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ABSTRACT. In this paper, we propose a feasible interior-point method for
convex quadratic programming over symmetric cones. The proposed al-
gorithm relaxes the accuracy requirements in the solution of the Newton
equation system, by using an inexact Newton direction. Furthermore, we
obtain an acceptable level of error in the inexact algorithm on convex qua-
dratic symmetric cone programming (CQSCP). We also prove that the
iteration bound for the feasible short-step method is O(y/nlog %), and
O(nlog %) for the large-step method which coincide with the currently
best known iteration bounds for CQSCPs.
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1. Introduction

The path-following interior-point methods (IPMs) are one of the most effi-
cient numerical methods for various classes of optimization problems. A major
advantage of IPMs in comparison with other methods is their polynomial com-
plexity. IPMs for solving linear optimization (LO) problems were initiated
by Karmarkar [19]. These methods could be naturally extended to obtain
polynomial-time algorithms for conic optimization such as convex quadratic
symmetric cone programming, semidefinite optimization (SDO) problems and
second order cone optimization (SOCO) problems.

Jordan algebra initially created in quantum mechanics was first introduced
by Jordan. Some Jordan algebras were proved to be an indispensable tool
in the unified study of IPMs. The first work connecting Jordan algebras and
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optimization is due to Guler [12]. Alizadeh analyzed a primal-dual IPM for
SDO problems in [1]. Faybusovich analyzed several IPMs for symmetric opti-
mization using the Jordan algebra framework, and presented some short-step
path-following IPMs in [7,8]. Faybusovich and Arana [10] derived complexity
estimates for a large-step primal-dual interior-point algorithm.

The interest in the use of iterative methods to solve the Newton equation sys-
tem in IPMs has been growing over the last decade. In all of interior-point
algorithms, we need to solve the Newton search direction system to obtain the
exact search directions. Thus, in each iteration of a primal-dual IPM, most
of the computational work is devoted to the computation of exact search di-
rections by solving a linear system of equations. Even if one uses a direct or
iterative method to solve the linear system exactly, the solution may not satisfy
the linear equations due to rounding errors. However, finding an accurate so-
lution of the Newton search directions system is hard and difficult in IPMs. It
is well known that this difficulty can be remedied by relaxing the accuracy re-
quirement in the solution of the Newton system. We will refer to this algorithm
as an “inexact” feasible algorithm which determines the search directions only
approximately at each iteration. This algorithm requires that the equations
corresponding to the primal and dual feasibilities be satisfied exactly, but the
equation corresponding to complementarity is relaxed. In order to guarantee
the global polynomial convergence of the inexact feasible IPM, the inexactness
in the search directions must be appropriately controlled.

The use of an inexact IPM was started in the 1980’s when attempts were made
to solve large LO problems. For LO and monotone linear complementarity
problems (MLCPs), numerous papers have been devoted to the design and
analysis of inexact IPMs. Bellavia [2] applied an inexact IPM to solve mono-
tone nonlinear complementarity problems (NLCPs) and proved global and lo-
cal super linear convergence of this method. Freund et al. [9] and Mizuno and
Jarre [22] extended a very popular globally convergent infeasible path-following
method for LO problems of Kojima et al. [18] to accommodate the inexact so-
lution of Newton systems. There are relatively fewer papers on the convergence
analysis of inexact IPMs for convex quadratic programming (CQP), the most

recent ones are [1,21]. For the computational aspects of inexact IPMs for LO
and CQP, we refer the readers to [3,5] and the references therein.
Recently, Gondzio [15] presented a new analysis for convergence of inexact fea-

sible IPM on CQP. He proved that the iteration bound complexities of short-
and long-step inexact feasible primal-dual algorithms for CQP are O(y/nlog %)
and O(nlog %), respectively. In this paper, we generalize the convergence anal-
ysis of the feasible IPM on CQP proposed by Gondzio [15] to CQSCP.

The paper is organized as follows. In Section 2, we provide some basic con-
cepts on Euclidean Jordan algebra. In Sections 3, we introduce the primal-dual
pair of CQSCPs and propose an IPM as a good approach to solve this class
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of optimization problems. Section 4 presents the analysis of two variants of an
inexact feasible interior-point algorithm for CQSCP; feasible short-step inexact
IPM and feasible long-step inexact IPM. We respectively get the complexity
of feasible short- and long-step IPMs for CQSCP in Subsections 4.2 and 5.1.
In Section 6, we provide some preliminary numerical experiments. Finally, the
paper ends with some conclusions in Section 7.

2. Preliminaries

In this section, we briefly review and introduce Jordan algebras as well as
some of their basic properties.
A Jordan algebra J is a finite dimensional vector space over the field of real
or complex numbers endowed with a bilinear map o : J x J — J satisfying
the following properties for all z,y € J:
(i) zoy=you,
(ii): zo (22 0y) = 22 0 (w0 y),
where 22 = xox. Moreover, (7, o) is called an Euclidean Jordan algebra (EJA)
if there exists an inner product denoted by (-, ) such that (zoy,z) = (z,yo02)
for all z,y,z € J. A Jordan algebra has an identity element, if there exist
a unique element e € J such that roe = eox = z for all x € J. The set
K :=K(J) = {2? : 2 € J} is called the cone of squares of EJA (7,0, (-,-))
and int(XC) denotes the interior of K. A cone is symmetric if and only if it is
the cone of squares of an EJA. An element ¢ € J is said to be idempotent if
c? = c. An idempotent c is primitive if it is nonzero and can not be expressed
by sum of two other nonzero idempotents. A set of idempotents {c1, ¢z, ..., ¢k }
is called a Jordan frame if ¢; o ¢; = 0 for any ¢ # j, and Zle ¢; = e. For any
x € J, let | be the smallest positive integer such that {e, z, 22, ..., z'} is linearly
dependent, [ is called the degree of z and is denoted by deg(z). The rank of
J, denoted by rank (7), is defined as the maximum of deg(x) over all z € J.

Theorem 2.1. (Theorem III.1.2 in [6]) Let x € J and rank(J) = n.
Then, there exist unique real numbers A\ (z), A2(x), ..., \n(z) all distinct, and
Jordan frame {c1,ca,...,cp} such that x =31 | \i(2)c;.

Every \;(z) is called an eigenvalue of z. We denote Apin(%) (Amax(z)) as
the minimal(maximal) eigenvalue of z. Also, we can define the following con-
ceptions:

Inverse : v~! := 3" | \; !(z)c;, wherever all \;(z) # 0,
Square root : z2 := > )\l-% (x)ci,

Squgre : 27 := > | A (2)¢,

Trace : tr(z) :== > 1, A\i(x),

Determinant : det(z) := [[/_, ().

Since “o” is a bilinear map, for every x € J, a linear operator L(x) can be
defined such that L(z)y = z oy for all y € J. In particular, L(z)e = = and
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L(x)x = 2. For each x € J, we define

where, L(r)? = L(x)L(z). The map Q. is called the quadratic representation
of x. The quadratic representation is an essential concept in theory of Jor-
dan algebras and plays an important role in convergence analysis of IPMs in
symmetric optimization. For any z,y € J, x and y are said to be operator
commute if L(x) and L(y) commute, i.e., L(x)L(y) = L(y)L(xz). We define the
inner product of z,y € J as (x,y) = tr(xoy). The norm induced by this inner
product is named as the Frobenius norm, which is given by

Jall p += /T2 = VVor(a?) =

We can also define some other norms such as 1-norm and 2-norm as follow:
n
lzlly =D IXi(@)], flzly = max Ai(2)],
i=1
where \;(z) is the i-th eigenvalue of the vector z. Here, we list some results

which are required in this paper.

Lemma 2.2. (Lemma 3.2 in [11]) For z,s € int(K) there exists a unique
u € mit(KC) such that x = Qus. Moreover,

u = Qw% (Qwés) 2
where the point u is called the scaling point of x and s.

Lemma 2.3. (Lemma 4.38 in [13]) If z € int(K), then z= is well-defined
and Q 4 = (Qu)7.

Lemma 2.4. (Lemma 4.52 in [13]) Let x,s € J, then

1
x2

(z,s)| <[zl llsll -

Lemma 2.5. (Lemma 14 in [16]) Let z,s € J, then

Amin(T +5) > Amin(®) — 18],
/\rnax(-r + 5) < /\max(x) + ||SHF

Lemma 2.6. (Lemma 2.15 in [14]) Ifx o s € int(K), then det(x) # 0.
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3. Interior-point methods for CQSCP

In this section, we introduce the primal-dual pair of CQSCPs and then we
use the iterative methods to solve and obtain an e-optimal solution of this class
of optimization problems. In the following, we consider the primal CQSCP:

min F(z) = %(x,?{(w))—&-(qx}
(CP) A@z) = b,
r € K,

where, ¢ € J and b € R™ are given data, A : J — R™ is a linear map and
‘H is a given self-adjoint positive semidefinite linear operator on 7. That is,
(H(x),y) = (x,H(y)) and (H(z),x) > 0 for z,y € J. The dual CQSCP is
given by

max G(z) := —%(x,?—[(x)) +bly
(CD) AM(y)+s = vF(z)=H(z)+c
s € K,

where, AT denotes the adjoint of A. Throughout the paper, we assume that the
problems (CP) and (CD) are strictly feasible, i.e., there exists (z,y, s) satisfying
the linear constraints in (CP) and (CD) and z, s € int(K). The primal problem
(CP) includes the symmetric cone optimization (SCO) problems when H = 0
and when K is the cone of symmetric positive semidefinite matrices, it includes
SDO problems. In generic IPM, to find an e-approximate optimal solution

f (CP) and (CD) problems, the complementarity condition z o s = 0 will
be perturbed to x o s = pe. In other words, we use the perturbed Karush-
Kuhn-Tucker (KKT) optimality conditions for the problems (CP) and (CD) as
follow:

F(z)+ AT (y) + s 0
(3.1) (a:) b = 0 , r,s €K,
o's e

where p is the duality measure defined by

(3.2) u:lZ)\i(xos):M.

n

System (3.1) has a unique solution denoted by (x(u), y(u), s(p)) for any u > 0.
We call z(p) and (y(w),s(p)) as the p-centers of (CP) and (CD) problems,
respectively. The set of all u-centers is called the central path of (CP) and (CD).
If 4 — 0, then the limit of the central path exists and since the limit points
satisfy the complementarity condition, they yield an e-approximate optimal
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solution of (CP) and (CD) (Theorem 4.4 in [17]). According to
Fla)=G(x) = (z,H(2))+ (c,x) —bTy

(w, H(w)) + (ATy + s — H(z),z) — bTy

(y, Az) + (x,5) — b1y = (x,5) = tr(z o s) = np,

the duality gap is equal to the complementarity gap and by reducing the barrier
parameter u, IPMs converge to optimality. In order to solve system (3.1),
we apply Newton’s method to find an approximate solution of CQSCP. That
is, we compute the Newton search direction (Axz, Ay, As) and make a step
in this direction to obtain the new iterate (z(«),y(a),s(a)) with p(a) < p.
The reduction of the barrier term p is enforced by using the parameter o €
(0,1). Note that, linearizing the third equation in system (3.1) may not lead
to an element in 7. Thus, it is necessary to symmetrize this equation before
linearizing it. This difficulty can be remedied by using Lemma 28 in [16]. That
is, given an invertible p € I, we have

(3.3) ros=pe & QproQ,-15=pe.

Now, by replacing the third equation in (3.1) by Q2 0 Q,-15 = pe, and then
applying Newton’s method, we obtain the system

AAz = 0,
(3.4) —HAz+ ATAy+As = 0,
QproQp1As+Qp150Q,Ax = §,
where
(3.5) §:=ope—Qpr 0 Qp-15s.

We denote C(z, s) as a subclass of the Monteiro-Zhang family of search direc-
tions such that the scaled elements are operator commute, i.e.,

C(z,s) = {p| p nonsingular, @,z and @Q,-1s operator commute}.

Some of the best-known choices of the scaled element p has been suggested
by different authors. Among them, the scaled element p = u’%, where u is
defined as in Lemma 2.2, leads to the Nesterov-Todd (NT) directions and we
use the NT directions in our analysis. Most of iterative methods such as IPMs
solve system (3.4) exactly. The word ”exact” here means that at each iteration,
the search direction (Ax, Ay, As) is computed exactly from system (3.4). In
contrast, in this paper, we analyze the method that allows system (3.4) to be
solved inexactly. In following, we define

(3.6) w=0Q,
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With this notations, the Newton inexact system can be defined as follows:

AAz = 0,
(3.7) —HAz+ ATAy+As = 0,
L(z)As+ L(s)Ax = ope—Zos+r,

where Az = Q,Az, As = Qp-1As and the third equation admits an error term
r.

4. Convergence analysis of inexact IPMs

In this section, we prove the global convergence of feasible inexact TPM.
To this end, we define two neighborhoods of the central path. By controlling
the proximity to the central path, we show that all generated iterates belong
to these neighborhoods. Finally, in both cases, we prove the convergence of
the inexact IPM and derive the complexity results. In our analysis of inexact
primal-dual feasible IPM, we consider small and large neighborhoods induced
by using the Frobenius and 2-norm for some 6 € (0,1) and v € (0, 1), respec-
tively, as follow:

(4.1) Nr(0) = {(x,y,s) eF0 : Jlw— pe|p < 9M},

1
@2 M) ={@y9) € F < () <
where

FO={(z,y,5) | Ax) =b, AT(y)+s—H(z)=¢, (z,5) € int(K) x int(K)}.

The short-step methods have the best theoretical complexity in comparison
with the large-step methods. The large-step methods, unlike their poor theo-
retical complexity, lead to efficient algorithms in practice. In the following, we
investigate the convergence behavior of the both short- and large-step meth-
ods for CQSCP using the inexact Newton directions. Finally, by following the
general scheme presented by Wright [24], we conclude the best and worst-case
complexity results. First, we state some elementary lemmas which will be used
in our analysis.

Lemma 4.1. The neighborhoods defined in (4.1) and (4.2) are scaling invari-
ant, i.e., (x, ) is in the neighborhoods iff (Z,s) is.

Proof. Due to Lemma 21 in [16], the vectors w and @ = Qfég have the same

eigenvalues. On the other hand, we can rewrite the two neighborhoods NEr(6)
and Na(7) in term of eigenvalues of w. Thus the result follows. O

Lemma 4.2. Let z,s € int(K). If x and s are operator commute, then w =
ZOS.
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Proof. Let x and s be operator commute. Then, 22 and s are also operator
commute. This implies

w=@Q 1s = 2L(27)? —L(az)}s = 2L(x?)2L(s)e —zos

[N

= 2L(s)L(z2)’¢ —z0s=2L(s)r —z0s=x0s.

This completes the proof. O

Corollary 4.3. Let z,s € int(K) and T and s be as defined in (3.6). Then,
W=2XIOSs.

Proof. By Lemma 2.2 in [20], if z,s € int(K) then we have Z,s € int(K).
Moreover, & and s are operator commute. Now, the result follows by Lemma
4.2. O

In what follows, we use the following notations:

z(a) = z+alz, s(a) =s+ als, T(a) =T + aAx,

s(@) = s+als, ala) = pla) = (i(a)f a)  (x a);LS(a)>~

Lemma 4.4. One has

(4.3)  (Bz,As) > 0,

r Az oAs

Proof. Feasibility of (z,y, s) implies that

(Az,As) = tr(Az o As) = tr(AzoAs)=tr [Aa: o (HAz — ATAy)]
= tr(AzoHAz) — tr(Az o AT Ay)
= (Az,HAz) — (Az, AT Ay)
= (Az,HAz) — (AAz, Ay) = (Az, HAz).

Now, the positive semidefinite property of the operator H concludes the first
claim. For the second claim, we observe

tr(z(a) os(a)) = tr|(z+alAr)o(s+ a&)]

= tr(Zos)+ atr(ZoAs+ soAx) + o’tr(Az o As)
= tr(Zos)+atr(oue —zos+r)+a’tr(Az o As)
= (1 —a(l —o))tr(ue) + atr(r) + a’*tr(Az o As),

8l
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which implies

atr(r) N a?tr(Ax o As)

(45)  pla) = fila) = (1= a(l = o))+ 2= =

7l 2||MO§HF
Y T

where the last inequality follows from this fact that tr(z) < /n||z|, Vo € J.
This completes the proof. O

<1-all-o)u+a

According to (4.4), it is obvious that the complementarity gap at the new
point is reduced in comparison with that at the previous iteration if and only
if the terms HE o QHF and ||r||» are kept small enough in comparison with
a(l —o)p. However, assuming § € (0, 1), we set r = §¢, and control the barrier
reduction parameter o and the step size a such that the duality gap in the
current iteration be noticeably smaller than the one in previous iteration. The
following lemma plays an important role in our analysis. For proof and more
details see Lemma 33 in [16].

Lemma 4.5. Let x,s € J and G be a positive definite matrixz which is sym-
melric with respect to the scalar product (-,-). Then,

46) el sl < yvaond@( [t + o)

where cond(G) = f\r::i:‘«((g))

In order to ensure that the duality gap in the current iteration is noticeably
smaller than the one in the previous iteration, we need to control and obtain
an upper bound for the term HM o QHF in (4.4). The following lemmas focus
on this goal.

Lemma 4.6. Let 6 € (0,1). If (x,y,s) € Np(0), then the inexact Newton
direction (Az, Ay, As) satisfies

= 1 lopre — |
(4.7) Az o As||, < ix/cond(G)(l + J)QW.

Proof. Let G = L(s)"'L(Z). Since  and s are operator commute, G is a
symmetric positive definite matrix and

1
2

(L@Le) L@ = L) @) =6,
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1

Multiplying the last equation in (3.7) by (L(:E)L(§))_§, we obtain

N

(48)  Gi:As+G iAz=op (L(:E)L(g)) e+ (L(:E)L(g)) T Gls

Using Lemmas 4.4 and 4.5, we have
[Sroas], < [&, lasl,

< e[+ forod])
;\/m( HG%TH G%gHi . 2tr(AmoAs))
< L Jeond(@) |67 B+

Now, by using (4.8), r = 6¢ and € = ope — T o s, it follows that

|80 As|, < 5\/eond(@) o (L@)Ls) ™ e+ (LEL() Fr — Ghs
= 2 Veond(G)(1+ ) [ou (L@ L) F e~ Gl
= %\/(W(G)(l +6)? [02u2<i_1,§_1> + (z,8) — 20u(e, e)}
_ ;m (14020 r(@™") + tr(w) — 2optr(c)].

Finally, by some simple calculations, we have

F

F

. 1 ) _ .
|AzoAs||, < 2\/cond(G‘r )(1+9) ;( () +)\i(w)—2ou)
2,2 =
1 n (022 4 N(w)? — 20pXi (W)
= 2\/COI’1d(G 1—}—(522 ( (@) )
=1
1 e
< Zy{/cond(G)(1+ 5)2M
2 Anlin(w)
2
< L cona@y( + sy2llore = ol
2 (1-0)u
where the last inequality follows from the definition of AMz(6) in (4.1). This
follows the desired result. 0

To proceed our analysis, we need to obtain some upper bounds for cond(G)
and the numerator in (4.7).

Lemma 4.7. For the Nesterov-Todd method, the condition number of G is
always 1.
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Proof. In the Nesterov-Todd method, p is chosen as Lemma 2.2. This choice
concludes ¥ = s. Hence, G = I and this follows the result. |

Lemma 4.8. Let (z,y,s) be the current iterate in Np() and o0 =1 — % be
defined as a barrier reduction parameter for some 8 € (0,1). Then,

(4.9) lope — |2 < (0% + 82)ur.

Proof. Due to (3.2) and Corollary 4.3, we have

1 1 1
4.1 = —t = —tr(x = —tr(w
(4.10) p=tr(wos) = —tr(zos) = —tr(w),

which implies tr(w) = nu or equivalently tr(w— pe) = 0. Using this, we obtain

I€)7 = @ — opellz = (@ — pe) + (1 — o) el 7
= @ pel} +2(1 - o) ptr(w — pre)
+12(1 = 0)? e}
(4.11) < 0P+ npt(l—0)? = (0° + B2,

where the inequality follows from assumption (z,y, s) € Nr(6) by using Lemma
4.1. This completes the proof. O

Now, assuming the current iterate (z,y,s) € Ng(f), using Lemma 4.7 and
substituting (4.9) in (4.7), we obtain

o 92 2
(4.12) |Az o Asl|,, < (1+5)2%

4.1. Values for 6,8 and ¢. In this subsection, we obtain some values for
the parameters 6,3 and J, then we prove that with these values the new it-

erate (x(oz),y(oz), s(oz)) is feasible and well-defined. In other words, we con-
firm with an appropriate designation of these parameters if (x,y,s) € Np(6),
the new generated point (m(a),y(a),s(a)) belongs to the Np(f). Equiva-

lently, due to Lemma 4.1, it is enough to show that if (Z,y,s) € Nr(6), then
(2(a), y(a), s()) € Np(0).

Using the last equation of the inexact system (3.7) and the equation (4.5), we
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obtain

o (s 4 als) — p(a)e

o§+§ofm)+a2fxo§—u(a)e

= (1-a)Zos+aope+ ar+a’*AzoAs

t tr(Azo A
') tr(Arods)
n

I
Kl
o
|
+ 2
Q
8

- (1—-a)pe —aope —

= (1—-a)(@os—pe)+alr— tragr)e)
+a2 (AIOAStr(AmOAS)e> .

This implies

t
12(a) o s(a) — fila)elly < (1—a)[zos— pelp+allr— T
F
(4.13) +a? Txog—tr(mino@e .
F

Lemma 4.9. Let (z,y,s) be the current iterate belongs to the neighborhood
Np(8) and (Az, Ay, As) be the solution of system (3.7). If 6 = 8 = 0.1 and
& = 0.3, then the inexact feasible short-step method is well-defined. Particulary,
by starting from (x,y,s) € Np(0), after a Newton step the new generated point
(x(),y(c), s(a)) belongs to Np(6).

Proof. Clearly, using the inexact Newton search direction system (3.7), for
some appropriate constants 0,5 and J, the new iterate (z(a),y(a),s(a)) =
(z,y,8) +a(Az, Ay, As) for o € (0, 1] is feasible for primal and dual problems.
On the other hand, using |le||z = \/n, we have

tr(r) |I” s tr(r)?, o _tr(r)
=0 =+ e~ 25 e
tr(r)? tr(r)? 9
4.14 = 2 -2 < .
(414) I+ = = o
We also have
. 2 . 9
[mroas- MR8 | _jmzo a4 TELIET
n F n
(4.15) ATORS) o A oy < [Bao s

n
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Substituting (4.14) and (4.15) into (4.13) and using the definition of Ng(9),
r =0, (4.11) and (4.12), we conclude that

|7(a)e s(a) ~ Ale)el, < (1= )+ adu/6? + 52
o2 (1020 + 52)

(4.16)

1-46
The choice of the parameters 6 and 3 as § = [ guarantees that
(1+6)%(6% + 5?) 2(1+46)? ,
4.1 = == 7
(4.17) 1—-40 1-46 5%,
(4.18) V02 + B2 = V20

Choosing # = 0.1 and substituting in (4.17), we have

(1+6)2(0%+ %) 2(1+6)?
(4.19) - = 5 6.

Substituting (4.18) and (4.19) into (4.16), we have
(4.20)  [|z(a) o s(a) — a(a)e]lp < (1 — a)fu + V2asbu + 2222500,

Using (4.5) and (4.20), the inequality ||Z(a) o s(a) — i()e| p < O(e) will be
satisfied if the following holds

2
(1 — )0u + V2280 + 2042%9;1 < 6((1 —a(l—o))p+ gtr(r)
n
2
o _
+?tr(Aa: o@))

Removing the same terms appeared on both sides, dividing both sides by a6 and
using the nonnegative property of the term tr (Az ) &), the latter inequality
simplifies to

2
2au(1 +9) +V20u < op+ M
n
From Lemma 2.4, r = §¢, (4.11) and (4.18), we obtain
tr(r) ] o
4.21 < —/0? 2 =vV2—=0u.
(4.21) n_ﬁ9+ﬁu\fﬁeu

Therefore, to ensure that ||Z(a) o s(ar) — fi(a)e|| p < Ofi(ax) for any « € (0, 1], it
suffices to choose § such that

(1+6)? )
2 2 < op—\V2—0
pe—g—— + V2 <ou f\/ﬁ 1,
and this simplifies to
0 (1+10)? B
2001+ —) 42 <o=1-—.
VB4 ) 2 <o =1-
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The left hand side of this inequality is an increasing function of § and we can
easily check that this inequality holds for § = 5 = 0.1, = 0.3 and for any
n > 2. However, using Lemma 30 in [16] and the above discussion, we obtain
|w(a) — p(a)e| p < ||2() o s(e) — (el p < O(cr) and therefore, using the
definition of Np(6), we have, by simple calculations, Z(a) o s(a) € int(K). Due
to Lemma 2.6, it is clear det(Z(«)) # 0 and det(s(a)) # 0. Furthermore, since
Z € int(K) and s € int(K), by continuity, it follows that Z(a) € int(K) and
s(a) € int(K) for o € (0,1]. The proof is completed.

4.2. Tteration bound. As we show, by starting from an initial feasible solu-
tion in Ng(6), Lemma 4.9 guarantees that for any a € (0, 1] and specific values
of parameters 0, § and 3, the new generated point (z(«),y(a),s(a)) also be-
longs to Ng(6). In this subsection, we will ask for an aggressive reduction of
the barrier parameter p from one iteration to another. We will set o = 1 and
take the full Newton step by the inexact Newton system (3.7). Setting a = 1
in (4.4), we conclude that

Irle | [[Avo Asll,

Vn vn

€l 7 n [Az 0 Asl|,

Now, by substituting § = § = 0.1 and § = 0.3 in the right hand sides of (4.11)
and (4.12) and using 0 =1 — %, we obtain an upper bound for i as follows:

~ 8 V2683 0.37563 n
4.22 <(1-—4 <(1-—14

(422) p<( \/ﬁ>u+ N = \/ﬁ)u,

where B(1 — /28 — 0.3756) > 0.02 and we set 7 = 0.02 in (4.22). We show
that in each iteration the barrier parameter p can be reduced by the factor %

p)=p < (1-(1-0)p+

= A-(1—-o0))u+d

Finally, the complexity result for the inexact short-step feasible interior-point
method, which is a straightforward application of Theorem 3.2 in Wright [24],
can be stated as follows.

Theorem 4.10. Given € > 0, suppose that the feasible initial starting point
(2°,9°,5%) € Np(0.1) satisfies tr(a® o %) = nu®, where p° < X for some
positive constant k. Then, there exists an indexr L with L = O (\/ﬁlog(%))
such that ui <e VI>L.

5. Analysis of the inexact large-step method

The algorithm that we presented in the previous section is rather slow. This
is due to the fact that the barrier reduction parameter o, which is used in the
right hand side of the third equation of system 3.4, is rather small. In practice
one is tempted to accelerate the algorithm by taking larger values of o. So, in



1377 Pirhaji, Mansouri and Zangiabadi

this section, we consider the case where o is some small (but fixed) constant
in the interval (0,1) which leads to an efficient algorithm, namely large-step
interior-point algorithm. In this section, we briefly prove the convergence of
this method when it is used in inexact IPMs. As we have mentioned before, we
assume that in large-step methods the current iterate (z,y, s) € Ma(y). Similar
to the analysis of short-step method, we also accept the error term r = §¢ with
¢ =ope—wand d € (0,1). According to the definition of N3(7y), we can obtain
an upper bound for the [|{||, as follows:

@ — pe + (1 — o)pell,
[0 — pelly + (1 —o)p

max{g ) (L= )} + (1 — o) = (% — o),

1€lly = [l — opelly

IN

(5.1)

IN

where the last equality follows from v € (0,1). Similar to the analysis of short-
step method, we need to obtain an upper bound for the term ||Ax OQHF.
This is a key result of the next lemma.

Lemma 5.1. If the current iterate (, y, s) € Na(7), then the inezact scaled
Newton search direction (Axz, Ay, As) satisfies

— 1+46)% 1 9

(5.2) HAQEO§HF < n(—;)(’y —0)*p,
Arons) <nlltT L

(5.3) tr(Az o As) < 5 (’Y )i

Proof. According to the definition of N5(7y), in the similar way to the proof of
Lemma 4.6, we have

2
%\/cond(G)(l + 5)2M

1Az o As|

IN

)\min(w)
1 2
< ix/cond(G)(1+6)2nM
Y
2
< nM(l — 0)2/17

v Y
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where the last inequality follows from Lemma 4.7 and (5.1). This implies
inequality (5.2). To prove (5.3), using Lemmas 2.4, 4.4 and 4.5, we have

tr(Bzons) < |7, lAs]y
e (Jo o ot
- ;m(uG21A30+G£A5Hi—2tr(Aa:oAs)>
< §Veond(@) @ ¥ Br + chas|

Thus, in the same way as the proof of Lemma 4.6, we have

_ 1 —w|?
tr (AzoAs) < 5\/cond(G)(1+5)2M

Amin(w)
2
1 —
< ix/cond(G)(l + 5)2n”UM€WLw||2
14+6)* 1
< n( i ) (7 - 0-)2/1/7
v v
where the last inequality follows from Lemma 4.7 and (5.1). This concludes
the result. O

Now, we are ready to conclude some conditions which ensure the inexact
large-step feasible IPM is well-defined. In other words, we want to demon-
strate that by starting from the current iterate (z,y, s) in N2(v), under certain
conditions, the generated iterate (z(a),y(a), s(a)) belongs to Na(7).

Lemma 5.2. Let (z,y, s) be the current iterate in the Na(v) and (Az, Ay, As)
be the solution of system (3.7). The inexact large-step feasible IPM is well-
defined if the step size o € (0, 1] satisfies the following conditions:

64 ab+ Ll —op <ou-a) - 5040 -0,
(1+6)%2 1 5, <1 l_g . 1 .
(5.5) an 5 (; —0) —|—5/y (’7 > + (0 —7) < (’Y 1)o.

Proof. According to the definition of N3 (7),

(5.6)  (z(a),y(a), s(@)) € Na(y) & yp(a) < Aj(w(a)) < —p(a),

1
v

or equivalently, due to Lemma 4.1, (Z(a),y(a), s(a)) € Na(7) if and only if

(5.7) () < A (9(0) a0 Ay (@(a) < = (),

2= m
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and (Z(a),y(a),s(a)) € F°. Using Lemma 2.20 in [14] and equation (4.5), we
deduce that yf(a) < Apin(@0()) if

n

Az oAs
~ ((1 —a)u+aop + atrér) +a? ( 7) ) < Amin(Z(@) o s(a)).

On the other hand, due to r = §§, Lemmas 2.5 and 5.1, we have

Amin (Z(@) 0 s(@)) = aop + Amin {(1 —a)Tos+ar+ a? (E o &)]

oo+ Amin (1 — a(1+46))Z 0 s + adope + a® (Az o As))
(14 8)aop + Amin (1 — (1 +0))Z 0 s+ o” (Az o As))
> (1+6)aop+ (1 — a(l+6)Amin(Z o s) — o® ||Az o As||,,
= 14+ 6acu+ (1 — ) Amin(Z 0 8) — adAmin(Z 0 8)

o |[B7o as],

> (14 0)aopu+(l —a)yu — laéu —a‘n
Y
However, yfi(a) < Apin(0(c)) if

tr( Az o As
t 29
7((1—04),u+aau+04 rT(LT)+a2 ( - )

) < (14 0)aou+ (1 —a)yu

2
(1+®(igy”

Canceling the identical terms from both sides and dividing both sides by «, we
conclude a tighter version of the later inequality as follows:

o <7tr (Bz04s) Tt O’ (l - 0)2“>

1
——adp —a’n
y

n Y Y

) tr(r
Iz . (r)
n

<(1+d8)ou— b you tr(r)'

:(1*7)0u+(0f%)5uf7

Using (5.3), we have

tr (AzoAs 1+6)* 1 14+6)* 1
prBreds) L UET L opy < @EL L oy
n Y Y v Y
on the other hand, using (5.1), from
1
(5-8) Irlly = &1l < 5(; —o)u,

(5.9) Iﬂvﬂénwmén&%—dm
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we obtain
(I =7)opu+ (o %)M gl (T) > (L=7)op+(1+7)(0c— %)5%
Finally, yi(r) < Amin (w(av)) if
a((v+n)( )2(—0)2u> < (1=y)ou+ (1+7)(o - 2)op
v gl

This follows the first part of the lemma. To complete our proof, it is enough
to obtain some conditions in which A\pax(@0(a)) < u( ). Using equation (4.5)

and this fact that Apax(@(a)) < Anax(Z(@) O§(a)) (see [16]), we deduce that
Amax(W(a)) < yp(a) if

tr (Tx o Q)

n

Amax(Z(a) o s(a)) < v [ (1 —a)p+aop+a +a?

tr(r)

Moreover, using r = §¢, Lemmas 2.5 and 5.1, we have
Amax (Z(a) 0 s(a)) = aop + Amax [(1 —a)Zos+ar+a® (AzoAs) }
= a0t + Amax ((1 —a(1+6))zos+ adope + a? (Eo &))
= (1+0)aop + Amax (1 — (1 +6))Z o s+ a® (Az o As))
< (1 +0)aop+ (1 — ol +0)Amax(Z 0 5) + o |[Az o As||,,
=(1+0)acpu~+ (1 — a)Anax(T 0 8) — @b Amax(T 0 )
+? [Bz0 A

1 1
<(14d)aop+(1-— a);u —adyu+ agn( il

Then, Amax(w(a)) < a(a) if
2
(1+5)aou+(1—a)lu—a57ﬂ+a2n(1+6) (%—J)2ﬂ§
v
tr (Azo A
! ((1—a)u—|—ao,u+atr(r) + o? ul mos)) .
y n n

Canceling the identical terms from both sides, dividing both sides by « and
simplifying the later inequality, we obtain the following inequality

2
(I1+8)op —oyp+ an(lm(i —0)’u
() | (B0
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or equivalently

1 2 1 tr AJSO& t
nﬂ(* — o)~ ( ) _ ) o By~ (14 8)op
vy n Ty

Now, using (4.3) and (5.9), the inequality Amax(

g
£
IN

2=
=
£
=

e,

(oW

)]

=

2
om(l +9) (1 —0)’u+ (51 <1 - 0> < (l —Dop+ (y—o0)dp.
v v 7 A\Y Y
Dividing both sides of the later inequality by p concludes the inequality (5.5).
To end the proof, it suffices to show that the new generated point (Z(«), y(a),
s(a)) € F° To this end, using the inexact Newton system (3.7), it is clear
that the new generated point (Z(a),y(a),s(e)) is primal-dual feasible. As
we have proved, for the specific value of the step size a, we have vi(a) <
Aj (Z(a) o s(a)) < %ﬂ(a), which implies, by simple calculations, Z(«) o s(a) €
int(K). Therefore, due to Lemma 2.6, we have det(Z(«)) # 0 and det(s(«)) #
0. Furthermore, since Z € int(K) and s € int(K), by continuity, it follows that
both Z(a) € int(K) and s(«) € int(K), which completes the proof. O

As we have mentioned, each iteration of IPMs takes a step along the search
directions and causes a reduction of the barrier parameter p. This leads to a
reduction in the duality gap. In order to complete the analysis, we need to
obtain some conditions that guarantee the reduction of the duality gap after
updating the barrier parameter pu. This fact is the main goal of the following
lemma.

Lemma 5.3. Let (z,y,s) be the current iterate in N2(7y) and (Az, Ay, As) be
the solution of system (3.7). If the step size a € (0, 1] satisfies

[N CEST) Lo B
(5.10) U+(5(7 )+ 5 (7 ) <0.9,
then
(5.11) (o) < (1—0.1a)p.

Proof. Substituting (4.5) into (5.11) and dividing the obtained inequality by
a, we deduce (5.11) only if

tr(r) N atr (Az o As)

ou+ <0.9u.

Substituting (5.3) and (5.9) in the above inequality, we conclude (5.10). This
completes the proof. O
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5.1. Complexity bound. In the previous section, we proved that under con-
ditions (5.4), (5.5) and (5.10) the inexact large-step feasible IPM is well-defined.
Now, it remains to set appropriate values for the parameters 7, o and § to guar-
antee that all these conditions hold. To this end, we set v = 0.5,0 = 0.5 and
¢ = 0.05 which are called the proximity constant, the barrier parameter and the
level of error, respectively. These choices guarantee that all three conditions
(5.4), (5.5) and (5.10) are satisfied by a = =3, for any n > 2. However, with
this value of «, the inequality (5.11) gives p(a) < (1 — Z)u where n = 0.002.
The following theorem, which is a straightforward application of Theorem 3.2
in Wright [24], concludes the complexity result.

Theorem 5.4. Given e > 0, suppose that a feasible starting point (x°,9°, s%) €
N2(0.5) satisfies tr (xo o SO) = nu®, where p° < Ei,c for some positive constant
k. Then, there exists an index L with L = O (n log(%)) such that ,ul <e, v >
L.

6. Numerical results

In this section, we report the computational performance of the proposed
inexact short- and large-step feasible IPMs for CQO problems and CQSDO
problems, which are two important classes of CQSCP.

Example 6.1. Consider the primal problem of CQO in the standard form
min {%wTHx +cfz  Az=bx> 0},
and its dual problem
max {—%xTHx +bTy « ATy —Hz+s=c, s >0},

with the following data [23]:

30000000
2 382 5 6 0 2 02000000
8 4 11 2 5 1 3 005 0000 0
A_| 4365 3 122 . 100040000
5258 1 2 6 3| 0000100 0]
6 1 4 3 10 1 4 7 00000 S 8O0 0
4218 5 3 2 3 0000O0GO0 70
L 00000 O0O0 6|

[ 6.9998 ]

2.6292 5.9999

2.3475 0.9997

o | 24414 | | 8.0004

3.0048 |’ 3.9999

3.3804 1.9997

2.6292 2.9999

| 4.9998 |
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Assuming the allocated values of the parameters §, 5 and o in subsections
4.2 and 5.1 and considering the accuracy parameter ¢ = 1072, we respectively
need 234 and 155 iterations to reach an e-approximate optimal solution of the
CQO problem by using the inexact short- and large-step methods.

Example 6.2. Consider the primal problem of CQSDO in the standard form:
1
min {iXoH(X)—i-C’oX Ao X =bi=1,2...,m, X =0},

and its dual problem
1
max {—2X ¢ H(X) X)+b"y Z,%A - H(X)+S8=0C, S0},

with the following data [23], where C' € S™ (S™ is the vector space of sym-
metric matrices) and b € R™. The notations ” = 7 and ”e” respectively
denote the positive semidefinite matrices and the inner product of symmetric
matrices, A; € 8" are linearly independent matrices and H : S" — S™ is a
self-adjoint positive semidefinite linear operator on 8™, i.e., for any M, N € S™,
H(M)eN=MeH(N)and H(M)e M > 0.

0 1 0 0 0 0 0 -2 2 0
1 2 0 0 -1 0 2 1 0 2
Ar=|0 0 0 0 1 |,A=|-21 -2201]|,
0 0 0 —2 -1 2 0 0 00
0 -1 1 -1 -2 0 2 1 0 2
2 2 -1 -1 1 2 3 -3 1 1
2 0 2 1 1 3 4 3 1 2
As;=|-12 0 1 o0 |,C=]-33 -2 1 2 |,
~1 1 1 -2 0 1 1 1 -4 -1
1 1 0 0 -2 1 2 2 -1 -2
10000
0100 0 —2
H=|0 010 01|,b=] 2
000 10 —2
0000 1

We solve this example by using both the inexact short- and long-step TPMs.
For both algorithms, the parameters ¢, 5, o and ~ are assumed as described in
subsections 4.2 and 5.1 and the accuracy parameter ¢ is set to 107°. For the
inexact short- and long-step feasible algorithms we need 222 and 184 iterations
to reach our accuracy, respectively.
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7. Conclusions and remarks

In this paper, we presented an extension of Gondzio’s algorithm [15] on CQP
to CQSCP. In fact, we used the inexact feasible IPMs on CQSCP to drive cer-
tain conditions which short- and large-step inexact feasible primal-dual algo-
rithms would be well-defined. By using an elegant analysis, we proved that the
complexities of the inexact short- and large-step feasible IPM are O(y/nlog(1))
and O(nlog(1)), respectively, which coincide with the best-known iteration
bounds for solving CQSCP by exact feasible IPMs.
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