a generalized derivation. Then there exists aderivation d : A! A su
h that Æ is a d-derivation. Due to H1(A;A) =0, we dedu
e that d is inner and, by Proposition 2.5, so is Æ. Hen
eGH1(M;M) = 0. �Using some ideas of [8, 18℄, we give the following notion.De�nition 2.7. T = f� T x0 a � : T 2 B(M); x 2M;a 2 Ag equippedwith the usual 2�2 matrix addition and formal multipli
ation and withthe norm k� T x0 a � k = kTk+ kxk+ kak is a Bana
h algebra. We 
allthis algebra the triangular Bana
h algebra asso
iated to M.The following two theorems give some interesting relations betweengeneralized derivations on M and derivations on T .Let Æ be a bounded d-derivation onM . We de�ne �Æ : B(M)! B(M)by �Æ(T ) = ÆT � TÆ. Then �Æ is 
learly a derivation on B(M).Theorem 2.8. Let Æ be a bounded d-derivation on M and let d bebounded. Then the map DÆ : T ! T de�ned by DÆ � T x0 a � =� �Æ(T ) Æ(x)0 d(a) � is a bounded derivation on T . Also Æ is a generalizedinner derivation if and only if DÆ is an inner derivation.Proof. It is 
lear that DÆ is linear. For any T1; T2 2 B(M); x1; x2 2M;a1; a2 2 A we haveDÆ(� T1 x10 a1 �� T2 x20 a2 �) = DÆ � T1T2 T1:x2 + x1a20 a1a2 �= � �Æ(T1T2) Æ(T1:x2 + x1a2)0 d(a1a2) �= � �Æ(T1T2) Æ(T1(x2)) + Æ(x1)a2 + x1d(a2)0 a1d(a2) + d(a1)a2 �= � T1�Æ(T2) + �Æ(T1)T2 T1:Æ(x2) + x1d(a2) + (ÆT1 � T1Æ)(x2) + Æ(x1)a20 a1d(a2) + d(a1)a2 �= � T1 x10 a1 �� �Æ(T2) Æ(x2)0 d(a2) � + � �Æ(T1) Æ(x1)0 d(a1) �� T2 x20 a2 �= � T1 x10 a1 �DÆ � T2 x20 a2 � +DÆ(� T1 x10 a1 �)� T2 x20 a2 � :



Generalized derivations on modules 27ThusDÆ is a derivation on T . Due to k� �Æ(T ) Æ(x)0 d(a) � k = k�Æ(T )k+kÆ(x)k + kd(a)k � maxfk�Æk; kÆk; kdkgk� T x0 a � k, we infer that DÆis bounded. Now suppose that Æ is a generalized inner derivation. Thenthere exist a 2 A and T 2 B(M) su
h that Æ(x) = T (x)�xa (x 2M).For all S 2 B(M); b 2 A and y 2M we haveD0� T 00 a 1A � S y0 b � := � T 00 a �� S y0 b ��� S y0 b �� T 00 a �= � TS � ST T:y � ya0 ab� ba �= � �Æ(S) Æ(y)0 da(b) �= DÆ � S y0 b � :Hen
e DÆ = D T 00 a ! and so DÆ is an inner derivation.Conversely, let Æ be a bounded d-derivation su
h that the asso
iatedderivation DÆ is an inner derivation, say DÆ = D T0 x00 a0 !. Then forea
h T 2 B(M); x 2M;a 2 A we have� �Æ(T ) Æ(x)0 d(a) � = DÆ(� T x0 a �)= D T0 x00 a0 !� T x0 a �= � T0T � TT0 T0(x) + x0a� T (x0)� xa00 a0a� aa0 �= � T0T � TT0 T0(x) + x0a� T (x0)� xa00 da0(a) � :(2.1)Hen
e d = da0 is inner. Putting a = 0 and T = 0 in (2.1), we 
on
ludethat Æ(x) = T0(x) � xa0 (x 2 M). Hen
e Æ is a generalized innerderivation. �The 
onverse of the above theorem is true in the unital 
ase.



28 Abbaspour, Moslehian and NiknamTheorem 2.9. Let A be unital and T be the triangular Bana
h algebraasso
iated to a unital Bana
h right A-module M . Assume that D :T ! T is a bounded derivation. Then there exist m0 2 M , a boundedderivation d : A! A and a bounded d-derivation Æ :M !M su
h thatD� T x0 a � = � �Æ(T ) Æ(x) +m0a� T:m00 d(a) � :Moreover, D is inner if and only if Æ is a generalized inner derivation.Proof. We use some ideas of Proposition 2.1 of [8℄. By simple 
ompu-tation one 
an verify that(i) D� 0 00 1A � = � 0 m00 0 � for some m0 2M ;(ii) D� 0 00 a � = � 0 m0a0 d(a) � for some bounded derivation d onA;(iii) D� 0 x0 0 � = � 0 Æ(x)0 0 � for some linear mapping Æ on M ;(iv) D� T 00 0 � = � �Æ(T ) �T:m00 0 �;and �nally D� T x0 a � = � �Æ(T ) Æ(x) +m0a� T:m00 d(a) �.We have� 0 Æ(xa)0 0 � = D(� 0 xa0 0 �) = D(� 0 x0 0 �� 0 00 a �)= � 0 x0 0 �D(� 0 00 a �) +D(� 0 x0 0 �)� 0 00 a �= � 0 x0 0 �� 0 m0a0 d(a) �+� 0 Æ(x)0 0 �� 0 00 a �= � 0 Æ(x)a + xd(a)0 0 � :Thus Æ(xa) = Æ(x)a+xd(a) and so Æ is a d-derivation. It is 
lear thatD is inner if and only if d is inner and, using Proposition 2.5, the latterholds if and only if Æ is a generalized inner derivation. �



Generalized derivations on modules 29Theorem 2.10. Let A be a unital Bana
h algebra, M be a unitalBana
h right A-module and T = � B(M) M0 A �. Then H1(T ;T ) �=GH1(M;M)Proof. Let 	 : GZ1(M;M)! H1(T ;T ) be de�ned by	(Æ) = [DÆ℄;where [DÆ℄ represents the equivalen
e 
lass of DÆ in H1(T ;T ). Clearly	 is linear. We shall show that 	 is surje
tive. To end this, we assumethat D is a bounded derivation on T . Let Æ, d, �Æ and m0 2 M be asin the Theorem 2.9. Then(D �DÆ)� T x0 a � = � �Æ(T ) Æ(x) +m0a� T:m00 d(a) ��� �Æ(T ) Æ(x)0 d(a) �= � 0 m0a� T:m00 0 �= D 0 �m00 0 !� T x0 a � :So [D℄ = [DÆ℄ = 	(Æ) and thus 	 is surje
tive. Therefore H1(T ;T ) �=GZ1(M;M)=Ker(	). Note that Æ 2 Ker(	) if and only if DÆ is innerderivation on T . Hen
e Ker(	) = GN1(M;M), by Theorem 2.8. ThusH1(T ;T ) �= GH1(M;M). �Example 2.11. Suppose that A is unital and M = A. Then B(A) =A and so GH1(A;A) �= H1(� A A0 A � ;� A A0 A �) = H1(A;A), byProposition 4.4 of [9℄. In parti
ular, every generalized derivation on aunital 
ommutative semisimple Bana
h algebra [21℄, a unital simple C�-algebra [20℄, or a von Neumann algebra [14℄ is generalized inner.We have investigated the interrelation between generalized deriva-tions on a Bana
h algebra and its ordinary derivations. We also studiedgeneralized derivations on a Bana
h module in virtue of derivations onits asso
iated triangular Bana
h algebra. Thus, we established a link



30 Abbaspour, Moslehian and Niknambetween two interesting resear
h areas: Bana
h algebras and triangularalgebras. A
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