
Bulletin of the Iranian Mathematial Soiety Vol. 32 No. 1 (2006), pp 33-44.TAU NUMERICAL SOLUTION OF VOLTERRAINTEGRO-DIFFERENTIAL EQUATIONS WITHARBITRARY POLYNOMIAL BASESJ. POUR-MAHMOUD*, M. Y. RAHIMI AND S. SHAHMORADCommuniated by Mohammad AsadzadehAbstrat. The purpose of this paper is to investigate the Taumethod with arbitrary polynomial basis whih is developed to �ndnumerial solutions of the Volterra integro-di�erential equations(VIDEs). The di�erential and integral parts appearing in theseequations are replaed by Tau operational representation to onvertVIDEs to a system of linear algebrai equations. Some numerialresults are given to demonstrate the superior performane of theTau method, partiularly, with the Chebyshev bases.
1. IntrodutionLet us onsider the general form of linear Volterra integro-di�erentialequation: Dy(x)� � Z xa k(x; t)y(t)dt = f(x); x 2 [a; b℄ (1.1)with nd independent onditionsMSC(2000): 65R20Keywords: Tau method, Integral and Integro-di�erential equationsReeived: 13 June 2006�Corresponding author 2006 Iranian Mathematial Soiety. 33



34 Pour-Mahmoud, Rahimi and ShahmoradndXs=1[(1)js y(s�1)(a) + (2)js y(s�1)(x0)℄ = dj ; j = 1; 2; � � � ; nd (1.2)where f(x) and k(x; t) are given ontinuous funtions and �; a; (1)js ; (1)js ,x0 2 [a; b℄ are given onstants and nd is the order of the di�erential op-erator D with polynomial oeÆients pi(x):D = ndXi=0 pi(x) didxi ; pi(x) = �iXj=0 pijxj (1.3)while �i is the degree of pi(x).Hosseini and Shahmorad [1, 2, 3℄ developed the Tau method to �ndnumerial solution of the Fredholm, Volterra and Fredholm-Volterraintegro-di�erential equations with the standard bases X = [1; x; � � � ℄Tand Fredholm integro-di�erential equations (FIDEs), in partiular, witharbitrary polynomial bases.The subjet of this paper is to present developments of the operationalTau method (see [5℄ and [6℄) with arbitrary polynomial bases for thenumerial solution of Volterra integro-di�erential equations (VIDEs).Details of the struture of the employed arbitrary bases in the opera-tional approah to the Tau method is explained in setion 2. In setion 3,an eÆient Tau error estimator is introdued. In setion 4, preliminarysteps towards appliation of the Chebyshev bases are taken. Finally, insetion 5, some numerial results are provided to demonstrate the eÆ-ieny of using Chebyshev bases ompared with the results obtained byother methods. 2. Matrix representation2.1. Di�erential part and supplementary onditions. Let V =[v0(x); v1(x); � � � ℄T be an orthogonal polynomial basis vetor given byV = V X , where V is a non-singular lower triangular matrix anddeg vi(x) � i ; i = 0; 1; 2; � � � .We reall the following relations from [4℄:(i) Di�erential part: Dy(x) = a�vV ; (2.1)



Tau numerial solution of Volterra integro-di�erential equations 35where a = [a0; a1; � � � ℄; �v = V �V �1; � = ndXi=0 �ipi(�);and � = 26666664 0 1 0 00 1 00 1 ...0: : : . . .
37777775, � = 26666664 01 00 2 0 ...0 0 3 0: : : . . .

37777775 :(ii) Supplementary onditions:aB = d; (2.2)where d = [d1; d2; � � � ; dnd ℄ is the vetor onsisting of the right hand sidesof the onditions and the entries of the matrix B are obtained bybij = ndXs=1[(1)js v(s�1)i�1 (a) + (2)js v(s�1)i�1 (x0)℄; i; j = 1; 2; � � � ; nd; (2.3)and bij = ndXs=1[(1)js v(s�1)i�1 (a) + (2)js v(s�1)i�1 (x0)℄;i = nd + 1; nd + 2; � � � ; j = 1; 2; � � � ; nd: (2.4)2.2. Integral part. Consider the expansions of k(x; t) and y(x)k(x; t) = nXi=0 nXj=0 kijvi(x)vj(t) ; y(x) = 1Xi=0 aivi(x) = a V ;where kij are onstant oeÆients and vi(x); i = 0; 1; � � � ; the entriesof V . So the integral part of (1.1) an be written asZ xa k(x; t)y(t) dt = 1Xs=0 nXi=0 nXj=0 kijasvi(x) Z xa vj(t)vs(t) dt:We set vijs(x) = vi(x) R xa vj(t)vs(t)dt; i = 0; 1; 2; � � � ; n;j = 0; 1; 2; � � � ; n;s = 0; 1; 2; � � � ;



36 Pour-Mahmoud, Rahimi and Shahmoradand write it in terms of the basis funtions:vijs(x) = 3n+1Xm=0 mijsvm(x); (2.5)where mijs are onstant oeÆients that must be determined. We mul-tiply both sides of (2.5) byw(x)vr(x) ; r = 0; 1; � � � ; 3n+ 1;where w(x) is the weight funtion. Integrating on [a, b℄, we getmijs = 1�m R ba w(x)vm(x)vijs(x)dx; m = 0; 1; 2; � � � ; 3n+ 1i = 0; 1; 2; � � � ; nj = 0; 1; 2; � � � ; ns = 0; 1; 2; � � � ; (2.6)with �m = R ba w(x)v2m(x)dx; m = 0; 1; � � � ; 3n+ 1; so thatZ xa k(x; t)y(t)dt = 1Xs=0 nXi=0 nXj=0 3n+1Xm=0 kijasmijsvs(x);whih an be written as:Z xa k(x; t)y(t)dt = a K V ; (2.7)with the vetor of unknown oeÆients a = [a0; a1; a2; � � � ℄, the basisvetor V and the onstant matrix K with entries:Kms = nXi=0 nXj=0 kijmijs; m; n = 0; 1; 2; � � � :Remark 2.1. The integral part onverts to matrix form using equation(2.7).2.3. Converting IDE to matrix. Let f(x) = Pni=0 fivi(x) = f Vwith the oeÆient vetor f = (f0; f1; � � � ; fn; 0; 0; � � � ). Considering theequations (2.1), (2.2) and (2.7) we havea�vV � �a K V = f V ;aB = d;



Tau numerial solution of Volterra integro-di�erential equations 37instead of (1.1), (1.2). Soa(�v � �K) = f; aB = d; (2.8)beause V is a basis vetor. Now letK = �v � �K;G = [B1; � � � ; Bnd ;K1;K2; � � � ℄;g = [d1; � � � ; dnd ; f0; f1; � � � ℄:Furthermore, let B be the matrix representation of the supplementaryonditions with jth olumn Bj, and let K1 ,K2 , � � � be the olumns ofthe matrix K. So (2.8) an be replaed by the equationaG = g: (2.9)De�nition 2.2. The polynomial yn(x) = anV will be alled an approx-imate solution of ( 1.1 ) and ( 1.2 ), if the vetor an = [a0; a1; � � � ; an℄ isthe solution of the system of linear algebrai equationsanGn = gn; (2.10)where Gn is the matrix de�ned by restrition of G to its �rst n+1 rowsand olumns.Remark 2.3. For nd = 0 and p0(x) = 1, the equation ( 1.1 ) is trans-formed into a Volterra integral equation of seond kind and for � = 0,it is transformed into a di�erential equation.3. Error estimationIn this setion an error estimator for the approximate solution of(1.1) and (1.2) is obtained. Let us all en(x) = y(x) � yn(x) as theerror funtion of the approximate solution yn(x) to y(x), where y(x) isthe exat solution of (1.1) and (1.2). Hene yn(x) satis�es the followingequation:Dyn(x)� � Z xa k(x; t)yn(t)dt = f(x) +Hn(x); x 2 [a; b℄; (3.1)with nd independent onditions



38 Pour-Mahmoud, Rahimi and ShahmoradndXs=1[(1)js y(s�1)n (a) + (2)js y(s�1)n (x0)℄ = dj ; j = 1; 2; � � � ; nd: (3.2)The perturbation term Hn(x) an be obtained by substituting theomputed solution yn(x) into the equationHn(x) = Dyn(x)� � Z xa k(x; t)yn(t)dt� f(x): (3.3)We proeed to �nd an approximation en;N (x) to the error funtionen(x) in the same way as we did before for the solution of equations(1.1) and (1.2). Here N denotes the Tau degree of en(x). Subtrating(3.1) and (3.2) from (1.1) and (1.2) respetively, the error funtion en(x)satis�es the equationDen(x)� � Z xa k(x; t)en(t)dt = �Hn(x); x 2 [a; b℄; (3.4)with nd homogeneous onditionsndXs=1[(1)js e(s�1)n (a) + (2)js e(s�1)n (x0)℄ = 0; j = 1; 2; � � � ; nd: (3.5)It should be noted that in order to onstrut the approximationen;N (x) for en(x), we only need to re-ompute the right hand side ofthe system (2.10). In fat the struture of the oeÆient matrix Gnremains the same.4. Appliation on the Chebyshev basisIn setion 2, we onsidered V = [v0(x); v1(x); � � � ℄T as a basis vetorwith polynomial entries where deg (vi(x)) � i; for i = 0; 1; 2; � � � .It was used for onverting (1.1) and (1.2) into a system of linear equa-tions. The shifted Chebyshev polynomials are interesting polynomialbases with a matrix V of the same struture. We pursue the appliationof the method for the ase of Chebyshev polynomials.The shifted Chebyshev polynomials are de�ned asT �0 (x) = 1; T �1 (x) = 2x� (b+ a)b� a ; x 2 [a; b℄



Tau numerial solution of Volterra integro-di�erential equations 39and, for i � 1, asT �i+1(x) = 2(2x� (b+ a)b� a )T �i (x)� T �i�1(x); x 2 [a; b℄:In this ase the funtions yn(x), f(x) and k(x; t) are written asyn(x) = nXi=0 ai T �i (x); f(x) = nXi=0 00fi T �i (x);k(x; t) = nXi=0 00 nXj=0 00kij T �i (x)T �j (t);where the symbol (00) over P indiates that the �rst and the last termsmust be divided by 2. Here a0; a1; � � � ; an are obtained from (2.10) andfi , kij are given by the following relations:fi = ( 2n) nXs=0 00f(xs) os( is�n ); i = 0; 1; 2; � � � ; n;kij = ( 4n2 ) nXr=0 00 nXs=0 00k(xs; xr) os( is�n ) os(jr�n ); i; j = 0; 1; 2; � � � ; n;with xs = 12 �(b� a) os�s�n �+ (b+ a)� ; s = 0; 1; � � � ; n;and mijs in (2.5) are easily omputed for m = 0; 1; � � � ; 3n + 1, i =0; 1; � � � ; n, j = 0; 1; � � � ; n, s = 0; 1; � � � as follows:mijs = �b� a8 � �12(z1 + z2 + z3 + z4)� (1 + 2 + 3 + 4)�m;9� ;with z1 = ( 1j+s+1(�m;1 + �m;2) if j + s+ 1 6= 00 otherwise;z2 = ( �1j+s�1(�m;3 + �m;4) if j + s� 1 6= 00 otherwise;z3 = ( 1j�s+1(�m;5 + �m;6) if j � s+ 1 6= 00 otherwise;



40 Pour-Mahmoud, Rahimi and Shahmorad
z4 = ( �1j�s�1(�m;7 + �m;8) if j � s� 1 6= 00 otherwise;

1 = ( (�1)i+j+1j+s+1 if j + s+ 1 6= 00 otherwise;2 = ( (�1)j+sj+s�1 if j + s� 1 6= 00 otherwise;3 = ( (�1)j�s+1j�s+1 if j � s+ 1 6= 00 otherwise;4 = ( (�1)j�sj�s�1 if j � s� 1 6= 00 otherwise;where for m = 0; 1; � � � ; 3n+ 1 we have�m;1 = � 1 if m = ji+ j + s+ 1j0 otherwise;�m;2 = � 1 if m = j � i+ j + s+ 1j0 otherwise;�m;3 = � 1 if m = ji+ j + s� 1j0 otherwise;�m;4 = � 1 if m = j � i+ j + s� 1j0 otherwise;



Tau numerial solution of Volterra integro-di�erential equations 41
�m;5 = � 1 if m = ji+ j � s+ 1j0 otherwise;�m;6 = � 1 if m = j � i+ j � s+ 1j0 otherwise;�m;7 = � 1 if m = ji+ j � s� 1j0 otherwise;�m;8 = � 1 if m = j � i+ j � s� 1j0 otherwise;�m;9 = � 1 if m = i0 otherwise:5. Numerial examplesIn this setion we onsider some examples demonstrating the aurayof the method and e�etiveness of the Chebyshev basis ompared withthe standard basis X .Example 5.1.(Construted)y00(x) + (x� 2)y0(x) + 4x2y(x) + 4 R x0 (x� 1)2ty(t)dt = 2(x� 1)2;y(0) = �2;y0(0) = 0:The exat solution is y(x) = sin(x2) � 2 os(x2). For numerial resultsand omparison with the exat solution see Table 1.Example 5.2. [ See [6; 3℄, Example (b) ℄y0(x) = 1 + 2x� y(x) + R x0 x(1 + 2x)et(x�t)y(t)dt ; 0 � x � 1;y(0) = 1:The exat solution is y(x) = ex2 . For numerial results and omparisonwith exat solution see Table 2.



42 Pour-Mahmoud, Rahimi and ShahmoradIn the following two tables the terms (Exat), (Tau), (Tau:Err),(Shahmo:Err), (Markro:Err) are provided at the seleted points of thegiven interval for the exat solution, Tau approximate solution, theirabsolute error jy(s) � yn(s)j , estimation error by the Tau method inChebysheve basis, the estimation error of the Tau method obtained byShahmorad [4℄ in the standard basis X and the absolute error of theMakroglou method [6℄, respetively.Table 1x Exat Tau Tau:Err Est:Errn = 50:00 �2:00000000 �2:00000000 2:00e� 09 4:00e� 12:20 �1:95841088 �1:95909953 6:89e� 04 6:88e� 04:40 �1:81513636 �1:82041079 5:27e� 03 5:27e� 03:60 �1:51951941 �1:52774678 8:23e� 03 8:21e� 03:80 �1:00699608 �1:01541428 8:42e� 03 7:96e� 031:00 �:23913363 �:25000787 1:09e� 02 5:34e� 03n = 100:00 �2:00000000 �2:00000000 2:00e� 09 2:47e� 14:20 �1:95841088 �1:95841088 0:00e� 01 1:20e� 09:40 �1:81513636 �1:81513636 2:00e� 09 5:40e� 09:60 �1:51951941 �1:51951942 7:00e� 09 1:85e� 08:80 �1:00699608 �1:00699607 3:00e� 09 1:86e� 061:00 �:23913363 �:23913363 3:90e� 09 6:45e� 05n = 150:00 �2:00000000 �2:00000000 2:00e� 09 1:00e� 17:20 �1:95841088 �1:95841088 2:00e� 09 6:49e� 11:40 �1:81513636 �1:81513636 2:00e� 09 6:55e� 11:60 �1:51951941 �1:51951942 1:00e� 09 3:80e� 10:80 �1:00699608 �1:00699607 1:00e� 09 1:70e� 091:00 �:23913363 �:23913363 2:00e� 10 2:46e� 07Numerial resultsTable 1; Numerial results of Example 1 in the Chebyshev basis andomparison with the numerial results of the standard basis for n = 5,10, 15.



Tau numerial solution of Volterra integro-di�erential equations 43Table 2x Exat Tau Tau � Err Est � Err Shahmo:Err Makro:Errn = 20 1:0 1:0 0:0 0:00:200 1:04081 0:990415 5:0395 � 10�2 5:7551 � 10�20:400 1:17351 1:18107 7:56 � 10�3 8:6335 � 10�30:600 1:43333 1:57196 1:3863 � 10�1 1:5831 � 10�10:800 1:89648 2:16309 2:6661 � 10�1 3:0446 � 10�11:0 2:71828 2:95446 2:3618 � 10�1 2:6971 � 10�1n = 50 1:0 1:0 0:0 0:00:200 1:04081 1:04081 7:2 � 10�7 8:2224 � 10�70:400 1:17351 1:17351 3:2 � 10�8 3:6544 � 10�80:600 1:43333 1:43337 4:5 � 10�7 5:1390 � 10�70:800 1:89648 1:89642 6� 10�7 9:8212 � 10�71:0 2:71828 2:71840 1:2 � 10�5 1:3704 � 10�5n = 100 1:0 1:0 0:0 0:0 0:00:200 1:04081 1:04081 1:001 � 10�11 1:114 � 10�10 1:153 � 10�9 3:63 � 10�80:400 1:17351 1:17351 1:001 � 10�10 1:112 � 10�10 2:331 � 10�8 1:60 � 10�70:600 1:43333 1:43333 1:001 � 10�8 1:112 � 10�8 2:223 � 10�6 4:45 � 10�70:800 1:89648 1:89648 1:100 � 10�7 1:113 � 10�6 1:244 � 10�4 1:11 � 10�61:0 2:71828 2:71828 1:2 � 10�6 1:284 � 10�6 1:838 � 10�3 2:75 � 10�6n = 150 1:0 1:0 0:0 0:0 0:00:200 1:04081 1:04081 7:0000 � 10�11 7:994 � 10�10 1:489 � 10�90:400 1:17351 1:17351 2:100 � 10�11 2:238 � 10�10 2:591 � 10�90:600 1:43333 1:43333 6:100 � 10�10 6:962 � 10�10 9:087 � 10�90:800 1:89648 1:89648 1:100 � 10�10 1:142 � 10�9 7:984 � 10�71:0 2:71828 2:71828 2:570 � 10�8 2:93494 � 10�7 2:880 � 10�5n = 200 1:0 1:0 0:0 0:0 0:0 0:00:200 1:04081 1:04081 1:540 � 10�12 1:668 � 10�11 1:123 � 10�9 2:28 � 10�90:400 1:17351 1:17351 1:571 � 10�12 1:528 � 10�11 1:439 � 10�9 9:99 � 10�90:600 1:43332 1:43332 1:318 � 10�11 1:363 � 10�11 2:373 � 10�9 2:78 � 10�80:800 1:89648 1:89648 1:2126 � 10�11 1:247 � 10�10 1:402 � 10�9 6:91 � 10�81:0 2:71828 2:71828 1:595 � 10�10 1:958 � 10�9 2:660 � 10�8 1:71 � 10�7Table 2; Numerial results of Example 2 in the Chebyshev basis om-pared with the estimation error obtained by Hosseini and Shahmoradin the standard basis for n= 10, 15, 20 and the absolute error of themethod applied by Makroglou for n= 10, 20.6. ConlusionsMost integro-di�erential equations are usually diÆult to solve analyt-ially. In many ases, it is required to obtain the approximate solutions.For this purpose, the Tau method presented in this paper an be applied.



44 Pour-Mahmoud, Rahimi and ShahmoradBy omparing the estimation errors in the tables (1) and (2) we on-lude that the results of operational Tau method in the Chebyshev basisis not only more aurate than the Makroglou method but it is alsosuperiour to the Tau method applied in standard basis.Referenes[1℄ S.M. Hosseini and S. Shahmorad, Numerial solution of a lass of integro-di�erential equations by the Tau method with an error estimation, Appl. Math.Comput. 136 (2003), 559-570.[2℄ S.M. Hosseini and S. Shahmorad, Tau numerial solution of Fredholm integro-di�erential equations with arbitrary polynomial bases, J. Appl. Math. Modelling27 (2003), 145-154.[3℄ S.M. Hosseini and S. Shahmorad, A matrix formulation of the Tau method forFredholm and Volterra linear integro - di�erential equations, Korean J. Comput.Appl. Math. 9 (2) (2002), 497-507.[4℄ A. Makroglou, Convergene of a blok-by-blok method for non-linear Volterraintegro-di�erential equations. Math.Comp. 35 (1980), 783-796.[5℄ E.l. Ortiz, On the numerial solution of non-linear and funtional di�erentialequations whit the Tau method. In : Numerial treatment of di�erential equa-tions in appliations, Springer-Verlag, Berlin (1978), 127 - 139.[6℄ E.l. Ortiz and H. Samara : An operational approah to the Tau method for thenumerial solution of non-linear di�erential equations, Computing 27 (1981), 15- 25.J. Pour-MahmoudFaulty of Basi SieneAzarbijan UniversityTabriz, Irane-mail: jafarlisa55�yahoo.aM. Y. Rahimi and S. ShahmoradFaulty of Mathematial SieneTabriz UniversityTabriz, Irane-mail: m.rahimi�tabrizu.a.ire-mail: shahmorad�tabrizu.a.ir


