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ABSTRACT. In this paper, we prove a multiplicity result for some bihar-
monic elliptic equation of Kirchhoff type and involving nonlinearities with
critical exponential growth at infinity. Using some variational arguments
and exploiting the symmetries of the problem, we establish a multiplicity
result giving two nontrivial solutions.
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1. Introduction and statement of main results
In the present work, we consider the equation
(P) (a +b [ |Au)? dx) A?u+ V(z)u = f(z,u) + h(z), in R,
R4
where @ > 0 and b > 0. We assume
(Hy) V : R* — [0, +00 is some continuous function such that
Vo = inf V(z) > 0.
0 a:lélR“ (33)
Moreover, V' is spherically symmetric (radial), that is
Va,yeRY, |z =yl = V(e) = V(y).

(Hs) f:R*xR — R is a Carathéodory function which is spherically symmetric
with respect to = € R*, that is

V(z,y,5) ER' X R xR, |z] = |y| = f(z,5) = f(y,s).
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Kirchhoff-type biharmonic equation 1560

(H3) There exist « > 1, 8> 1, p > 0 and Cp > 0 such that

|f(z,5)| < Cy (|s|°‘ +s|? (ep32 — 1)) CaercRY VseR

(H4) There exist A > 0 and ¢ > 4 such that

F(x,s):/ flz,t)dt > Als|?, aex € R VseR.
0

(Hs) There exists v > 4 such that

vF(z,5) < f(z,8)s, aex €RY, Vs eR.

(Hg) h: R* — R is spherically symmetric such that h € L?(R%).

Higher order nonlinear equations and especially those involving a biharmonic
operator arise in many physical applications such as deformations of an elastic
beam in equilibrium state, travelling waves in suspension bridges, thin film
theory, surface diffusion on solids, interface dynamics, and phase field models
of multiphase systems. The interested reader can be referred to [7,11, 14, 22]
and references therein. On the other hand, nowadays, it is becoming clear
and even obvious the importance of studying Kirchhoff-type equations (and in
general nonlinear equations containing nonlocal terms) in view of their various
possibilities to modelize several physical and biological phenomena. Among
these equations, a special attention has recently been given to fourth-order
ones. We can, for example, cite [4,20,21,24]. In these cited references and
others, the authors are mainly concerned with equation of the form

A?u— M (/ |Au|2do:) Au = g(z,u), v €Q,
Q

where  is some subset of RN, N > 3, and g is some Carathéodory function
whose growth at infinity is controlled by some polynomial. A special case with
great interest is when M(s) = a + bs, with a and b two positive constants.
In our case we study the situation when the nonlinearities enjoy a critical ex-
ponential growth at infinity. This kind of problems has known a very great
interest in last few decades but the number of papers dealing with Kirchhoff
type equation involving this kind of growth condition is very limited. We can
quote [1-3,8,12]. All these works investigated existence and multiplicity of solu-
tions to some second-order equations and they are governed by the well known
Trudinger-Moser inequality. Concerning higher order, up to the best knowledge
of the author, the present paper is the first attempt to study Kirchhoff-type
equation involving exponential growth condition. Another aspect of novelty in
this article is that we prove the existence of at least two nontrivial solutions
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for both cases h # 0 and h = 0. We look for solutions to the problem (P) in
the Hilbert space

E= {u € H*(RY), V(z)uldz < +oo}

]R4
equipped with the norm

ul| = (/R (180 + V(a)?) dxf .

The following results concerning the space H2(R*) are needed. See [16—15] for
proofs and more details. For u € H?(R*%), we denote

Nl

2 2 2
el o ey = 1= + Dyl = (1A +2[Fuf} + Jul})

where | - |, denotes the norm in L?(R?), i.e.

1
3
v, = vide) | ve L3(RY).
2
R4

Here, we state the Adams inequality for the whole space R?,
] (““2—1)d < 4o if 0¢§327r27
) 1 =40 if a> 3272
where S = {ue H?(R%), l[ull frzgay < 1}. Moreover, if &« > 0, ¢ > 2 and
M > 0 such that aM? < 3272, then there exists a constant C = C(«a, ¢, M) > 0
such that
/ (e = 1) ul” do < C lulldpaguay - ¥ 1 € HARY), JJulljoasy < M.
]R4

Now, by (Hi), there exists a constant xo > 0 such that
Jull 2y < Xo llull, ¥ u € H*(RY).

It follows that there exists a positive constant C’ = C'(a, ¢, M) > 0 such that
(L.1) [ (e = 1) o < 0l
R4

1
provided that |lu|| < M < % (ﬁ) °.

@

Definition 1.1. A function u € F is said to be a weak solution of the problem
(P) if it satisfies

a/ AuAvd:r—i—b( |Au2dx>/ AuAvdx—i—/ V(z)uvdx
R4 R4 R4 R4

= f(z,w)vdr + | hvdz, Vv e E.
R4 R4
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The main result of this paper is given by the following theorem.

Theorem 1.2. Assume that (Hy) — (Hg) hold true. Then, there exist Ag >0
and hg > 0 such that the problem (P) admits at least two nontrivial weak
solutions provided that A > Ay and 0 < |h|, < ho. Moreover, if h = 0 and
F(z,s) is even with respect to s € R, then (P) has also at least two nontrivial
weak solutions.

2. Proof of Theorem 1.2

We will proceed by steps. First, we introduce the energy functional which
corresponds to (P),

2
1
I(u) = %/R |Aul® da +g (/R |Au|2dx> + 5/}}{4 V(z)u?da

—/ F(x,u)dx—/ hudz, u € E.
R4 R4

Lemma 2.1. Assume that (Hy), (Hs) and (Hg) hold true. Then, there exist
©w>0, p>0 and hg > 0 such that

I(u) > p, Yu e E, ||ul| = p, provided that 0 < |h|, < ho.
Proof. By (Hs), it yields

F(z,u)dx < ¢y (/ lu|* T da —|—/ Pt (e”"2 - 1) da:) .
R4 R4 R4

1
Then, if ||u|| <inf (1, 52 3202 )2 ) hy (1.1) we obtain
P

? 2x0

/ F(z,u)dz < (HuHaJrl i Hu”ﬁ+1) < (2¢1) ”uHHinf(a,g) .
R4

Thus,

inf(1,a) 2 inf(a,
I(u) = == l|ull® = 2e2) [full 7[Rl |lul],

for |lu|| < inf <1 L (32”2)2>. Since inf(w,8) > 1, one can find p > 0

’ 2xo0 P
1

small enough such that p < inf (1, ﬁ (%) 2) and mf(Tl“) > 26, pinf(@8) -1

Hence, Lemma 2.1 can be concluded by taking hg = Wp —2¢1p™f(@B) and

= I g2 — 90, ptHint(@f) — pyp, O
Lemma 2.2. Assume that (Hy), (Hz), (H3) and (Hg) hold true. Then, the
problem (P) admits a nontrivial radial weak solution Uy such that I(Uy) < 0
provided that 0 < |h|y < hg.



1563 Aouaoui

Proof. Denote by I, = I| g, the restriction of I on the subspace E, consisting
of all radial functions in E. Since h # 0, there is ¢ € E, such that ¢ # 0 and
Jga hpdz > 0. Let 0 < t < 1. We have

2
i[,(tg;) = at/ |Ap|? da + bt® (/ |Ag|? dm) + t/ V(z)p?ds
dt R4 R4 R4

—/ gof(x,tgo)dx—/ hpdzx.
R4 R4

By the Lebesgue dominated convergence Theorem, it yields
lim of(x,tp)dr = 0.
t—0t R4
Hence, one can find 0 < ty < 1 small enough such that %Ir(tgo) <0,V0<
t < to. Since I.(0) = 0, it must exists 0 < ¢; < inf (to, ”—Z”) (where p is given
by Lemma 2.1) such that I.(t1¢) < 0. From the fact that ||t1¢| < p, we infer
d, =inf{I,(u), u € E,, |u|| < p} <I.(tip) <O0.

Now, by the virtue of the Ekeland’s variational principle (see [6]), there exists a
sequence (un) C E,, ||un|| < p, Vn > 0such that I, (u,) — d, and I/ (u,) — 0.
Then, there exists Uy € FE,. such that u,, — U; weakly in F,.. We claim that,
up to a subsequence, (u,) is strongly convergent to Uy in F,. Let 0 < e < 1;
by (H3) there exists a constant ¢, > 0 such that

f(, )] <els] + ce|s]” (epsz - 1)7 aer €RY VseR.

It follows
[ @) = U)ldr < e [ fun, =) do
(2.1)
+ CE/ |un|ﬁ (ep“i - 1) |y, — Uy | dx.
R4
We have
|un|2 / ‘un_U1|2
n(ty —Uh)|dx < —d ———d
(2.2) /R4 fun (= U)o /R4 y LT 2 *

<co, VN 2>0.

On the other hand, by Holder’s inequality

/ |un|ﬂ (ep“i - 1) |y, — Uy | dx
R4

3 5 36 [ spul
< |un, — Us]” dx / |un| 2 (e72 —1)dx
R4 R4

(SN



Kirchhoff-type biharmonic equation 1564

Obviously, one could choose p small enough such that
JL (et _1 (647#)5
xo \ 2% Xo \ 38 )
By (1.1), it yields

38 [ spup 38
/ [t | 2 (e 2 —1) dx < csllun||® <cqy Y0 >0.
R4

Taking into account that the embeddings E, —s— L!(R?*) are compact for all
2 <t < 400 (see [13]), we deduce that, up to a subsequence,

/ lup — Ui|* dz — 0, n — +oc.

R4

By (2.3) , we infer

(2.4) / un|? (epuf1 - 1) |y, — Uy dx — 0, n — +o0.
R4

Using (2.4) , (2.2) and (2.1) , we obtain

ngIEoo » |f (2, upn)(u, — Ur)| de < coe.
Since 0 < € < 1 is arbitrary, we deduce that
(2.5) lim fzyun)(up — Uy)dz = 0.

n—-+oo R4

Taking the weak convergence of (u,) to Uy in E, into account and using (2.5),
it follows

(a+b/ |Aun|2dx>/ Ay — U dz+ [ V(@) (un, — Uy)2dz — 0.
R4 R4 R4

Consequently, u, — Uj strongly in E,.. Hence, I'(U;) = 0 and I.(Uy) =
I(U1) = d, < 0. According to the principle of symmetric criticality (see [15,23]),
the function Uj is in fact a critical point of the functional I. O

Lemma 2.3. Assume that (Hy) — (Hg) hold true. Then, there exists Ag > 0
such that the problem (P) admits a nontrivial weak radial solution Us such that
I(Us3) > 0 provided that A > Ay.

Proof. Let t > 0 and ¢ € E, be such that ¢ # 0 and fR4 hodz > 0. By (Hy),

it yields
#2 b 2
I.(tp) < a—/ |Atp\2dx + ¢t / |A<,0|2 dx
2 R4 4 R4

2

t
+— | V(z)p*de — Atq/ lo|? dz.
2 R4 R4
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Since ¢ > 4, there exists 79 > H%H large enough such that I,.(7o¢) < 0. Now,

by the Mountain-Pass Theorem without the Palais-Smale condition (see [23,
Chapter 2]), there exists a sequence (u,) C E, such that I.(u,) — ¢ and
I (up,) — 0, where ¢ = inf max I.(y(¢)) > 0, and

el 0<t<1

['={y:[0,1] = E., v(0) =0, v(1) = 700} .
Observe that

I (un) — % (I (un), un) < e+ 0p(1) (1 + [lunl)), ¥ n>0.

Using (Hs), we get

2
a (1 - 1> / |Auy|® dz + b (1 - 1> < | Au, |? dm)
2 v) Jga 4 v R4
11 ,
+ (2 - V) /11&4 V(z)u; dx

< ¢+ on(1) (14 [lunl]) + [y [Junll, ¥ n = 0.
Thus,

1 1
26) (5= 3 )if(L0) ] < ¢+ 0u(1) 1+l + 8l ], ¥ 020

Then, (u,) is bounded in E,. By Young’s inequality and (2.6), one can easily
find a positive constant c¢5 > 0 such that

1 1Y) inf(1,a)
20 (5 2) 2 il < et oa) 1+ ) + es 03, ¥ 2 0.

Passing to the upper limit in (2.7), we obtain

2c

2.8 I ol < 1+ hl;.
( ) :LIEJS:;S ”u ” = (% — %) inf(La) CG| |2
Now, by the even definition of ¢ and (Hy), we have

. < < 2 4 a9

(2.9) c< I?Zag( I.(tp) < r?zagc (klt + kot™ — kst ) ,

where
1+a b 2
I /|A<P|2dx k= Algl?.
2 4\ Jpa a

For t > 0, define W(t) = kit? + kot* — kst?. Clearly, one can choose A large
enough such that

4(k1 + kg)

2.10
(2.10) o

<1
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That last inequality together with a direct computation lead to

< 2 gttt
max U(t) < max, ((k1 + k2)t® — kst9)

0<t<1
(2.11) 2
2 Q(kl + kg) a=2
=(1—=|(k1+ k)| —= .
( Q> (1 + ) ( qgks
On the other hand, again by (2.10) we have
: < 4 kst?) = — ks.
(2.12) max U(t) < max (k1 + ko)t* — kst?) = ky + ko — k3

Combining (2.10), (2.11) and (2.12), one can easily find Ay > 0 large enough
such that

1 1 1 \° /64r2
<[ == =13 - .
r&agc\ll(t) (2 V)lnf(l,a) <4X0> < 3 >, VY A> A

By (2.9), it follows

2 1/ 1\?/64r2
(2.13) G_lmﬂL@§8<m><3ﬁ>,VA>%.

2 v

Clearly, one could choose hg > 0 small enough such that

2 2
1/1 647w
2.14 i< - — .
(214 CGO_8<X0><35>
By (2.14) ,(2.13) and (2.8) , we deduce that

1/ 1\ /64n2
limsup||un||2§ < ><67r>,VA>A0,V|h2<hO.

n——+00 Z % 3ﬂ
Consequently, there exists ng > 1 large enough such that
1 (64r? )5
2.15 Upl|| < — , Vn > ny,
(2.15) ol < 5= (%55

provided that A > Ay and |h|, < hg. Denote by Uz € E, the weak limit of
(up). By (2.15) , it is immediate that (2.2) and (2.4) hold and by consequence
we get

nBI—EOO » fzyun)(un — Uz)dx =0,
which implies that, always up to a subsequence, w, — Us strongly in F,.
Therefore, I/.(Uz) = 0 and I.(Uz) = I(Uz) = ¢ > 0. Again by the virtue of the
principle of symmetric criticality, Us is a critical point of I. d

Now, we will treat the case when h = 0 and F(zx,s) is even with respect
to s € R. In this case, we try to prove the existence of at least one nonradial
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(and sign-changing) solution to (P). For that aim, we will try to adapt some
arguments found in [5]. More precisely, set

H=0@2) x0(2) = {( Eg; 223 ) (), (b) € 0(2)} c O(4).

Furthermore, let 7 = ( (ZO) (15) ) € O(4) where iy denotes the identity of
2

R2. Now, consider the subgroup G = (H U {r}) of O(4). Observe that 7= = 1

and TH = Hr. Consequently, G = H U {hr, h € H}. We define the action

x:GX FE— FEof Gon E by
hxu(z)=uh'z), Ve eR Yuec E, VheH,
(h7) xu(x) = —u(th™'z), Vo eR*, Yue E, VheH.
Clearly, |lg*u| = |Ju||, Y v € E, V g € G. Thus, the action of G on E is
isometric. Since V(z) and f(x, s) are spherically symmetric with respect to z,
then
V(gz) = V(z), f(gx,s) = f(z,s), Vz€R* Vge G, VseER.
Since the function u +— [, F(x,u)dz is even, then I(g * u) = I(u), ¥ u €
E, V g € G which means that [ is G-invariant. Set
Ec=Fizg(G)={u€eE, gxu=u, YgeG}.
This space is nothing else than the space of the fixed points in E with respect
to the action of G on E. Moreover, we introduce the space
Wit (RY) = {u e WH(RY), u(z) =u(hz), Vo €R), Vhe H}.

By the virtue of [9, Corollary 4], the embedding W;IA(R‘l) — L"(R%) is com-
pact, for all 4 < r < +o00. Observing that Eg — W}{A(R‘l) with continuous
embedding, it follows

(2.16) FEg —— L'(RY), V4 <r < +oco
with compact embedding.

Remark 2.4. It is clear that every point u € Eg\{0} is non spherically sym-
metric (i.e. nonradial) and is sign-changing.

Proof of Theorem 1.2 completed in view of Lemma 2.2 and Lemma 2.3, we
easily see that, for 0 < |h|, < hg, the problem (P) has at least two nontrivial
radial solutions. Now, we assume that h = 0 and F(z, s) is even with respect to
s € R. By Lemma 2.3, the problem (P) admits at least one weak radial solution
denoted by U; such that I(U;) > 0. In order to conclude the proof of Theorem
1.1, it remains to show that the problem (P) admits a nontrivial nonradial
weak solution. But this result can be reached by adapting the arguments used
in the proof of Lemma 2.3 to the functional I = I B » Which is the restriction
of I on the subspace Eq. It suffices to prove that a similar identity to (2.5)
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holds. Let (u,) C Eg and u € Eg be such that u, — u weakly in Eg. We
claim that

(2.17) f(z,un)(up —uw)dz — 0, n — +o0.

R4

By Holder’s inequality, we have

/ |un|ﬁ (e”“i — 1) |y, — u| dz
R4
1 4
5 5 58 Spug 5
<(/ |tr, — ul dx) (/ |un4(e4 —1)dx) .
R4 R4

Asin (2.15), one can easily show that, for A > Ay and n large enough, we have

" ”<1(647r2)§<1<1287r2)5
" 2x0 \ 38 20 \ 58 '

By (1.1), it yields

58 [ spup 58
/ lun|* (e77 —1)dx <crllunl|™* <ecs, Vn>0.
R4

By (2.16), Eq << L?(R*). Then, |u, —u|; — 0, and by consequence (2.17)
follows from (2.18) and (2.1). We deduce that I admits at least one nontrivial
critical point Uy € E¢ such that I(Us) = I(Usz) > 0. Taking into account that
the principle of symmetric criticality still holds (see [10]), we conclude that Us
is a critical point of I. Finally, since Uy # 0, Remark 2.4 implies that Us is
nonradial and sign-changing. This ends the proof of 1.2.
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