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ABSTRACT. Let R be a noncommutative prime ring of characteristic dif-
ferent from 2, U the Utumi quotient ring of R, C' (= Z(U)) the extended
centroid of R. Let 0 # a € R and f(z1,...,%n) a multilinear polyno-
mial over C' which is noncentral valued on R. Suppose that G and H
are two nonzero generalized derivations of R such that a(H(f(z))f(x) —
f(x)G(f(x))) € C for all z = (x1,...,2n) € R™. In this paper, we prove
that one of the following holds:
(1) f(x1,...,xn)? is central valued on R and there exist b, p,q € U such
that H(z) = px + ab for all z € R, G(z) = bz + zq for all z € R
with a(p — q) € C;
(2) there exist p,q € U such that H(z) = pz + zq for all x € R,
G(z) = qz for all x € R with ap = 0;
(3) f(x1,...,2n)? is central valued on R and there exist ¢ € U, A € C
and an outer derivation g of U such that H(z) = zq+ A\x — g(z) for
all x € R, G(x) = gz + g(x) for all z € R, with a € C;
(4) R satisfies s4 and there exist b,p € U such that H(z) = px + xb for
all z € R, G(z) = bx + xp for all z € R.
Keywords: Prime ring, generalized derivation, extended centroid.
MSC(2010): Primary: 16W25; Secondary: 16N60, 16R50.

1. Introduction

Throughout this paper, R always denotes a prime ring with center Z(R),
C be the extended centroid of R and U be the Utumi quotient ring of R.
For z,y € R, the Lie commutator of x,y is denoted by [z,y] and defined by
[,y] = zy—yz. By aderivation d of R we mean an additive mappingd : R — R
satisfying d(xy) = d(z)y + xzd(y) for all z,y € R. A derivation d is called inner
if d(z) = [q,z] for all z € R for some ¢ € U. A derivation which is not inner
is called an outer derivation. An additive subgroup L of R is said to be Lie
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ideal of R, if [L, R] C L. The standard polynomial identity s4 in four variables

is defined as s4(z1, 22, 73,24) = > (—1)7T5(1)T0(2)T0(3)To(a) Where (—1)7 is
oc€Sy

+1 or —1 according to o being an even or odd permutation in symmetric group

Sy.

A well known result proved by Posner [25], states that if for a derivation d
the commutators [d(x),z] € Z(R) for all x € R holds, then either d = 0 or
R is commutative. Then many related generalizations of Posner’s result have
been obtained by a number of authors in literature. Bresar proved in [4] that
if d(z)x —zg(z) € Z(R) for all z € R, where d and g are derivations of R, then
either d = g = 0 or R is commutative.

In [24], Niu and Wu studied the left annihilator of the set {d(u)u—ud(u)u €
L}, where d and § are two derivations of R and L is a noncentral Lie ideal of R.
They proved that if the annihilator is not zero, then R satisfies s4 and d = —9
are inner derivations of R.

In [5], Carini et al. studied the result of Niu and Wu [24] by replacing
derivations with generalized derivations. An additive function F' : R — R is
called a generalized derivation of R, if there exists a derivation d of R such
that F(zy) = F(z)y 4+ xd(y) for all z,y € R. In [5], the authors proved that if
H and G are two nonzero generalized derivations of a prime ring R with char
(R) # 2 and L a noncentral Lie ideal of R such that a(H (u)u — uG(u)) = 0
for all w € L and for some 0 # a € R, then one of the following holds: (1)
there exist V', ¢’ € U such that G(z) = 'z and H(x) = b’z + x¢’ with ab’ = 0;
(2) R satisfies s4 and there exist V', ¢/, ¢’ € U such that G(z) = ¢z + z¢' and
H(z) =bz+ xd with a(b/ —¢") = 0.

Lee and Shiue [19] extended the Brsar’s result [4] taking x from the set
A = {f(z1,...,2n) : ®1,...,2, € I}, where f(x1,...,2,) is a noncentral
polynomial over C' and I a nonzero ideal of prime ring R. Lee and Shiue [19]
proved that if for two derivations d and ¢ of R, d(z)x — xzd(x) € C holds for all
x € A then either d =6 =0 or d = —§ and f(x1,...,2,)? is central valued on
RC unless char(R) = 2 and dimcRC = 4.

Recently, Argac and De Filippis [1] studied the previous result [19] replacing
derivations by generalized derivations and without considering central values.
They proved the following;:

Let K be a commutative ring with unity, R be a noncommutative prime K-
algebra with center Z(R), U be the Utumi quotient ring of R, C = Z(U) the
extended centroid of R, I a nonzero ideal of R. Suppose that f(x1,...,x,) is
a noncentral multilinear polynomial over K, G and H are two nonzero gen-
eralized derivations of R such that G(f(z))f(z) — f(x)H(f(z)) = 0 for all
x=(x1,...,2n) € I"™. Then one of the following holds:

(1) f(z1,...,2,)?% is central valued on R and there exist b,a € U such that
G(z) = ax +zb for allx € R, H(x) = bx + za for all x € R;
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(2) there exists a € U such that G(z) = za for all x € R, H(z) = ax for

allz € R;
(3) char(R) =2 and R salisfies s4.
In [11] De Filippis et al. studied the situation with left annihilator condition.

They proved the following;:

Let K be a commutative ring with unity, R be a noncommutative prime
K-algebra of characteristic different from 2, U be the Utumi quotient ring of
R, C = Z(U) the extended centroid of R. Suppose that f(x1,...,z,) is a
noncentral multilinear polynomial over K, G and H are two nonzero general-
ized derivations of R and there exists 0 # a € R such that a(G(f(z))f(z) —
f(@)H(f(x))) =0 for all x = (x1,...,2,) € R™. Then one of the following
holds:

(1) f(x1,...,m,)? is central valued on R and there exist b',c',q' € U such
that G(z) = b'z + xc for allx € R, H(z) = x4+ zq for allz € R
with a(t/ —¢') = 0;

(2) there exist b', ¢’ € U such that G(z) = b'x + xc’ for allx € R, H(z) =
cx for all x € R with ab’ = 0.

Recently, in [10] De Filippis and Dhara investigated the situation G(f(x)) f(x)
— f(x)H(f(x)) € C for all x = (x1,...,2,) € I" in prime ring and then deter-
mined the structure of the maps, where G, H two generalized derivations of R
and I a nonzero right ideal of R.

So it is natural to consider the situation a(G(f(x))f(z) — f(x)H(f(z))) € C
for all x = (z1,...,2,) € R", where G, H are two generalized derivations of R,
f(z1,...,2,) a multilinear polynomial over C and 0 # a € R. In the present
paper, our main object is to investigate this situation.

2. Main results
First we fix the following remarks:

Remark 2.1. Let R be a prime ring and L a noncentral Lie ideal of R. If
char (R) # 2, by [3, Lemma 1] there exists a nonzero ideal I of R such that
0 # [I, R] C L. Moreover, if R is a simple ring, then [R, R] C L.

Remark 2.2. Tt is well known that each generalized derivation of a prime ring
R can be uniquely extended to a generalized derivation of U, with the form
ax + §(z) for all x € U, where a € U and § is a derivation of U. We refer
to [12,18,19].

In order to prove the main theorem, we need the following lemmas.

Lemma 2.3. [10, Lemma 6] Let R be a noncommutative prime ring with
Utumi quotient ring U and extended centroid C, and f(x1,...,x,) be a mul-
tilinear polynomial over C, which is not central valued on R. Suppose that
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there exist a,w,b € U such that af(r)? + f(r)wf(r) + f(r)*b € C for all
r=(ry,...,rm) € R™. Then one of the following holds:

(1) a,b,w € C witha+w+b=0;

(2) w,a+beC and f(x1,...,1,)? is central valued on R;

(3) char (R) =2 and R satisfies s4;

(4) R satisfies s4, a—be C and w € C.

Lemma 2.4. Let R = M(C), where k > 2 be ring of all kx k matrices over the
field C' of characteristic different from 2. Let a be an invertible matriz in R and
f(x1, ..., xy) a multilinear polynomial over C' which is not central valued on R.
Suppose that b, c,p,q € R such that a(bf(x)?+ f(x)(c—p)f(x)— f(x)%q) € C-I}
for all x = (x1,...,2,) € R". Then ¢ —p € C - Iy and one of the following
holds:

(1) f(z1,...,2,)?% is central valued on R and a(b+c—p—q) € C - Iy;
(2) bqe C I, andb+c—p—q=0;
(3) k=2.

Proof. Since f(x1,...,z,) is not central valued on R, by [20] (see also [23]),
there exist uy, ..., u, € Mg(C) and v € C—{0} such that f(uq,...,un) = vyex,
with k # I. Moreover, since the set {f(r1,...,rs) : 71,...,7n € My, (C)} is
invariant under the action of all C-automorphisms of My (C), then for any ¢ # j
there exist ri,...,7, € My(C) such that f(ri,...,7m,) = vei;.

Thus, by our hypothesis we have, avye;;j(c — p)ve;; € C - I, that is, a(c —
p)jiei; € C-Ii. Since the rank of a(c—p);ie;; is at most one, a(c —p);.e;; = 0.
Again since a is invertible, we have (¢ —p);; = 0 for any i # j. Thus, (c —p) is
a diagonal matrix. By using a standard argument, it follows that c—p € C'- I}.

In the sequel one may assume k > 3, if not the proof is finished. Then our
hypothesis reduces to

(2.1) a((b+c—p)f(x)* - f(z)’q) € C- I

for all x = (x1,...,2,) € R™. If f(x1,...,2,)? is central valued on R, then
by (2.1) and since f(z1,...,2,) cannot be an identity for R, the conclusion
alb+c—p—q) € C- I follows easily.

Now we assume that f(z1,...,2,)? is not central valued on R. Since the
relation (2.1) holds for any element of the additive subgroup generated by the
polynomial f(z1,...,z,)?, then by [9], it follows that a((b+c—p)z—xq) € C-I}
for any € L, a noncentral Lie ideal of R. Since a is a nonzero invertible
element and R = My (C), then (b+ ¢ — p)z — zq is a zero or invertible matrix,
for any € L. As a consequence of Theorem 3 and Theorem 1.2 in [22], and
since k > 3, one hasq=b+c—p e C-I, thatisbe C-I and b+c—p—q =0,
as required. O
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Lemma 2.5. Let R be a noncommutative prime ring of characteristic different
from 2, U the Utumi quotient ring of R, C the extended centroid of R. Let
0#a€ R and f(z1,...,2,) be a multilinear polynomial over C which is not
central valued on R. Suppose that b,c,p,q € R such that a(bf(z)* + f(z)(c —
p)f(x) — f(x)?q) € C for all z = (x1,...,7,) € R". Then ¢ —p € C and one
of the following holds:

(1) f(z1,...,2,)% is central valued on R and a(b+c—p—q) € C;

(2) ge C and a(b+c—p—q) =0;

(3) R satisfies s4.

Proof. Let us assume that a(bf(z)? + f(z)(c — p)f(z) — f(z)?q) = 0 for all
x = (z1,...,2,) € R™. Then by [l 1, Proposition 2.4], ¢ —p € C and one of the
following hold:

(1) f(x1,...,2,)? is central valued on R and a(b+ ¢ —p — q) = 0, which is
our conclusion (1);

(2) ¢ € C and a(b+ ¢ — p — ¢q) = 0, which is our conclusion (2).

Next we assume that there exists r = (rq,...,r,) € R" such that a(bf(r)?+
F(r)(c=p)f(r)— F(r)?q) # 0. Since a(bf(@)*+ f(x)(c—p) f(z)— f(z)%q) € Cisa
nonzero central generalized identity for R, by [6, Theorem 1] R is a PI- ring and
hence RC' = U is a nontrivial GPI-ring simple with 1. By Lemma 2 in [14] and
Theorem 2.3.29 in [20], there exists a field E such that U C M (F) and U and
My (E) satisfy the same generalized identities. Thus a(bf(x)?+f(z)(c—p)f(z)—
f(2)%q) € Z(My(E)) for all x = (x1,...,2,) € (Mr(E))". Since for some
P = () € UM C© (My(E)), albf (12 + F(r) e — p)f(r) — F(r)?q) # 0,
a must be invertible. Then by Lemma 2.4, ¢ — p € Z(My(E)) and one of the
following holds:

(1) f(z1,...,2,)?% is central valued on R and a(b+c—p—q) € C - Ij;
(2) bgeC-Iyandb+c—p—q=0;
(3) RCU C My(FE), that is, R satisfies s4.
Thus conclusions (1) to (3) are obtained.
O

Theorem 2.6. Let R be a noncommutative prime ring of characteristic differ-
ent from 2, U the Utumi quotient ring of R, C' (= Z(U)) the extended centroid
of R. Let0#a € R and f(x1,...,2,) a multilinear polynomial over C which
is noncentral valued on R. Suppose that G and H are two nonzero gener-
alized derivations of R such that a(H(f(z))f(xz) — f(2)G(f(z))) € C for all
x=(z1,...,2,) € R". Then one of the following holds:
(1) f(x1,...,m,)? is central valued on R and there exist b,p,q € U such
that H(z) = px + xb for all x € R, G(x) = bx + xq for all x € R with
a(p - q) € O;
(2) there exist p,q € U such that H(x) = px +xq for allz € R, G(x) = qx
for all x € R with ap = 0;
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(3) f(xy,...,1,)? is central valued on R and there exist g € U, A € C and
an outer derivation g of U such that H(x) = xq + Mz — g(x) for all
€ R, G(z) =qr+g(x) for all z € R, with a € C;

(4) R satisfies s4 and there exist b,p € U such that H(x) = px + xb for all
x € R, G(z) = bx + xp for all x € R.

Proof. Since every generalized derivation on R can uniquely be defined on the
whole U with the form ax + d(z) for some a € U and a derivation d on U
([18, Theorem 3]), there exist p,q € U and derivations h,g on U such that
H(x) = px+ h(z) and G(z) = gz + g(x) for all z € U. By [8] and [21], both R
and U satisfy the same generalized polynomial identities and same differential
identities. So we have

(2.2) a((pf(x) +h(f(@)f(z) - f(2)(gf () + g(f(iﬂ)))) eC

for all z = (z1,...,2z,) € U™
Now we divide the proof into three cases:

Case I: Assume that both h and g are inner derivations, say h(z) = [b, z]
and g(x) = [e, ] for all z € U and for some b,c € U. Then (2.2) becomes

a(@+wﬂm2—ﬂww+q+dﬂw+fuﬂﬁec

for all x = (z1,...,2,) € U™ Then by Lemma 2.5, b+ ¢ + ¢ € C and one of
the following holds:

1) f(z1,...,7,)? is central valued on R and a(p+b—b—qg—c+c) = a(p—q) €
C'. This implies H(z) = pz + [b,z] = (b + p)x — zb and G(z) = qz + [¢, 2] =
b+g+c)xr—br—ac=-br+axb+q+c—c)=—-br+a(b+q) forallzeU
and so for all € R. This is our conclusion (1).

2)ceCanda(p+b—b—qg—c+c)=a(p—q) =0. Since b+ qg+c € C,
b+q € C and so [b,x] = —[g,2] for all z € U. Thus H(z) = px + [b,z] =
pr—[q,x] = (p — ¢)x + zq and G(x) = qz + [¢, 2] = gx for all € U and so for
all x € R, with a(p — ¢) = 0, which is our conclusion (2).

3) R satisfies s4. Since b+ g+ ¢ € C, in this case H(z) = px + [b,z] =
(b4+p)r—xband G(zr) = qz+|c, 2] = (b+q+c)x—br—xc = —br+x(b+q+c—c) =
—bx + x(b+ q) for all z € U and so for all z € R. This gives conclusion (4).

Case II: Assume now that both A and g are not inner derivations of U.
Let g and h be C-dependent modulo inner derivations of U. Then there exist
B,7 € C, not all zero and ¢’ € U such that Sh + vg = ad..

First assume that § = 0. Then v # 0 and g(x) = [¢t, 2] for all x € U, where
t =~~1¢. Thus (2.2) becomes

t(@ﬂm+Mﬂm»ﬂm—ﬂmmﬂm+uJ@m)ec
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that is
(2.3)

a((pf(:z:l,...,xn) Jrfh(:zzl,...,xn)Jer(a:l,...,h(xi),...,xn))f(xl,...,mn)

P e @f @) + [t,fm,...,xn)])) e

for all = (#1,...,2,) € U". By Kharchenko’s theorem [13], (2.3) implies
that U satisfies

n

a<(pf(x1,...7:cn) +fh(x1,...,xn) +Zf(x1,...,yi,...,xn))f(xl,...,xn)

=1
@ ) (@ @) [t,f(x1,...7:cn)])> ec

In particular, U satisfies

n

(2.4) ad  f@r i) (21, a) € C

i=1

Putting y; = [b,2;] foralli = 1,...,n, where b € U — C, we get that U satisfies
afb, f(x1,...,z,)]f(x1,...,2,) € C. This implies

albf(x1,. . x0)? — f(21,. . 20)bf (21, .., 2,)) €C

for all z1,...,x, € U. Then by Lemma 2.5, we get b € C, which is a contra-
diction.

Next assume that 8 # 0. Then h = ag + ad., where o = —" 1y and
¢ = B¢ . In this case g cannot be inner, otherwise g and h both will be inner.
Now (2.2) becomes

23) of (p1(0) + gl (@) + e £ 1) = 1) (af @) + 9t ) b e ©

for all & = (z1,...,2,) € U™. Thus, U satisfies
a{ (pf(xl,...,xn) Fafi(zr,. .. )
+a X far, g, ) + [c,f(xl,...,xn)]>f(m1,...,xn)
—f(:cl,...,xn)<qf(x1,...,:cn) + f9(x1,.. . p)

+Z?_1f(xl,...7g(xi),...,xn))>} ec.
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Then by Kharchenko’s theorem [13], we have that U satisfies
a{<pf(x1,...,xn)—|—af9(m1,...,xn)
tad o (@, Yy T) + [C,f(m,...,:z:n)}>f(:c1,...,zn)
—f(xl,...,xn)(qf(xl,...,xn)—I—fg(xl,...,xn)

+Z?_1f(m1,...,yi,...,mn))>} e C.

In particular, U satisfies the blended component,

a(aZf(xl,...7y¢,...,xn)f(x1,...,xn)
i=1

n

(2.6) f(xl,...,zn)Zf(xl,...,yi,...,xn)> €C.

=1

Putting y; = [b, ;] for all i = 1,...,n, where b € U — C, we get

a(a[b,f(a:l,...,zn)]f(zl,...,:cn) f(xl,...,xn)[b,f(asl,...,:En)> e C,

that is
a(abf (x)? + f(x)(—ab—b) f(z) + f(x)*b) € C

for all z = (x1,...,2,) € U™ Then by Lemma 2.5, we have (o + 1)b € C.
Now « # —1 implies b € C, which is a contradiction. Therefore @ = —1 and so
h = —g + ad.. Hence (2.6) becomes

a(—Zf(xh...,yi,...,xn)f(ml,...,xn)
i=1

(2.7) —f(ml,...,xn)zf(xl,...,yi,...,wn)> ecC.

i=1
Putting 1 =z and yo = ... =y, = 0, we get a(—f(x1,...,2,)% — f(21,...,
r,)%) = —2af(x1,...,2,)? € C for all x1,...,2, € U. Since char (R) # 2, U
satisfies af(x1,...,2,)% € C. By Lemma 2.3 we have a € C. Moreover, since
a#0,af(xy,...,x,)? € C yields f(z1,...,2,)% € C for all zy,...,2, € U.
Therefore, (2.5) becomes

(2.8) (pf<x> (@) + [ f(w)}>f(w) . (qf(w) n g(f(x») xe
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forallz = (z1,...,2,) € U™ Since f(x1,...,2,)? €C implies g(f(z1,...,2,)?)
€ C, from (2.8) we have

(pf(x) + e, f(@)]) () — f(x)qf(x) € C

that is,

(2.9) P+ f(xr,. o 20)® = fxr,. ) e+ @) f(zr,. . 20) €C

for all x = (x1,...,2,) € U™. Again by Lemma 2.3, ¢+ ¢ € C. Thus (2.9) be-
comes (p —q)f(z1,...,2,)% € C for all x1,...,2, € U. Since f(x1,...,2,)% €

C, it yields either f(xq,...,2,)? = 0 for all z1,...,2, € U or p—gq € C.
But f(z1,...,2,)% = 0 implies f(x1,...,2,) = 0 for all z1,...,2, € U
(see [7]), a contradiction. Hence p — q = A € C. Therefore, for all z € U,
H(z) = pr+h(z) = pr—g(z)+[c,z] = (¢+ A+ )z —zc—g(x) = z(g+c+A) —
ze—g(z) =2(¢g+ ) —g(z) and G(z) = gz + g(z) for all x € U and so x € R
with f(x1,...,2,)? is central valued on R and a € C. This is our conclusion
(3).

Case III: Here we assume that h and g are C-independent modulo inner
derivations of U. Note that in this case both i and g are outer derivations of
U. Then our hypothesis (2.2) becomes

a{(pf(l'l,...,LEn)+fh(l'1,...,13n)

+Zf(xl,...,h(a?i),...,xn))f(xl,...,xn)

(2.10)
_f(xlv"'amn)(Qf(mla"'7xn> +fg($1a"'7xn>
+Zf(x1,,g(xz)7,$n))>} eC
i=1
forall z1,...,x, € U. Since both h and g are outer derivations, by Kharchenko’s

theorem [13] we get from (2.10) that U satisfies

a{<pf(zla"'7xn)+fh(x17-"axn)
+Zf(x1,...,yi7...,xn)>f(x1,...,xn)
i=1

—f(xl,...,mn)(qf(ml,...,xn) + fI(x1, . )
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In particular, U satisfies
n
aZf(zla"'vyir"71:”).]‘-(1‘17"'71:”) € Oa
=1

which is the same as (2.4). Then by same argument as before, it leads a
contradiction. O

In the Theorem 2.6, assuming H = G, we have the following corollary.

Corollary 2.7. Let R be a noncommutative prime ring of characteristic differ-
ent from 2, U the Utumi quotient ring of R, C' (= Z(U)) the extended centroid
of R. Let 0 # a € R and f(x1,...,x,) a multilinear polynomial over C' which
s noncentral valued on R. Suppose that H is a nonzero generalized derivation
of R such that a[H(f(x)), f(z)] € C for all x = (x1,...,x,) € R™. Then one
of the following holds:

(1) f(x1,...,2,)? is central valued on R and there exist p € U and \ € C
such that H(z) = px 4+ xp + Az for all x € R;

(2) there exists A € C such that H(x) = \x for all x € R;

(8) R satisfies sq4 and there exist p € U and A € C such that H(z) =
px + ap+ Az for all x € R.

Proof. In Theorem 2.6, assuming H = G we have the following conclusions:

(1) f(x1,...,7,)? is central valued on R and there exist b, p,q € U such
that H(x) = pr + xb = bx + zq for all z € R with a(p — ¢) € C. This
gives (p—b)x+x(b—q) =0, implyingb—qge Candp—b+b—q =0,
thatisp=¢q. Let b—q¢g=X€ C. Thenb=qg+ X =p+ A Thus
H(x) =px+x(p+ A) for all z € R, this is our conclusion (1).

(2) There exist p,q € U such that H(z) = px+xq = gz for all z € R, with
ap = 0. This gives (p—¢q)z +2xq = 0, implying ¢ € C and p—q+¢q = 0,
that is p = 0. Thus conclusion (2) is obtained.

(3) f(x1,...,m,)? is central valued on R and there exist ¢ € U, A\ € C and
an outer derivation g of U such that H(z) = xq+ Az —g(z) = gz +g(x)
for all x € R, with @ € C. In this case, we have 2¢g(z) = —[q, z] + Az,
a contradiction, since g is an outer derivation.

(4) R satisfies s4 and there exist b,p € U such that H(z) = px + zb =
bx + xp for all © € R. In this case (p—b)z+x(b—p) =0 for all x € R,
implyingb—p € C. Let b—p =X € C. Thus H(z) = pr +z(p+ A) for
all z € R. This is our conclusion (3).

O

In Theorem 2.6, assuming H = d and G = § two derivations of R, we have
the following:
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Corollary 2.8. Let R be a noncommutative prime ring of characteristic differ-
ent from 2, U the Utumi quotient ring of R, C' (= Z(U)) the extended centroid
of R. Let 0 # a € R and f(x1,...,z,) a multilinear polynomial over C' which
1is noncentral valued on R. Suppose that d and & are two nonzero derivations of
R such that a(d(f(x))f(zx) — f(z)o(f(x))) € C for all x = (x1,...,2,) € R".
Then one of the following holds:

(1) f(z1,...,2,)?% is central valued on R and there exist p € U such that
d(z) = [p, ] for all x € R, §(x) = —[p, z] for all x € R;

(2) f(x1,...,m,)? is central valued on R and d, § two outer derivations of
R such that d(x) = —d(x) for all x € R, with a € C;

(3) R satisfies s4 and there exist p € U such that d(x) = [p, z] for allx € R,
d(x) = —[p, x| for all x € R.
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