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1. Introduction

We study the existence of solution for the following quasilinear Schrodinger
equation

(1.1) — A+ V(@) — [A(L + u?) ] —

2(1 + u?)3
These equations are related to the existence of standing wave solutions for
quasilinear Schrodinger equations of the form:

(1.2) iz = =Dz +W(x)z — h(|2*)z — Al(|2)(|2)?)z, 2 € RN, N > 2,

where W is a given potential, [ and h are real functions. Quasilinear equations
of the form (1.2) have been established in several areas of physics corresponding
to various types of [, see [5,0,8,12,19] for physical backgrounds. The superfluid
film equation in plasma physics has this structure for [(s) = s [9]. In this case,
the first existence results are due to [18]. Subsequently a general existence
result was derived in [13]. In [13], the authors make a change of variable and
reduce the quasilinear problem to semilinear one and Orlicz space framework
was used to prove the existence of positive solutions via the Mountain pass
theorem. The same method of changing of variables was also used in [3,16,17],

= h(u), =R
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Quasilinear Schrédinger equations 1388

but the usual Sobolev space H' (RN) framework was used as the working space.
Precisely, they first make the changing of unknown variables v = f~1(u), where
f is defined by ODE:

F(t) = ——

VI+2f2(1) te

and f(t) = —f(—t), t € (—00,0]. In the case I(s) = (1 + 5)2, Eq.(1.2) models
the sel-channeling of a high-power ultra short laser in matter [10]. In this
case, few results are known. In [l], the authors proved global existence and
uniqueness of small solutions in transverse space dimensions 2 and 3, and local
existence without any smallness condition in transverse space of dimension 1.
In [24], the authors proved the existence of nontrivial solution with N > 3. In
this paper, we will extend this result to the case N = 2 by using a change of
variables due to [22].

Let Q be a bounded domain in R?, the Trudinger-Moser inequality [14,21]
asserts that

[0, +00),

exp(alu|?) € L' (Q), Yu € Hy(Q), Ya > 0.
and
sup / exp(alu|?)dz < C, Va < 4nr,
Jull gy <1 /2

where Q ¢ R? is a bounded smooth domain. Subsequently, [2] proved a version
of Trudinger-Moser inequality in whole space, namely,

exp(aful?) — 1 € L*(R?), Vue H'(R?), Va > 0.

Moreover, if a < 47 and |u|2gz2) < C, there exist a constant Cy = C2(C, o)
such that

(1.3) sup / (exp(alul?) — 1)dz < Cs.
IVullp2m2y<1 /R?

The main purpose of this paper is to obtain standing wave solutions for
quasilinear Schrédinger type problems (1.1) and h satisfies the following growth
critical condition:

(c)a0 there exists o, > 0 such that

h(t)] {o Va > ay,

m —— =
t—ooexp(at?) +oo Va < a,.

Before stating the main result, we assume that the potential function V :
R? — R is continuous and satisfies the following conditions

(Vo) V(z) >Vy >0, forall z € R

(V1) lim V(x) =V, and V(z) < Vo < 00, with V() # V, forall z €

|z|— 00

R2.
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The nonlinearity h : R? — R is Holder continuous and satisfies the following
conditions
(Hy) h(t) =o(t) as t — 0.
(Hz) h(t) has at most critical growth at +o0o, there exists 5y > 0,
th(t)

im ————-> 060 >0
t—>+ooexp(aopt?) — bo >0,

where ag is given by condition (¢)a,

(H3) The Ambrosetti-Rabinowitz type growth condition: There exists p > 2
such that

0 < ug(t)H(t) = ,ug(t)/o h(s)ds < G(t)h(t), t>0.

2a0(2)% —1)7Y 2)ifo<t <1, .
Obviously h(t) ao(g)ﬁ(expao ) exp(a02 )% ~ satisfy Hi, Ho, Hs
200(2) 2 (expan — 1) exp(aont®) if ¢ > 1,

conditions.
Our main result is the following;:

Theorem 1.1. Assume that V(x) verifies (Vo) — (V1) and h(t) satisfies (Hy) —
(H3) and (¢)a,- Then Eq.(1.1) has a positive solution.

In this paper, C' denotes positive (possibly different) constant, LP(RN) de-
notes the usual Lebesgue space with norm |ul, = ( [z |u|pdx)%, 1<p< oo,
H'(RN) denotes the Sobolev space with norm ||u|| = (Jan (IVu?+V (z)u?)dx) z,

2. Preliminaries

We note that the solutions of (1.1) are the critical points of the following
functional

(2.1) I(u) = %/R?[l + ﬁHVMzdm + % /R2 V(x)u?de — - H(u)dz,

where H(u) = [ h(s)ds. Since the functional I(u) may not be well defined
in the usual Sobolev spaces H'(R?). We make a change of variables as v =

= [, g(t)dt, where g(t) = /1 + (1+t2), see[23]. Since ¢(t) is monotonous

w1th respect to |t|, the inverse function G™1(¢) of G(t) exists. Then we get
1 1

(2.2) Jw) = f/ \Vv|2d:v+f/ V()G (v) dz—/ H(G
2 R?2 2 R?2

Note that since lim; o G=1(t)/t = 1 and lim;_, . |G7L(2)|/t = , we see that
J(v) is well defined in H'(R?) and J(v) € C*.
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If u is a solution of (1.1), then it should satisfy

u?

(2.3) /R2[(1 + m)VUVg@ + V(z)up — h(u)pldz =0, Ve € C&(R?).

We show that (2.3) is equivalent to

(o) :/ [Vovy + V()
R?2
=0, Vi € C°(RA).
Indeed, if we choose ¢ = ﬁzﬂ in (2.3), then we immediately get (2.4). On the
other hand, since u = G~1(v), if we let ¥ = g(u)p in (2.4), we get (2.3).

Therefore, in order to find the nontrivial solutions of (1.1), it suffices to
study the existence of the nontrivial solutions of the following equations

G'(v)  W(GT(v))
9(G=1(v))  g(G(v))
We define —Av = K(z,v), where

G~ (v)
9(G=H(v))

(2.4) V-

=0.

(2.5) —Av + V()

G Hv) | WMG(v))
9(GH(v))  g(G(v))

Before we close this section, we collect some properties of the change of
variables.

(2.6) K(x,v) ==V (x)

Lemma 2.1. (1) \/gt <|GYH#)| <t, forallt>0;
2) (G7Y(t))'| <1, forallt € R;
¢

3) lim Wl — 1,

(
(
(4) Jim 1901 = /2.
(5) \/3G7H(t) <HGTH(1)) < GTH(t) for all t > 0;
(

6) tz'(g) <5-2v6 forallt € R.

Proof. (1) Since [G~1(t) — (10) t] = ﬁ (0) <Oand [G7(t)— %t}’ =
m—ﬁEObo t<G ()< tfort>0thatlbmt:

\/gtgG*U

g(c0) 9( )

q(O)t = t, for t > 0, which proves (1).

Since %gn ®) = ((G7X#)) |t=0 = iR 1(0)) =1 and g¢(t) is increasing, so

properties (2) and (3) are clear.
For (4), the result is clear since g(¢) is an increasing bounded function.
For (5), since g is a increasing function, then G(t) < g¢(¢)¢, which implies

that t(G=1(t))’ < G71(t). On the other hand, by (1) and \/g <(G7(t) <1,

we get \/2G1(1) < (G (1))
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Since
L /(t) B t2 - t2
a7\ T 20 2)202(t) T 2+ 52 + 3t4
1
=~ <5-26,
Z4+5+32
which proves (6). O

3. Mountain pass geometry

In this section we establish the geometric hypotheses of the mountain pass
theorem.

Lemma 3.1. There exist pg,ao > 0 such that J(v) > ag for all ||v]| = po.
Proof. Let
1
Qz,1) == =5V (@)|G O + H(G' ().

Then, by Lemma 2.1 and (Hz), (Hs), for € > 0 sufficiently small, given
a > aq, there exists a constants C. > 0 and p > 2 such that
Q(z, 1) 1

(3.) = = V@),

Q(z,t)

(32) tgr&tp‘*‘l(exp(at?) — 1) =0.
1
(3.3) Q(z,t) < (75V(x) + e)t? + Cc(exp(at?) — 1)tPTL,
By Trudinger-Moser inequality
(3.4) / (exp(at?) — 1)dx < C,
R2

for every ¢ > 1 close to one, it follows from the above inequality and Hoélder
inequality that

(3.5)
v|PT (exp(av?) — 1)dx o] P ) 7 exp(av?) — 1)%)s
[l esptan®) = e < ([ ol @ aay ([ (explant) 19

R?2

1
7

< O( / o] PV dz)
RZ

< ClofP*.
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1
’

7= 1. Then, we have

where % +
J(v) = 7/ ‘VU|2dl'+l/ V(w)|G71(v)|2dx—/ H(G ' (v))dzx
2 Jr2 2 Jr2 R2

> 1/ \Vv|2d$+1/V(x)U2dx— E/1}2dx—0/ (|v]P ™ exp(alv|®) — 1)dx
2 Jr2 2 g2 2 Jr2 R2
> Cllol* = Cllv[|"*,

which implies the result since 2 < p + 1. Thus, by choosing py > 0, a¢ small,
such that J(v) > ag, if ||v|| = po. O

Lemma 3.2. There exists v € H'(R?) such that J(v) < 0.
Proof. Given ¢ € Cg°(R2,[0,1]) with suppp = By. We will prove that J(tp) —

—o0 as t — 0o, which will prove the result if we take v = ty with ¢ large enough.

Since G~1(v) < ﬁv, by (H3), we have

1 1
J(tp) < 42/ |Vg0|2da7+ft20/ Voo|<p|2da:f/ H(G™ ty))dx
2 R2 2 R2 R2
1 1
< 42/ |Vgo|2dx+ft2C/ VOO|<p|2dx—Ct”/ .
2 R2 2 R2 R2
We get the result since p > 2. g

4. Existence

In consequence of Lemma 3.1 and 3.2 and of Ambrosetti-Rabinowitz Moun-

tain Pass Theorem [20], see also [4,7, 11], for the constant
¢ = inf sup J(y(¢)) >0,
7€lee(0,1)

where I' = {’y e 0([0,1], HY(RN)) : 7(0) = 0,7(1) # 0, J(4(1)) < o}, there ex-
ists a Palais-Smale sequence at level ¢, that is, J(v,) — ¢ and J'(v,) — 0 as
n — 00.

Lemma 4.1. The Palais-Smale sequence {v,} for J is bounded.
Proof. Since {v,} C H'(R?) satisfies
1 1
T =5 [ Foadot 5 [ V@6 0P
2 R?2 2 R?

(4.1)

- H(G Y (vy))dx — ¢,
R2

and for any 1 € C$°(R?),

T (on)) = /R [wnwp V()
= o(1)[[¥].

G (vy)
(G~ (vn))

(4.2)
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Since C5°(R?) is dense in H'(R?), by choosing ¢ = v, in (4.2), we deduce
that

o [ Ty O @) 7
a0 [PV e = Sy
= o(D)lval-
By (4.1) and (4.3), using (Hjs), we get
ud(vp) = J (vp)v, = 7/ |V, |*dz
-1 — 1 v X
+/RQV(I)G ( ){ pG= (vn) 9(G=1(v,)) "}d

_/R2 [uH (G (02)) - mun]dx

> “T_Q[/ \vvn|2dx+/2V(x)|G—1(un)|2dx]

Since G(t) < g(t)t, so G 1(v,) > TCeatrmyie [vn Hence,

-2
pd (v) — J (vp)v, > r—= [/ |V, |*dz + 7/ V(x)vnde},
2 R?2 3 R?2

which implies the result. 0

From Lemma 4.1, there exists v € H'(R?) such that v, — v weakly in
H'(R?) and J'(v)i) = 0 for every ¢ € C$°(R?), that is v a weak solution.
In fact, recalling the definition of the function K given by (2.6), it suffices to
prove that:

K(z,v,)0 — [ Kz, Y e CPR?).
R2 R?
In order to verify this convergence, given ¢ € C§°(R?), we denote by Q the
support set of ¢. Since {v,,} is bounded in H'(R?), we may take a subsequence
denoted again by v,, such that:

v, — v in HY(R?); v, = vin LY(Q), ¥V ¢ > 1; v,(z) = v(x) a.e.in Q.

Moreover, from preceding paragraphs, we know the sequence { [ K(z, vn)z/wn}
is bounded. Then, invoking Lemma 2.1, we have

K(m,vn)z/}:/QK(x,vn)z/J%/QK(x,v)i/): K(z,v).

R? R?2

Hence, v is a weak solution of (1).
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In order to show v is nontrivial, we will estimate the minimax level ob-
tained by the Mountain Pass theorem. First, we introduce some notations and
facts. Let Vi be given by condition (V;). Consider the Sobolev space H'(R?)
endowed with the equivalent norm:

o] = (/ Vo2 + Vier?)72, o e H'(R?).
We define the functional I, : H'(R?*) — R given by:

1
Ieo) = 5 [ (90 4 Vier?) = [ HG 0
Working with the analogue of J, the function I is well defined and belongs
to C'(H'(R?),R).
Now, we take By given by (Hz) and let > 0 be such that

2V6
>

oqr?’

(4.4) Bo

where a1 = apd, 0 < < \/g
We consider the Moser sequence [14] defined by:

(logn)'/2 iffe| < 7,
M, (z,7) =M, = Ton (log(r/|z]))/(logn)'/? 1f% <|z| <,
0 ifjx| > r,

which satisfies: M, € H'(R?) and ||M,||? = 1+ O((logn)~!), as n — oo.

Moreover, let M, (z,r) = M, = M,/|M,|, it is not difficult to see that

M2(x,r) = M2 = (2r)~tlogn + d,,, where d,, is a bounded real sequence.
Thus we have the following estimate, whose proof is based on the argument

used in [15] Lemma 5.

Proposition 4.2. Suppose h(t) satisfies (c)a, and (Hy) — (Hz). Then, there

exists n € N such that: max{I.(tM,) : t > 0} < C* = 4T

aoéand0<5<\/§

Proof. By contradiction, suppose that for all n we have
max{/l(tM,) : t > 0} > C*.
Thus, there exists ¢, > 0 such that
Io(tnMy,) = max{I(tM,) : t > 0}.

By the definition of I, and M, we have
t2
Io(tn,M,) = 2 — H(G Y (t,M,)) > C*.
2 RN

where o =
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Since H > 0, we get t2 > 2C*. On the other hand, by 41 (tM,)[=, = 0.
We have

Bm [ MG MG (M)
(4.5) e

B / tn M h(G™ (1 M) G (tn M) da.
|z|<r

By (Hz), given € > 0 there exists R > 0 such that for all ¢ > R. and for
all |x] < r,th(t) > (Bo — €)exp(a,t?). Since M,, — +oc as n — oo and t, is
bounded below by a positive constant, i.e. ¢, > ¢, M, (z) > R, as n — 0.

Since /2671 (t) < #(G (1), then

ton M h(G™H (t, M) Gt M) >4 =Gt M) WG (t, M)

mm

%

(Bo — €)exp(ag (G71 (tnMn))2)~

On the other hand, since thm le” @l l(t)‘ \/7 then G~1 > 0t, for 0 <

V3 as o boolt > Ro). So £, Mh(G (4, M)IG (M) > /3 (50

e)exp(agd®t,® M,”).
Let o1 = apd?, then

2
4.6 >4/ = —€ exp(aq (tp My,)?).
(16) 25000 [ et
>\ 28— (5 Peapl(onf (2m) " logn) + aa2d].

Thus

2
1> \/;wo — ymrerp{(ant? (2m) " logn) + antid, — 2logn — 2logt,),

which implies that ¢,, is bounded.
By t2 > 2C* and

2
2 > \/;(ﬁo —e)mrlexpl(aqt? (2m) "t — 2)logn 4 ayt2d,)

it follows that:
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Now, let

An = {I . tnMn Z R€7 |.I‘| S T}'

B, ={x:t,M, < R, |z| <r}.

t = / tn M h(G ™ (6 M) [G™H (M)
|z|<r

:/ b My h(G™ (6, M) G (8, M)
A,UB,

Z\/g(ﬂo —€) /|x§7" explog (tn M,)?] — \/3(50 —€) /Bn explon (ta M)

+/ b My h(G™ (tn M) [G ™ (80 M,)]

n

Since M,, — 0 a.e. in B,, then by the Lebesgue Dominated Convergence
Theorem,

/ b Mo (Gt M) (G (£ M) — 0
B,

and

/ exp(al(tnMn)2) - 7TT27
B,

as n — oo. On the other hand, since t2 > 4@—’:, then

2 2
/w<r explag (tn M) 2/ expldn(M,)“]

lz|<r
—( / + / Jeapldm(M,)?].
lz|<E =< z|<r

Now,

/ expldr(M,)?] :/ exp[2logn + 4nd,]
lz|<% lz|<%

zﬂ(%)QnZexp(élﬂ'dn)

=nriexp(4rd,),
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— 1
and f£<|m|<r expldm(M,)?], let t = re~[1Mnll(logn)Zs " thyg

/r<| < 'exp[47r(Mn)2}

4r 1 (log 5)?
—[ e )
F<lel<r |[M, |2 27 logm

r log 7)?2
:27r/ texp{2%}
; log n|[My|[?

n

1~
(logn)2 || M, ||~ TN 1,02 L YA 1
:%/ re= IV l10sm) b 252 L1 T (10g )3 e lIMT G0z m) b s g
0

(logm) 2 [[MalI”" R .
2o [ 21100805 A7 log m) s
0

2 P 1 —
2mr [ 21T [(tog ) s log ) 21311
_9 € 0

=—1r

2

2e=2len _ 1] — 772,

Thus
t2 > \/g(ﬂo — ¢)[rriexp(dnd,) + 7% — \/z(ﬁo —e)mr?

Since d,, — dp > 0, then we get

2 > \/g(ﬂo —e)mr.

So i—’lr > \/g(ﬁo — €)mr?. Hence, we gain (8y —€) < 21/7,62, which contrary to
(4.4). Thus Proposition 4.2 is proved.
The following lemma shows that the Cerami sequence {v,} has a nonvan-

ishing behaviour.

Lemma 4.3. There exist positive constants a and R, and a sequence (y,) C R?
such that

(4.7) lim G (v))* > a >0,
n—oo B
R(yn)

where Br(z) denotes a ball of radius R centred at the point x.

Proof. Suppose by contradiction that (4.7) does not occur. Then

(4.8) lim sup /B (G~ (vp)]? = 0.

—
nmree yER? R(yn)
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From (4.8) and applying a Lions compactness lemma [11] we obtain as n — oo,
(4.9) G~ (vn) — 0,inLY(R?),Vq € (2, 00).
Then, we can show the crucial part of this proof, which is the following:
(4.10) h(G ()G (v,) — 0,

R2

as n — oo. To prove such convergence, we start arguing as in the proof of
Lemma 4.1. Thus, J(v,) — C5. So J(vn) = 2||vg|| = [ H(G™*(v,)) and

T (02)9(G ™ (62))G " (v2) = /RZHD%P +& 2?3?’555»(“””

+ V(@) (G (va))? = h(GT (va))G™ (vn)]-

| D, |?

Thus
C
(4.11) |Du, | < =2,
¢
for some (.

From lemma 2.1 (4), there exist o > \/g and R > 0 such that

(4.12) G7(t) < ot,¥t > R.

Now, we take o > a. From (H;) and (¢)q,, given € > 0, there exists a positive
constant C' = C/(e, «, q) such that:

(4.13) h(t) < et + Clexp(at?) — 1)t3,Vt > 0.
Thus, using (4.11),(4.12) and (4.13), we get for every n > ng

0 S/W h(G~(0,))G (vn)
<e [ 167 @+ [ (explal6™ @) - )6 ()
R?2 R?
- / G ()P +
R2

c{ Hexp(alG™ (va)]?) = G (vn)*

+/

{z;\v"(wﬂgR} {$§‘U7l($)|2R}

Se/ G )2+ [ (G (o)
R2

R?2

—|—C’(/R2 (exp(ar[Gfl(Un)F) _ 1))1/r( G’l(vn)‘lr')l/r’

R?2
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ge/Rz[G* )P+ [ 167 (wn)]
2C3, Un

exp(aro ~3 2 1/r 710 4ar’'\1 /7’
+0( [ fespare ZEER =) ([ 67 )

where r satisfies (4.4) and 1/r + 1/ = 1. By Proposition 4.2, we may take
a > ag such that aro?Cs < 47¢. From (1.3), we get the last integral is bounded
uniformly. Hence, from (4.9), we conclude that (4.10) holds. Now, we are ready
to conclude the proof of Lemma 4.3. Taking again w,, = G~1(v,)/[G1(v,)]".
We have

o(1) =J" (vp)wy

_ LGN 1y 9 2
= [0 s (G @) Vo P

+/ (V@G (wn)]* = MG (02))G ™ (vn))dx
R2

2 —1 2 -1 -1
2/112 Vo, der/RZ)(V(x)[G (vn)]* = R(G™ ()G (V) )dex.

Then from (4.10), we conclude that

(4.14) /|an| —|—/V vp)]2 — 0,88 n — o0.
On the other hand, by (Hj3) and (4.10), we also have

(4.15) /RQ H(G Y(v,)) = 0,as n — 00.

By combing (4.14) and (4.15), we get a contradiction because
0<co= lim J(v,) =0.
n—oo
The proof of Lemma 4.3 is complete. |

Now, we consider the functional at infinity J, associated with J. We define
Jso : H'(R?*) — R by:
1 1
Joo(v) = f/ |Vo|?dx + 7/ Voo |G (v)]?dw — H(G '(v))dz.
2 R?2 2 R?2 R?2
Lemma 4.4. The Cerami sequence {v,} is a (PS) sequence for J at level
Co-
Proof. From (V1), given € > 0 there exists R > 0 such that

[V (z) — Vool < €,V|z| > R.
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Thus,

‘JOO('Un) - J(Un)|

1 -1 2 1 Vi 1 V2d
=3 [, e V@IET P g [ - VG )

1
<GV -Vl [

Br(o)
<o(1l), as n — oo,

(@ o)+ e / G (o)Pda

R?\ Bg(o)

where in the last inequality we made use that:
/ (G (v,)]* = 0,a8 n — oo,
Br(o)

since G~'(v,) € H'(R?) and the embedding H'(R?) into L4(R?),q > 1,is
locally compact and v, — v = 0 weakly in H 1(RQ).
Therefore,

Joo(Un) = o, 88 n — 00.
Similarly,

sup |(Jog (vn) = J'(vn), )l
i<t

— sup | / (Vi — V()G (0)[G~ (0)] ¥
l¥l<1 JR?2

o(l),as n — co.

Hence J. (v,) — 0, as n — oco. This proves Lemma 4.4.
Finally, by [17] Theorem 1.1 is proved. O
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