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46 Caldas, Jafari, Navalagi and Noirishown in Theorem 3.2 of [18℄ that weak �-preontinuity in the sense ofBaker is equivalent to �-preontinuity. In this paper, we introdue thenotions of pre-�-derived, pre-�-border, pre-�-frontier and pre-�-exteriorof a set and show that some of their properties are analogous to thosefor open sets. Also, we give some additional properties of pre-�-losureand pre-�-interior of a set due to ([17℄, [19℄). Moreover, we de�ne theonepts of �-preopenness and �-prelosedness as a natural dual to the�-preontinuity due to Noiri. We obtain several haraterizations andproperties of these funtions. Moreover, we also study these funtionsomparing with other types of already known funtions. It turns outthat strong �-preopenness implies �-preopenness but not onversely. Weshow that under a ertain ondition the onverse is also true.Throughout this paper, (X; �) and (Y; �) (or simply, X and Y ) denotetopologial spaes on whih no separation axioms are assumed unless ex-pliitly stated. If S is any subset of a spae X, then Cl(S) and Int(S)denote the losure and the interior of S, respetively. Reall that a setS is alled regular open (resp. regular losed ) if S = Int(Cl(S)) (resp.S = Cl(Int(S))).A subset S of X is alled preopen [14℄ (resp. �-open [15℄ , �-open [1℄or semipreopen [2℄) if S � Int(Cl(S)) (resp. S � Int( Cl(Int(S))), S �Cl(Int(Cl(S)))). The omplement of a preopen set is alled prelosed.The intersetion of all prelosed sets ontaining S is alled the prelosure[10℄ of S and is denoted by pCl(S). The preinterior of S is de�ned bythe union of all preopen sets ontained in S and is denoted by pInt(S).The family of all preopen sets of X is denoted by PO(X).A point x 2 X is alled a �-luster [26℄ (resp. pre-�-luster [17℄) pointof S if S\ Cl( U) 6= ; (resp. S\ pCl(U) 6= ;) for eah open (rep. pre-open) set U ontaining x. The set of all �-luster (resp. pre-�-luster)points of S is alled the �-losure (resp. pre-�-losure) of S and is de-noted by Cl�(S) (resp. pCl�(S)). A subset S is alled �-losed (resp.pre-�-losed) if Cl�(S) = S (resp. pCl�(S) = S). The omplement of a�-losed (resp. pre-�-losed) set is alled �-open (resp. pre-�-open). Thefamily of all pre-�-open (resp. pre-�-losed) sets of a spae X is denotedby P�O(X; �)( resp. P�C(X; �)).



On pre-�-open sets and two lasses of funtions 47De�nition 1.1. A funtion f : (X; �)! (Y; �) is said to be(i) weakly open ([23℄, [24℄) if f(U) � Int(f(Cl(U))) for eah opensubset U of X;(ii) weakly losed [24℄ if Cl(f(Int(F ))) � f(F ) for eah losed subsetF of X;(iii) strongly ontinuous ([13℄,[3℄) if for every subsetA ofX; f(Cl(A)) �f(A);(iv) almost open in the sense of Singal and Singal , written as a.o.S.,[25℄ if the image of eah regular open set U of X is an open setof Y , equivalently if f(U) � Int(f(Int(Cl(U)))) for eah opensubset U of X;(v) preopen [14℄(resp. prelosed [14℄) if for eah open set U (resp.losed set F ) of X, f(U) is pre-open (resp. f(F ) is pre-losed)set in Y;(vi) ontra �-preopen (resp. ontra-losed [4℄) if f(U) is pre-�-losed(resp. open) in Y for eah open (resp. losed) subset U of X;2. Some properties of pre-�-open setsThe pre-�-interior and the �-interior of S, denoted by pInt�(S) andInt�(S), are de�ned as follows:pInt�(S) = fx 2 X : for some preopen subset U of X; x 2 U � pCl(U) �Sg andInt�(S) = fx 2 X : for some open subset U of X; x 2 U � Cl(U) � Sg.Reall that a spae X is said to be pre-regular [19℄ if for eah prelosedset F and eah point x 2 X�F , there exist disjoint preopen sets U andV suh that x 2 U and F � V , equivalently if for eah U 2 PO(X)and eah point x 2 U , there exists V 2 PO(X;x) suh that x 2 V �pCl(V ) � U .Theorem 2.1. Let A be a subset of a spae X.(i) A is a pre-�-open set if and only if A = pInt�(A).(ii) X �pInt�(A) = pCl�(X �A) and pInt�(X �A) = X �pCl�(A).(iii) pCl�(A) is pre-losed, but it is not in general pre-�-losed.Proof. (iii) One an hek that pCl�(A) � pCl(pCl�(A)). On theother hand, let x 2 pCl(pCl�(A)). Then for eah U 2 PO(X;x), U \



48 Caldas, Jafari, Navalagi and NoiripCl�(A) 6= ;. Therefore, there exists z 2 U \ pCl�(A). Hene z 2 Uand z 2 pCl�(A). Then U 2 PO(X; z) and A \ pCl(U) 6= ;. Therefore,for eah U 2 PO(X;x), A \ pCl(U) 6= ;, i.e., x 2 pCl�(A). ThuspCl(pCl�(A)) � pCl�(A). �Example 2.2. Let X = fa; b; g with � = f;; fag; fg; fa; g;Xg. LetA = fag. Then pCl�(A) = fa; bg and pCl�(pCl�(A)) = X. ThereforepCl�(pCl�(A)) 6= pCl�(A). Hene pCl�(A) is not pre-�-losed.Theorem 2.3. ([17℄, [8℄). For a subset A of a spae X, the followinghold(i) A � pCl(A) � pCl�(A) and pInt�(A) � pInt(A) � A,(ii) If A is preopen (resp. prelosed), pCl(A) = pCl�(A) (resp. pInt�(A) =pInt(A)).Example 2.4. Let X = fa; b; g with � = f;; fag; fa; bg;Xg. Thenit an be easily veri�ed that for A = fbg, we obtain pCl�(A) = X,pCl(A) = fbg . Therefore pCl�(A) 6� pCl(A), i.e., in general the onverseof Theorem 2.3 (i) may not be true.Theorem 2.5. For an open (resp. losed) subset A of a spae X,Cl(A) = pCl(A) = pCl�(A) = Cl�(A) (resp. Int�(A) = pInt�(A) =pInt(A) = Int(A)).Theorem 2.6. [5℄. A spae X is pre-regular if and only if pCl(A) =pCl�(A) for any subset A of X:Theorem 2.7. Let A be a subset of a pre-regular spae X.(i) Every pre-losed subset A of X is pre-�-losed.(ii) pCl�(A) (resp. pInt�(A)) is a pre-�-losed (resp. pre-�-open)set.Reall that a spae X is said to be pre-Hausdor� [12℄, if for eah pairof distint points x and y of X, there exists a pair of disjoint preopensets, one ontaining x and the other ontaining y.Theorem 2.8. A spae X is pre-Hausdor� if and only if for eah x 2 X,the singleton fxg is pre-�-losed.



On pre-�-open sets and two lasses of funtions 49Proof. Neessity. It is lear that fxg � pCl�(fxg). Let y =2 fxg.Then x 6= y. Sine X is pre-Hausdor�, there exist U 2 PO(X;x) andV 2 PO(X; y) suh that U \ V = ;; hene pCl(V ) \ U = ;. Thus, wehave pCl(V ) \ fxg = ;. Then y =2 pCl�(fxg). Hene pCl�(fxg) � fxg.Therefore pCl�(fxg) = fxg, i.e., fxg is pre-�-losed.SuÆieny. Let x and y be two distint points of X. Then y =2 fxg =pCl�(fxg) and there exists V 2 PO(X; y) suh that pCl(V ) \ fxg = ;.Put U = XnpCl(V ). Then U 2 PO(X;x) and U \ V = ;. Therefore Xis pre-Hausdor�. �De�nition 2.9. Let A be a subset of a spae X. A point x 2 X isalled a pre-�-limit point of A if for eah pre-�-open set U ontainingx, U \ (Anfxg) 6= ;. The set of all pre-�-limit points of A is alled thepre-�-derived set of A and is denoted by pD�(A).Theorem 2.10. For subsets A;B of a spae X, the following statementshold(i) pD(A) � pD�(A), where pD(A) is the pre-derived set of A,(ii) If A � B, then pD�(A) � pD�(B),(iii) pD�(A) [ pD�(B) = pD�(A [ B) and pD�(A \ B) � pD�(A) \pD�(B),(iv) pD�(pD�(A))nA � pD�(A),(v) pD�(A [ pD�(A)) � A [ pD�(A) � pCl�(A).Proof. (i) It suÆes to observe that every pre-�-open set is preopen.(iii) pD�(A [ B) = pD�(A) [ pD�(B) is a modi�ation of the standardproof for D, where open sets are replaed by pre-�-open sets.(iv) If x 2 pD�(pD�(A))nA and U is a pre-�-open set ontaining x, thenU \ (pD�(A)nfxg) 6= ;. Let y 2 U \ (pD�(A)nfxg). Sine y 2 pD�(A)and y 2 U , U \ (Anfyg) 6= ;. Let z 2 U \ (Anfyg). Then z 6= x forz 2 A and x =2 A. Hene U \ (Anfxg) 6= ;. Therefore x 2 pD�(A).(v) Let x 2 pD�(A [ pD�(A)). If x 2 A, the result is obvious. Solet x 2 pD�(A [ pD�(A))nA. Then for pre-�-open set U ontaining x,U\(A[pD�(A)nfxg) 6= ;. Thus U\(Anfxg) 6= ; or U\(pD�(A)nfxg) 6=;. Now it follows similarly from (4) that U \ (Anfxg) 6= ;. Henex 2 pD�(A). Therefore, in any ase pD�(A [ pD�(A)) � A [ pD�(A).Sine pD�(A) � pCl�(A), A [ pD�(A) � pCl�(A). �



50 Caldas, Jafari, Navalagi and NoiriTheorem 2.11. For subsets A;B of a spae X, the following state-ments are true(i) pInt�(pInt�(A)) � pInt�(A),(ii) A � B, then pInt�(A) � pInt�(B),(iii) pInt�(A) [ pInt�(B) � pInt�(A [B),(iv) pInt�(A \B) � pInt�(A) \ pInt�(B).De�nition 2.12. For a subset A of a spae X, pb�(A) = AnpInt�(A)is alled the pre-�-border of A.Theorem 2.13. For a subset A of a spae X, the following statementshold(i) pb(A) � pb�(A), where pb(A) denotes the pre-border of A,(ii) A = pInt�(A) [ pb�(A),(iii) pInt�(A) \ pb�(A) = ;,(iv) A is a pre-�-open set if and only if pb�(A) = ;,(v) pInt�(pb�(A)) = ;,(vi) pb�(pb�(A)) = pb�(A),(vii) pb�(A) = A \ pCl�(XnA).Proof. (v) If x 2 pInt�(pb�(A)), then x 2 pb�(A). On the other hand,sine pb�(A) � A, x 2 pInt�(pb�(A)) � pInt�(A). Hene x 2 pInt�(A) \pb�(A) whih ontradits (iii). Thus pInt�(pb�(A)) = ;.(vii) pb�(A) = AnpInt�(A) = An(XnpCl�(XnA) = A \ pCl�(XnA). �Example 2.14. Let X = fa; b; g with � = f;; fag; fa; bg;Xg. Let A =fa; g. Then pCl�(XnA) = pCl�(fbg) = X, pCl(XnA) = pCl(fbg) =fbg. Therefore we obtain pb�(A) 6� pb(A) , i.e., in general the onverseof Theorem 2.13(i) may not be true.De�nition 2.15. For a subsetA of a spaeX, pFr�(A) = pCl�(A)npInt�(A)is alled the pre-�-frontier of A.Theorem 2.16. For a subset A of a spae X, the following statementshold(i) pFr(A) � pFr�(A), where pFr(A) denotes the pre-frontier of A,(ii) pCl�(A) = pInt�(A) [ pFr�(A),(iii) pInt�(A) \ pFr�(A) = ;,



On pre-�-open sets and two lasses of funtions 51(iv) pb�(A) � pFr�(A),(v) pFr�(A) = pCl�(A) \ pCl�(XnA),(vi) pFr�(A) = pFr�(XnA),(vii) pInt�(A) = AnpFr�(A).Proof. (ii) pInt�(A) [ pFr�(A) = pInt�(A) [ (pCl�(A)npInt�(A)) =pCl�(A).(iii) pInt�(A) \ pFr�(A) = pInt�(A) \ (pCl�(A)npInt�(A)) = ;.(iv) pFr�(A) = pCl�(A)npInt�(A) = pCl�(A) \ pCl�(XnA).(vii) AnpFr�(A) = An(pCl�(A)npInt�(A)) = pInt�(A). �The onverses of (i) and (iv) of the Theorem 2.16 are not true in general,as are shown by the following example.Example 2.17. Consider the topologial spae (X; �) given in Ex-ample 2.8. If A = fa; g, then pFr�(A) = X 6� fbg = pFr(A) and alsopFr�(A) = X 6� fa; g = pb�(A).De�nition 2.18. For a subset A of a spae X, pExt�(A) = pInt�(XnA)is alled the pre-�-exterior of A.Theorem 2.19. For a subset A of a spae X, the following statementshold(i) pExt�(A) � pExt(A), where pExt(A) denotes the pre-exteriorof A,(ii) pExt�(A) = pInt�(XnA) = XnpCl�(A),(iii) pExt�(pExt�(A)) = pInt�(pCl�(A)),(iv) If A � B, then pExt�(A) � pExt�(B),(v) pExt�(X) = ;,(vi) pExt�(;) = X,(vii) pExt�(XnpExt�(A)) � pExt�(A),(viii) pInt�(A) � pExt�(pExt�(A)).Proof. (iii) pExt�(pExt�(A)) = pExt�(XnpCl�(A)) = pInt�(Xn(XnpCl�(A)))= pInt�(pCl�(A)).(vii) pExt�(XnpExt�(A)) = pExt�(XnpInt�(XnA)) = pInt�(Xn(XnpInt�(XnA)))= pInt�(pInt�(XnA)) � pInt�(XnA) = pExt�(A).(viii) pInt�(A) �.pInt�(pCl�(A)) = pInt�(XnpInt�(XnA)))= pInt�(XnpExt�(A)) = pExt�(pExt�(A)). �



52 Caldas, Jafari, Navalagi and Noiri3. �-preopen funtionsIn [18℄, Noiri de�ned a funtion f : X ! Y to be �-preontinuity iffor eah x 2 X and eah open set V of Y ontaining f(x), there existsa preopen set U of X ontaining x suh that f(pCl(U)) � Cl(V ). Healso showed that a funtion f : X ! Y is �-preontinuous if and only iff�1(V ) � pInt�(f�1(Cl(V ))) for every open set V of Y . We shall de�ne�-preopen funtions as a natural by dual of �-preontinuity.De�nition 3.1. A funtion f : (X; �)! (Y; �) is said to be(i) �-preopen if f(U) � pInt�(f(Cl(U))) for eah open set U of X;(ii) weakly preopen [6℄ if f(U) � pInt(f(Cl(U))) for eah open setU of X;(iii) strongly �-preopen if f(U) is pre-�-open in Y for eah open setU of X.Now we have the following diagram in whih none of the impliationsreverses as shown the following examples.strongly �-preopen ) preopen+ +�-preopen ) weakly preopenExample 3.2. (i) A �-preopen funtion need not be strongly �-preopen.Let X = Y = fa; b; g, � = fX; ;; fag; fa; bg; fa; gg and � = fY; ;; fag;fa; bgg. Let f : (X; �) ! (Y; �) be the identity funtion. Then f is �-preopen and preopen sine pInt�(f(Cl(fag))) = pInt�(f(Cl(fa; bg))) =pInt�(f(Cl(fa; g))) = Y but f is not strongly �-preopen sine f(fag) 6=pInt�(f(fag))(ii) A weakly open funtion need not be �-preopen.Let X = fa; b; g, � = fX; ;; fag; fg; fa; gg and � = fX; ;; fbg; fa; bg;fb; gg. Let f : (X; �) ! (X;�) be the identity funtion. Then f isweakly open and hene weakly preopen sine Int(f(Cl(fag))) = fa; bg,Int(f(Cl(fg))) = fb; g, Int(f(Cl(fa; g))) = X but f is neither �-preopen nor preopen sine f(fag) 6� pInt�(f(Cl(fag))).(iii) A �-preopen funtion need not be weakly open.Let X = fa; b; g, � = fX; ;; fg; fa; bgg and � = fX; ;; fag; fb; gg. Theidentity funtion f : (X; �) ! (X;�) is �-preopen and preopen but not



On pre-�-open sets and two lasses of funtions 53weakly open.Sine a topologial spae Y is submaximal if and only if PO(Y; �) = �[22℄, then f : (X; �) ! (Y; �) is open whenever f is preopen and (Y; �)a submaximal spae. A funtion f : (X; �) ! (Y; �) is �-preopen if f isweakly preopen and Y is pre-regular.Example 3.2 shows that (1) �-preopenness and weakly openness areindependent notions and (2) preopenness and weak openness are inde-pendent of eah other.Theorem 3.3. Let X be a regular spae. A funtion f : (X; �)! (Y; �)is �-preopen if and only if f is strongly �-preopen.Proof. The suÆieny is lear.For the neessity, Let W be a nonempty open subset of X: For eahx in W , let Ux be an open set suh that x 2 Ux � Cl(Ux) � W .Hene we obtain that W = [fUx : x 2 Wg = [fCl(Ux) : x 2 Wgand, f(W ) = [ff(Ux) : x 2 Wg � [fpInt�(f(Cl(Ux))) : x 2 Wg �pInt�(f([fCl(Ux) : x 2 Wg) = pInt�(f(W )): Thus f is strongly �-preopen. �The following result gives several haraterizations of �-preopen fun-tions.Theorem 3.4. For a funtion f : (X; �) ! (Y; �), the following ondi-tions are equivalent.(i) f is �-preopen,(ii) f(Int�(A)) � pInt�(f(A)) for every subset A of X;(iii) Int�(f�1(B)) � f�1(pInt�(B)) for every subset B of Y;(iv) f�1(pCl�(B)) � Cl�(f�1(B)) for every subset B of Y;(v) f(Int(F )) � pInt�(f(F )) for eah losed subset F of X,(vi) f(Int(Cl(U))) � pInt�(f(Cl(U))) for eah open subset U of X,(vii) f(U) � pInt�(f(Cl(U))) for every regular open subset U of X;(viii) f(U) � pInt�(f(Cl(U))) for every �-open subset U of X.Proof. The proofs of (v) ! (vi) ! (vii)! (viii)! (i) are straightfor-ward and are omitted.(i)! (ii). Let A be any subset of X and x 2 Int�(A): Then , there existsan open set U suh that x 2 U � Cl(U) � A: Hene f(x) 2 f(U) �



54 Caldas, Jafari, Navalagi and Noirif(Cl(U)) � f(A): Sine f is �-preopen, f(U) � pInt�(f(Cl(U))) �pInt�(f(A)): It implies that f(x) 2 pInt�(f(A)): Therefore x 2f�1(pInt�(f(A))): Thus Int�(A) � f�1(pInt�(f(A))); and sof(Int�(A)) � pInt�(f(A)):(ii)! (iii). Let B be any subset of Y: Then by (ii),f(Int�(f�1(B))) � pInt�(B): Therefore Int�(f�1(B)) � f�1(pInt�(B)).(iii) ! (iv). Let B be any subset of Y: Using (iii), we have X �Cl�(f�1(B)) = Int�(X � f�1(B)) = Int�(f�1(Y �B)) � f�1(pInt�(Y �B)) = f�1(Y � pCl�(B)) = X � (f�1(pCl�(B)): Therefore, we obtainf�1(pCl�(B)) � Cl�(f�1(B)):(iv) ! (v). Let F be any losed set of X. Then by (iv) f�1(pCl�(Y �f(F ))) � Cl�(f�1(Y �f(F ))). We have f�1(pCl�(Y �f(F ))) = f�1(Y �pInt�(f(F ))) = X � f�1(pInt�(f(F ))). On the other hand Cl�(f�1(Y �f(F ))) = Cl�(X�f�1(f(F ))) � Cl�(X�F ) = X�Int�(F ) = X�Int(F ),sine F is losed. Therefore, Int(F ) � f�1(pInt�(f(F ))) and henef(Int(F )) � pInt�(f(F )). �Theorem 3.5. Let f : (X; �)! (Y; �) be a bijetive funtion. Then thefollowing statements are equivalent.(i) f is is �-preopen.(ii) pCl�(f(U)) � f(Cl(U)) for eah open set U in X:(iii) pCl�(f(Int(F ))) � f(F ) for eah losed set F in X:Proof. (i)! (iii). Let F be a losed set inX. Then we have f(X�F ) =Y �f(F ) � pInt�(f(Cl(X�F ))) and so Y �f(F ) � Y �pCl�(f(Int(F ))).Hene pCl�(f(Int(F ))) � f(F ).(iii)! (ii). Let U be an open set in X. Sine Cl(U) is a losed set andU � Int(Cl(U)), by (iii) we have pCl�(f(U)) � pCl�(f(Int(Cl(U))) �f(Cl(U)):(ii) ! (i). Let U be any open set of X. By (ii), we have pCl�(f(X �Cl(U))) � f(Cl(X�Cl(U))). Sine f is bijetive, pCl�(f(X�Cl(U))) =Y � pInt�(f(Cl(U))) and f(Cl(X � Cl(U))) = f(X � Int(Cl(U))) �f(X � U) = Y � f(U). Therefore, we obtain f(U) � pInt�(f(Cl(U)))and hene f is �-preopen. �Theorem 3.6. Let X be a regular spae. Then for a funtion f :(X; �)! (Y; �), the following onditions are equivalent.(i) f is �-preopen.(ii) For eah �-open set A in X, f(A) is pre-�-open in Y .



On pre-�-open sets and two lasses of funtions 55(iii) For any set B of Y and any �-losed set A in X ontainingf�1(B): there exists a pre-�-losed set F in Y ontaining B suhthat f�1(F ) � A:Proof. (i) ! (ii) : Let A be a �-open set in X. Sine X is regular, byTheorem 3.3 f is strongly �-preopen and A is open. Therefore f(A) ispre- �-open in Y .(ii) ! (iii) : Let B be any set in Y and A be a �-losed set in X suhthat f�1(B) � A. Sine X � A is �-open in X, by (ii), f(X � A) ispre-�-open in Y . Let F = Y � f(X � A): Then F is pre-�-losed andB � F . Now, f�1(F ) = f�1(Y �f(X�A)) = X�f�1(f(X�A)) � A.(iii) ! (i) : Let B be any set in Y . Let A = Cl�(f�1(B)). Sine X isregular, A is a �-losed set in X and f�1(B) � A. Then there existsa pre-�-losed set F in Y ontaining B suh that f�1(F ) � A. SineF is pre-�-losed f�1(pCl�(B)) � f�1(F ) � Cl�(f�1(B)). Therefore byTheorem 3.4, f is a �-preopen funtion. �Theorem 3.7. If f : (X; �) ! (Y; �) is �-preopen and strongly ontin-uous, then f is strongly �-preopen.Proof. Let U be an open subset of X: Sine f is �-preopen, f(U) �pInt�(f(Cl(U))): However, beause f is strongly ontinuous, f(U) �pInt�(f(U)) and therefore f(U) is pre-�-open. Hene, f is strongly �-preopen. �Example 3.8. A strongly �-preopen funtion need not be stronglyontinuous.Let X = fa; b; g, and let � be the indisrete topology for X. Then theidentity funtion f : (X; �) ! (X; �) is a strongly �-preopen funtionwhih is not strongly ontinuous.Theorem 3.9. If f : (X; �) ! (Y; �) is losed and a.o.S., then f is a�-preopen funtion.Proof. Let U be an open set inX: Sine f is a.o.S. and Int(Cl(U)) is reg-ular open, f(Int(Cl(U))) is open in Y and hene f(U) �f(Int(Cl(U))) � Int(f(Cl(U))). Sine f is losed, f(U) �pInt�(f(Cl(U))) by Theorem 2.5. This shows that f is �-preopen. �The onverse of Theorem 3.9 is not true in general.



56 Caldas, Jafari, Navalagi and NoiriExample 3.10. Let X = fa; b; g , � = f;;X; fag; fg; fa; gg and� = f;;X; fag; fb; gg. Let f : (X; �)! (X;�) be the identity funtion.Then f is �-preopen but it is not a.o.S., sine fg is a regular open set in(X; �) and f(fg) = fg is not open in (X;�). It is easy to verify thatf is not a losed funtion.Lemma 3.11. [14℄ If f : (X; �) ! (Y; �) is a preontinuous funtion,then for any open set U of X , f(Cl(U)) � Cl(f(U)).Theorem 3.12. If f : (X; �) ! (Y; �) is a weakly preopen and preon-tinuous funtion, then f is preopen.Proof. Let U be an open set in X. Then by weak preopenness of f ,f(U) � pInt(f(Cl(U))): Sine f is preontinuous, f(Cl(U)) � Cl(f(U)).Hene we obtain that f(U) � pInt(f(Cl(U))) � pInt(Cl(f(U))) �Int(Cl(f(U))): Therefore, f(U) � Int(Cl(f(U))) whih shows thatf(U) is a preopen set in Y . Thus, f is a preopen funtion. �De�nition 3.13. A spae X is said to be hyperonneted [16℄ if everynonempty open subset of X is dense in X:Theorem 3.14. Let X be a hyperonneted spae, then f : (X; �) !(Y; �) is �-preopen if and only if f(X) is pre-�-open in Y:Proof. The suÆieny is lear. For the neessity observe that for anyopen subset U of X; f(U) � f(X) = pInt�(f(X)) = pInt�(f(Cl(U))):�4. �-prelosed funtionsDe�nition 4.1. A funtion f : (X; �)! (Y; �) is said to be(i) �-prelosed if pCl�(f(Int(F ))) � f(F ) for eah losed set F inX;(ii) strongly �-prelosed if every losed set F of X, f(X) is pre-�-losed in Y .Clearly, every strongly �-prelosed funtion is �-prelosed, sinepCl�(f(Int(A))) � pCl�(f(A)) = f(A) for every losed subset A of X.But this is not true onversely.



On pre-�-open sets and two lasses of funtions 57Example 4.2. Let f : (X; �) ! (Y; �) be the funtion de�ned inExample 3.2(i) (resp.Example 3.2(ii)). Then it is shown that f is a �-prelosed funtion whih is not strongly �-prelosed (resp. weakly losedfuntion need not be �-prelosed).Theorem 4.3. For a funtion f : (X; �) ! (Y; �), the following ondi-tions are equivalent(i) f is �-prelosed.(ii) pCl�(f(U)) � f(Cl(U)) for every open subset U of X:(iii) pCl�(f(U)) � f(Cl(U)) for eah preopen subset U of X:(iv) pCl�(f(Int(F ))) � f(F ) for eah prelosed subset F of X.(v) pCl�(f(Int(F ))) � f(F ) for every �-losed subset F of X.(vi) pCl�(f(Int(Cl(U)))) � f(Cl(U)) for eah subset U of X.(vii) pCl�(f(U)) � f(Cl(U)) for eah preopen subset U of X.Proof. (i)! (ii). Let U be any open subset of X: Then pCl�(f(U)) =pCl�(f(Int(U))) � pCl�(f(Int(Cl(U)))) � f(Cl(U)).(ii) ! (iii). Let U be any preopen set of X. Then pCl�(f(U)) �pCl�(f(Int(Cl(U)))) � f(Cl(Int(Cl(U)))) � f(Cl(U)).(iii) ! (iv). Let F be any prelosed set of X. Then, we havepCl�(f(Int(F ))) � f(Cl(Int(F ))) � f(F ).It is lear that (iv)! (v)! (vi)! (vii)! (i). �Theorem 4.4. Let Y be a pre-regular spae. Then for a funtion f :(X; �)! (Y; �), the following onditions are equivalent.(i) f is �-prelosed.(ii) pCl�(f(U)) � f(Cl(U)) for eah regular open subset U of X.(iii) For eah subset F in Y and eah open set U in X with f�1(F ) �U , there exists a pre-�-open set A in Y with F � A and f�1(A) �Cl(U).(iv) For eah point y in Y and eah open set U in X with f�1(y) � U;there exists a pre-�-open set A in Y ontaining y and f�1(A) �Cl(U).Proof. It is lear that (i)! (ii) and (iii)! (iv).(ii) ! (iii). Let F be a subset of Y and U an open set in X withf�1(F ) � U . Then f�1(F ) \ Cl(X � Cl(U)) = � and onsequently,F \ f(Cl(X � Cl(U))) = �. Sine X � Cl(U) is regular open, F \pCl�(f(X�Cl(U))) = � by (ii). Let A = Y �pCl�(f(X�Cl(U))). Then



58 Caldas, Jafari, Navalagi and NoiriA is a pre-�-open set with F � A and f�1(A) � X � f�1(pCl�(f(X �Cl(U)))) � X � f�1f(X �Cl(U)) � Cl(U).(iv)! (i). Let F be losed in X and let y 2 Y � f(F ). Sine f�1(y) �X � F , there exists a pre-�-open set A in Y with y 2 A and f�1(A) �Cl(X � F ) = X � Int(F ) by (iv). Therefore A \ f(Int(F )) = �, so thaty 2 Y � pCl�(f(Int(F ))). Thus pCl�(f(Int(F ))) � f(F ).Theorem 4.5. A bijetion f : (X; �) ! (Y; �) is �-preopen if and onlyif f is �-prelosed.Proof. This is an immediate onsequene of Theorem 3.5.Next we investigate onditions under whih �-prelosed funtions arestrongly �-prelosed.Theorem 4.6. (i) If f : (X; �)! (Y; �) is prelosed and ontra-losed,then f is strongly �-prelosed and losed.(ii) If f : (X; �)! (Y; �) is ontra �-preopen, then f is �-prelosed.Proof. (i) Let F be a losed subset of X: Sine f is prelosed,pCl�(Int(f(F ))) = Cl(Int(f(F ))) � f(F ) and sine f is ontra-losed,f(F ) is open. Therefore by Theorem 2.5 Cl(f(F )) = pCl�(f(F )) =pCl�(Int(f(F ))) � f(F ) and hene f(F ) is pre-�-losed and losed inY . Therefore, f is strongly �-prelosed and losed.(ii) Let F be a losed subset ofX: Then, pCl�(f(Int(F ))) = f(Int(F )) �f(F ).Example 4.7. Example 3.2(i) shows that �-prelosedness does notimply ontra �-preopenness.Example 4.8. Contra-losedness and �-prelosedness are independentnotions. Example 3.2(i) shows that �-prelosedness does not implyontra-losedness while the reverse is shown in the Example 3.2(ii).Theorem 4.9. If Y is a pre-regular spae and if f : (X; �) ! (Y; �)is one-to-one and �-prelosed, then for every subset F of Y and everyopen set U in X with f�1(F ) � U , there exists a pre-�-losed set B inY suh that F � B and f�1(B) � Cl(U).



On pre-�-open sets and two lasses of funtions 59Proof. Let F be a subset of Y and U an open subset of X withf�1(F ) � U . Put B = pCl�(f(Int(Cl(U)))), then by Theorem 2.7B is a pre-�-losed subset of Y suh that F � B, sine F � f(U) �f(Int(Cl(U))) � pCl�(f(Int(Cl(U)))) = B. Now sine f is �-prelosed,f�1(B) � Cl(U).Taking the set F in Theorem 4.9 to be fyg for y 2 Y we obtain thefollowing result.Corollary 4.10. If Y is a pre-regular spae and if f : (X; �) ! (Y; �)is one-to-one and �-prelosed, then for every point y in Y and everyopen set U in X with f�1(y) � U , there exists a pre-�-losed set B inY ontaining y suh that f�1(B) � Cl(U).Reall that a set F in X is �-ompat [24℄ if for eah over 
 ofF by open U in X, there is a �nite family U1; :::; Un in 
 suh thatF � Int(SfCl(Ui) : i = 1; 2; :::; ng).Theorem 4.11. Let (Y; �) be a pre-regular spae. If f : (X; �)! (Y; �)is a �-prelosed funtion with �-losed �bers, then f(F ) is pre-�-losedfor eah �-ompat F in X.Proof. Let F be �-ompat and y 2 Y � f(F ). Then f�1(y) \ F = �and for eah x 2 F there is an open Ux � X with x 2 Ux suh thatCl(Ux) \ f�1(y) = �. Clearly, 
 = fUx : x 2 Fg is an open over ofF and sine F is �-ompat, there is a �nite family fUx1 ; :::; Uxng � 
suh that F � Int(A), where A = SfCl(Uxi) : i = 1; :::; ng. Sine fis �-prelosed, by Theorem 4.4 there exists a pre-�-open B � Y withf�1(y) � f�1(B) � Cl(X � A) = X � Int(A) � X � F . Thereforey 2 B and B\f(F ) = �. By Theorem 2.1 (i), there exists a preopen setW with y 2 W suh that pCl(W ) � B. Therefore pCl(W ) \ f(F ) = �.Thus y 2 Y � pCl�(f(F )). This shows that f(F ) is pre-�-losed.Two nonempty subsets A and B in X are said to be strongly sepa-rated [24℄ if there exist open sets U and V in X with A � U and B � Vand Cl(U) \ Cl(V ) = �. If A and B are singletons we may speak ofpoints being strongly separated. We will use the fat that in a normalspae, disjoint losed sets are strongly separated.



60 Caldas, Jafari, Navalagi and NoiriA topologial spae (X; �) is said to be �-pre-T2 if for x; y 2 X withx 6= y there exist disjoint pre-�-open sets U and V suh that x 2 U andy 2 V .Theorem 4.12. Let (Y; �) be a pre-regular spae. If f : (X; �)! (Y; �)is a �-prelosed surjetion and all pairs of disjoint �bers are stronglyseparated, then Y is �-pre-T2 (hene pre-T2).Proof. Let y and z be two points in Y . Let U and V be open sets inX suh that f�1(y) 2 U and f�1(z) 2 V with Cl(U) \ Cl(V ) = �. By�-prelosedness (Theorem 4.4) there are pre-�-open sets F and B in Ysuh that y 2 F and z 2 B, f�1(F ) � Cl(U) and f�1(B) � Cl(V ).Therefore F \ B = �, beause Cl(U) \ Cl(V ) = � and f is surjetive.Then Y is �-pre-T2.Corollary 4.13. If Y is a pre-regular spae and if f : (X; �) ! (Y; �)is a �-prelosed surjetion with losed �bers and X is normal, then Y is�-pre-T2 (hene pre-T2).De�nition 4.14. A subset S of a topologial spae (X; �) is said to bequasi H-losed relative to (X; �) [20℄ (resp. p-losed relative to (X; �)[9℄) if for every over fU� j � 2 Ag of S by open (resp. preopen) sets ofX, there exists a �nite subset A0 of A suh that S � [fCl(U�) j � 2 A0g(resp. S � [fpCl(U�) j � 2 A0g). A topologial spae (X; �) is said tobe quasi H-losed [7℄ (resp. p-losed) if the subset X is quasi H-losedrelative to (X; �) (resp. p-losed relative to (X; �)).Every p-losed spae is quasiH-losed sine pCl(U) = Cl(U) for everyopen set U . It is shown in Theorem 2.5 of [9℄ that a T0 spae X is p-losed if and only if it is quasi H-losed and strongly irresolvable. It isalso shown in Theorem 5.3 of [18℄ that if f : X ! Y is a �-preontinuousfuntion and K is p-losed relative to X then f(K) is quasi H-losedrelative to Y .Theorem 4.15. Let Y be a pre-regular spae. If f : X ! Y is a�-prelosed surjetion with ompat point inverses and K is p-losed rel-ative to Y , then f�1(K) is quasi H-losed relative to X.Proof. Let fU� j � 2 Ag be any over of f�1(K) by open sets ofX. For eah y 2 K, f�1(y) is ompat and f�1(y) � S�2A U�. There
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