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1. Introduction

The common fixed point theorems for single-valued mappings satisfying
some contractive conditions have been studied by many authors (see [1, (-9,

, 12] and the references contained therein). The existence of PPF dependent
fixed points in the Razumikhin class of mappings for single-valued mappings
that have different domains and ranges has been proved by Bernfeld et al. [2].
Since then the researchers have extended the existence of PPF dependent fixed
points to PPF common dependent fixed points for single-valued mappings sat-
isfying the weaker contractive conditions in Banach spaces (see [3-5]).

In this paper, we prove the existence of PPF dependent coincidence points
for a pair of single-valued and multi-valued mappings satisfying generalized
contractive conditions in Banach spaces. Furthermore the PPF dependent
fixed point and PPF dependent common fixed point theorems for multi-valued
mappings are proved.
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2. Preliminaries

Suppose that F is a real Banach space with the norm || - ||z and I is a closed
interval [a,b] in R. Let Ey = C(I, E) be the set of all continuous E-valued

functions on I equipped with the supremum norm || - | g, defined by
(2.1) [0l m, = sup [[¢(4)|| 2 = max [|¢(t)| &,
tel tel

for all ¢ € Ey. For a fixed element ¢ € I, the Razumikhin class of mappings in
Ejy is defined by

(2.2) Re=A{d € Eo: |95, = ¢c)lr}
Definition 2.1. Let A be a subset of E. Then

(i) A is said to be topologically closed with respect to the norm topology
if for each sequence {z,} in A with z,, — = as n — oo implies z € A.

(ii) A is said to be algebraically closed with respect to the difference if
x—ye€ Aforall z,y € A.

Farajzadeh and Kaewcharoen [1] proved that the Razumikhin class R, is
topologically closed with respect to the norm topology.

Proposition 2.2. ([1]) The Razumikhin class R. is topologically closed with
respect to the norm topology.

The following example shows that the algebraic closedness with respect to
the difference of Razumikhin class R. may fail. Hence, by using the previous
argument, the Razumikhin class R. is not convex in general.

Example 2.3. ([1]) Let Ey = C([0,1],R) and ¢ = 1. If we take ¢(t) = t? and
a(t) =t for all t € [0,1], then ¢, € R, while § — a & R..

Generally, if ¢ and « are elements of R. with ¢ # « and ¢(c) = a(c)
then ¢ — a ¢ R.. Because if |[¢ — a||g, = [|(¢ — a)(c)||g, then it follows from
¢(c) = afc) that ||¢ — af||g, =0 and so ¢ = a which is a contradiction.

Remark that from the above example and the fact AR. C R, for |\| < 1, we
get 2¢+1(—a) € R, and so the Razumikhin class R, may fail to be midconvex.

It is clear from the definition of the Razumikhin class R. that
AR. C R. for each real number .
Hence the Razumikhin class R, is balance, that is AR, C R, for [A| < 1.
Therefore we can deduce the next result.

Proposition 2.4. If the Razumikhin class R. is algebraically closed with re-
spect to the difference, then it is a closed linear subspace of Ey = C(I, E).
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The following example indicates that the converse of Proposition 2.4 is not
true in general.

Example 2.5. Let Ey = C([0,1],R) and ¢ = 1. If we take ¢(t) = t*> and
a(t) =t for all t € [0,1], then the closed linear subspace M of Ey generated
by the set {¢, a} is not equal to the Razumikhin class R. because ¢ — o € M
while ¢ — a &€ R..

Recall that a point ¢ € Ejy is said to be a PPF dependent fixed point or a
fixed point with PPF dependence of T': Ey — E if T'¢p = ¢(c) for some c € 1.

Example 2.6. ([1]) Let T': C([0,1],R) — R be defined by
To = 1( sup |¢(t)\) for all ¢ € C([0, 1], R).
2 \tef0,1]
Therefore T is a contraction with a constant 5. Suppose that ¢(t) = ¢* + 1
for all ¢t € [0,1]. Since T'¢ = %(supte[o’” \¢(t)|) = 1= ¢(0), we obtain that ¢
is a PPF fixed point with dependence of T
Definition 2.7. Let S,T : Ey — E be two mappings. A point ¢ € Ey is said

to be a PPF dependent common fixed point or a common fixed point with PPF
dependence of S and T if S¢ = ¢(c) = T'¢ for some ¢ € I.

Note that if we take S = T, then a PPF dependent common fixed point of
S and T collapses to a PPF dependent fixed point.

Definition 2.8. Let A : By — F and S : By — Ey. A point ¢ € Ey is
said to be a PPF dependent coincidence point or coincident point with PPF
dependence of A and S if Ap = S¢(c) for some c € I.

Let CB(F) be the collection of all nonempty closed bounded subsets of E.
Suppose that H is the Hausdorff metric induced by || - || g. Therefore, for each
A,B e CB(E),

Hg(A, B) = max{sup d(a, B),supd(b, A)},
acA beB

where d(a, B) = infyep |la — b)|.

The following result is obtained by the definition of the Hausdorff metric
induced by || - ||g and the property of the infimum.

Lemma 2.9. Let A, B € CB(E) and a € A. Then for all € > 0, there exists a
point b € B such that |ja — b|| < Hg(A, B) + ¢.

Proof. Suppose that there exists € > 0 such that
la—b|| > Hg(A,B) +¢ for all b € B.

This implies that d(a, B) > Hg(A, B)+¢ > Hg(A, B) which is a contradiction.
O
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In 1989, Mizoguchi and Takahashi [10] obtained a generalization of the Ba-
nach contraction principle in a complete metric space as follows:

Theorem 2.10. ([10, Theorem 5]) Let (X,d) be a complete metric space and
T:X — CB(X) be a multi-valued mapping satisfying

Hp(Tz,Ty) < p(d(z,y))d(z,y), for allz,y € X,
where ¢ : [0,00) — [0,1) is a mapping such that
limsupp(r) <1, for allt € [0,00).

r—tt

Then T has a fized point in X.

In this paper, we prove the existence of PPF dependent coincidence points
for a pair of single-valued and multi-valued mappings by applying a generalized
form of the contractive condition appeared in Theorem 2.10 in the setting of
Banach spaces. Furthermore, the PPF dependent fixed point and PPF depen-
dent common fixed point theorems for multi-valued mappings are established.

3. PPF Dependent common fixed points

We begin this section by introducing the concept of a PPF dependent fixed
point for a multi-valued mapping which is an extension of the definition of a
PPF dependent fixed point for a single-valued mapping in the setting of Banach
spaces.

Definition 3.1. Let T': By — CB(E) be a multi-valued mapping. A point
¢ € Ej is said to be a PPF dependent fixed point or a fixed point with PPF
dependence of T if ¢(c) € T'¢ for some ¢ € I.

Note that if T} : Eg — E is a single-valued mapping, then we can define the
multi-valued mapping T : Ey — CB(E) by T(¢) = {T1(¢)}, for all ¢ € Ej.
Hence, the set of PPF dependent fixed points of T} is coincide to the set of
PPF dependent fixed point of T. Therefore, the former definition of a PPF
dependent fixed point for a multi-valued mapping is a generalization of the
corresponding definition for a single-valued mapping.

Definition 3.2. Let f : Ey — Ey be a single-valued mapping and T : Ey —
CB(FE) be a multi-valued mapping. A point ¢ € Fj is said to be a PPF
dependent coincidence point of f and T if f¢(c) € T'¢ for some ¢ € I.

Notice that if f is equal to the identity map then Definition 3.2 collapses to
Definition 3.1.
The following lemma will be useful for our main theorems.

Lemma 3.3. Let A, B € CB(FE). Suppose thate > 0 and Hg(A, B) < . Then
for all a € A there exists b € B such that |la —b|| < ¢
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Proof. Assume that there exists a € A such that |ja — b|| > ¢ for all b € B.
This implies that d(a, B) > €. Therefore Hg(A, B) > ¢ which contradicts to
the assumption. This completes the proof. O

We now prove the existence of PPF dependent coincidence points for a pair
of single-valued and multi-valued mappings satisfying generalized contractive
conditions appeared in Theorem 2.10 in Banach spaces.

Theorem 3.4. Suppose that T : Ey — CB(E) is a multi-valued mapping and
f:Re — Re is a single-valued mapping satisfying the following conditions:
(i) T(Eo) € f(Re)(c),
(ii) f(R.) is complete,
(iii) there ewxists a function ¢ : [0,00) — [0,1) such that

(3.1) limsup ¢(r) < 1 for all t € [0, c0),
r—t+
and for all ¢, € R,
(3.2) Hy(To,Ta) < (| fé — fallg,)lfé — fol g,

If R. is algebraically closed with respect to the difference, then T and f have a
PPF dependent coincidence point in R..

Proof. Define a function w : [0,00) — [0,1) such that w(t) = %, for all
t € [0,00). This implies that

limsupw(r) < 1, ¢(t) < w(t) and 0 < w(t) < 1, for all ¢ € [0, 00).

r—tt

Let ¢g € R.. Since T'¢g C E, there exists 1 € E such that x1 € T'¢y. Using
the fact that T'(¢9) C f(R.)(c), we can choose ¢1 € R, such that

foi(c) = a1 € To.
Setting oy = f¢1, we have oy € R.. By applying (3.2), we obtain that

Hpg(Too, Tor) < o(lfoo — foille)llfoo — forllE,
< w(llfoo — forllm)lfpo — férll k-

If f¢po = fp1, then T and f have a PPF dependent coincidence point. Assume
that fog # fp1. By Lemma 3.3, there exists xo € T'¢; such that

lz1 =22/l < w(llfgo — for1llE) | fdo — forll -
Since T'(¢1) C f(Rc)(c), we can choose ¢ € R, such that

foa(c) =22 € Ty
Setting ag = f¢po, we obtain that as € R.. Therefore

|ai(c) —aa(c)|le < w(llao —a1llg,)llevo — a1l &,-
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By continuing the process as above, we can construct a sequence {a,} such
that o, (c) € Tdp—1,ap € R, and

lam(e) —anta(e)le < w(llan1 —anllg)an- — anllz,,

for each n € N. Since w(t) < 1 for all ¢t € [0,00) and R, is algebraically closed
with respect to the difference, we have

||O‘n - O‘n-&-l”Eo = ||o¢n(c) - O‘n-i-l(c)HE < ||O‘n—1 - O‘nHEo'

It follows that {||c, —cn+1] 5, } is a nonincreasing sequence in [0, 00). Therefore
{l|an — @n+1l|E, } 18 convergent. Since limsup, _,,+ w(r) < 1, we obtain that

limsup w(||ay, — ant1llE,) = s for some s € [0,1).
n—oo

This implies that for each k € (s,1), there is N € N such that
w(||an—1 — anllg,) < k, for all n > N.
For each n > N, we obtain that

lan —antilleg, < w(llon-1— anllgy)llan—1—anlg,

< kllan-1 — anllg,-

Thus for each m > n > N, we have

lon —amlle, < llon —anyillg, + -+ llam-1 — aml g,
S [k,an + kanJrl N kmfol]HaN _ OlN—&-l”Eg
kan
< g llew —antile,.
Therefore,
(3.3) lim ||oan — aml|lE, = 0.
n,Mm—00

This implies that {«,,} is a Cauchy sequence. Therefore { f¢,} is also a Cauchy
sequence in f(R.). By the completeness of f(R.), we have {f®,} is a conver-
gent sequence. Suppose that lim, . f¢, = ¢* for some ¢* € f(R.). There-
fore, there exists ¢ € R, such that ¢* = f¢. That is

Therefore, for each n € N, we have
d(fpnt1(c), T9) < Hp(T,,T9)
< (p(“f(bn - f¢||Eo)Hf¢n - f¢||E0

By taking the limit as n — oo, we have f¢(c) € T¢. Hence, T and f have PPF
dependent coincidence point in R.. O

N
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Corollary 3.5. Suppose that T : Ey — CB(E) is a multi-valued mapping and
f:Re = Re is a single-valued mapping satisfying the following conditions:
(i) T(Eo) € f(Re)(c),
(ii) f(R.) is complete,
(ili) He(To,Ta) < k|| fo¢ — fal, for all $,a € R, where k € [0, 1).
If R, is algebraically closed with respect to the difference, then T' and f have a
PPF dependent coincidence point in R..

Proof. Define ¢ : [0,00) — [0,1) by @(t) = k for all ¢ € [0,00). It follows
that all assumptions in Theorem 3.4 are now satisfied. Hence, the proof is
complete. O

The following theorem assures the existence of the PPF dependent fixed
point in R..
Theorem 3.6. Suppose that T : Ey — CB(E) is a multi-valued mapping
satisfying the following conditions:
(i) T(Eo) C Eo(c),
(i) there exists a function ¢ : [0,00) — [0,1) such that
(3.5) limsup ¢(r) < 1 for all t € [0, c0),

r—tt

and for all ¢, € R,

(3.6) H(T$,Ta) < o(ll¢ — allsy)llé — allz,-

If R, is algebraically closed with respect to the difference, then T has a PPF
dependent fixed point in R..

Proof. Define a function w : [0,00) — [0,1) such that w(t) = %, for all

t € [0,00). This implies that
limsupw(r) < 1, ¢(t) < w(t) and 0 < w(t) < 1, for all t € [0, 00).

r—t+

Let ¢g € R.. Since T'¢g C E, there exists x1 € E such that x1 € T'¢y. Using
the fact that T'(¢9) C Ep(c), we can choose ¢1 € R, such that

(,251(6) =x1 € T¢y.
By applying (3.6), we obtain that

H(T¢o, To1) < ¢(l[go — d1llE,)lld0 — é1llE,
< w(llgo, —o1llEo) 1 P0 — P1ll B0 -

If g = ¢1, then T has a PPF dependent fixed point. Assume that ¢g # ¢1.
By Lemma 3.3, there exists x3 € T'¢; such that

lz1 —22lle < w(ldo — d1llEo)llP0 — D1l Eo-
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Since T'(¢1) C Ep(c), we can choose ¢ € R, such that
¢2(C) = X9 € T¢1.

Therefore,

[61(c) = da(d)lle < wlldo — d1llm)ldo — d1lle,-

By continuing the process as above, we can construct a sequence {¢,} in R,
such that ¢, (c) € T¢,—1 and

[fn(c) = dnr1(lle < wllgn—1 = dnllE)lln—1 = bnllmo,

for each n € N. Since w(t) < 1 for all ¢t € [0,00) and R, is algebraically closed
with respect to the difference, we have

160 = PntillEy = [6n(c) = Gny1(O)llE < lldn-1 = PnllE,-

It follows that {||¢n — ¢nt1llE, } is & nonincreasing sequence in [0, c0). There-
fore, {||¢n — Pn+1llEo } is convergent. As in the proof of Theorem 3.4, we obtain
that {¢,} is a Cauchy sequence in R.. By the completeness of R., we have
{#n} is a convergent sequence. Suppose that lim,, . ¢, = ¢ for some ¢ € R..
Therefore, for each n € N, we have

d(pnt1(c), Te) < Hp(Ton,Te)
< @llon = 9llE)lon — ¢lle,
< |¢n — ol
By taking the limit as n — oo, we have ¢(c) € T'¢. Hence T has a PPF
dependent fixed point in R.. O

Corollary 3.7. Suppose that T : Eg — CB(E) is a multi-valued mapping
satisfying

(i) T(Eo) C Eo(c),

(ii) Hg(T¢,Ta) < kll¢ — o], for all ¢, € R, where k € [0,1)
Then T has a PPF dependent fixed point in R..

Definition 3.8. Let T,S : Ey — CB(FE) be two multi-valued mappings. A
point ¢ € Ejy is said to be a PPF dependent common fixed point or a common
fixed point with PPF dependence of T' and S if ¢(c) € T¢ and ¢(c) € S¢ for
some c € .

We next prove the existence of PPF dependent common fixed point theorems
for multi-valued mappings satisfying some generalized contractive conditions in
Banach spaces.
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Theorem 3.9. Suppose that T, S : Eg — CB(E) are multi-valued mappings
satisfying

(3.7)

Hp(T¢, Sa) < kM (¢, a) + Lmin{d(¢(c), T¢), d(a(c), Sa), d(¢(c), Sa), d(a(c), T)},

for all ¢, € R, where k € [0,1), L >0 and

M (¢, ) = max{|[¢ — ||z, d(¢(c), T¢), d(a(c), Sa), %[d(¢(0)7 Sa) +d(a(c), To)]}-

If R. is algebraically closed with respect to the difference, then T and S have
a PPF dependent common fized point in R.. Moreover, if T or S is a single-
valued mapping, then T and S have a unique PPF dependent common fized
point in R..

Proof. Let € > 0 be such that k 4+ ¢ < 1. Let ¢9 € R, and 1 € S¢g. We can
choose ¢ € R. such that
$1(c) = 1 € So.

It is easily seen that, if M (¢, d1) = 0, then ¢y = ¢1 and ¢p is a common fixed
point of T and S. Suppose that M (¢g,¢1) > 0. By Lemma 2.9, there exists
x9 € T'¢1 such that

HJ?Q - Jfl”E S HE(T¢1a S¢0) + 8M(¢0a ¢1)
We can choose ¢o € R, such that

¢a(c) = x9 € Ty
Therefore
[¢2(c) = d1(c)lle < Hp(T'¢1,S¢o) + M (¢o, ¢1).

If M(¢1,¢2) =0, then ¢; = ¢ and ¢y is a common fixed point of T and S.
We assume that M(¢1,¢2) > 0. By Lemma 2.9, there exists x3 € S¢y such
that

lz2 — 23l|p < Hp(T¢1, Spa) +eM (o1, ¢2).
Choose ¢3 € R, such that
(153(6) =23 € S¢Q
Therefore
¢s(c) = d2(c)lle < Hp(T'¢1,S¢2) +eM(¢1, ¢2).

Continuing the process as above, we can construct a sequence {¢,} in R, such
that ¢a,41(c) € Sh2, and da,42(c) € Thoni1 and M(¢y, pni1) > 0 with

|p2n+1(c) — dan(c)lle < He(Tdan—1,SP2n) + M (Pp2n—1, P2n)

and

|p2n+t2(c) — Pans1(0)lE < He(Toant1, Sdan) + eM(don, d2nt1)-
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By applying (3.7), we obtain that
|p2n+1 — d2nllBy = [lP2n+1(c) — P2n(c)|E
<Hg(T¢an—1,Sb2n) + M (d2n—1, P2n)
<EkEM(pan—1, P2n) + eM(p2n—1, p2n) + L min{d(p2n—1(c), Td2n—1),
d(¢2n(c)7 S¢2’ﬂ)7 d(¢2n71(c)7 S¢2n)7 d(¢2n(6), T¢2n71)}7
<(k+e)M(pan—1, p2n) + Lmin{||p2n—1(c) — d2n ()| &,
|p2n(c)=P2n+1(Cc)lE, |p2n—1(c)=d2n+1(c)|| B, [|#2n(c) —P2n(c) || £}
= (k + 6)M(¢2n—17 ¢2n)a
where
M(p2n—1, p2n) = max{|[pzn—1 — ¢2nl 5y, d(P2n—1(c), Td2r—1), d(p2n(c), Sp2n),
L [d(@20-1(6), Sb20) + d(620(6), T )]}
<max{||p2n—1—@2n| By, |#2n—-1(c) — P2n ()|, [|P2n(c) — P2n+1(c) || &5

%[H@n—l(C) — ¢ont1(0)llE + l[¢2n(c) — d2n(c)l| =]}

—max{[62n1 ~ 2nllo, |62 — Gansillie, 5 I6an-1 — Gansalleg}
<max{||2n—1 — 2n| o |20 — P2n+1E0,
SU192n-1 = Ganlly + 620 — danr1llmo ]
<max{||p2n—1 — 2n||Eo: |20 — P2n+1llE0 }-
If there exists n € N such that M (don—1, d2n) = ||P2n — d2n+1ll £y, then
|P2n+1 — P2nllE, < (K +6)ld2n — P2nt1llE, < P20 — P2nt1llEos

which leads to a contradiction. By setting a = k + ¢, it follows that

(3.8) 2041 = b2nllBy < alld2n — P2n—1llE0,

for each n € N. Similarly, we can prove that

(3.9) [ p2nt2 — P2nt1llE, < allp2ni1 — P2nll By,
for each n € N. From (3.8) and (3.9), we can conclude that
(3.10) lpnt1 — dnllE, < allpn — Pn—1| g, for all n € N.
For each n € N, we obtain that

(3.11) [fn+1 = PnllE, < a”(|é1 — ol 5

Let m,n € N with m > n. By applying (3.11), we have

||¢n - ¢m||E0 S H(i)n - (anrl”Eo + ||¢n+1 - ¢n+2”E0 +-- -+ H(i)mfl - ¢m||EO
< a4 a4 +a™ Y |by — dolls,
a™
< — .
S 7 _a||¢1 ol
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It follows that
(3.12) n}rllgoo“(bn_(bmHEo =0.

This implies that {¢,} is a Cauchy sequence in R.. Since R, is algebraically
closed with respect to the norm topology and so it is complete, we have

(3.13) li_>m ¢n = ¢ for some ¢ € R..

We will prove that ¢ is a PPF dependent fixed point of S. By Using (3.7), we
have

d(pan42(c),S0) < H(Tpon+1,50)
<kM(¢2n41, ) + Lmin{d(¢2n11(c), To2ny1), d(P(c), S¢),
d(¢27l+1 (C)7 S¢)7 d(d)(C), T¢2n+1)}

<k max{”¢2n+1 - ¢HE0’ d(¢2n+1 (C)a T¢2n+1>7 d(¢(c)’ S¢)7

1

3 [d(p2n+1(c), S¢) + d(d(c), T'pan+1)]}

+L min{d(¢2n+l (C)v T¢2n+1)7 d(¢(c)v S¢>7
d(P2n11(c), S9),d(¢(c), Tpant1)}

<kmax{||dant1 -0l gy, [P2n41(c) = danta(e) | &, d(¢(c), 59),

1

i[d(¢2n+1(c)7 S¢) + ||o(c) — bpant2(c)ll £}

+L mln{ ||¢2n+1 (C) — ¢2n+2 (C) ||E7 d(¢(c)7 S¢)7
d(P2n+1(c), 59), |9(c) — Pant2(c) 5}
< kmax{||¢2n+1-9 5ol p2n+1(c) =) | B+ (c) — dant2(0) |,

A(0(6), 50), 31d(620+1(6), 59) +0(¢) = d2n2(0) 1)

+Lmin ||p2n11(c) — ¢(c)| 2 +9(c) = p2nta(c)||E, d(d(c), Sp),
d(P2n+1(c), 59), [[9(c) — Pan+2(c)|| £}
<kmax{||pant1 — ¢l By, |O2n+1 — Ol Eo + | — P2nr2| Eos

A(B(6), 59), 51d(Gans1(€), 56) + 16— Gansalls])
+Lmin [[¢2nt1 — Gl B, + (|6 — d2nt2llE,. d(@(c), S¢),
d(P2n+1(¢), 59), |6 — P2n+2llE }-
Therefore, taking the limit as n — oo, this yields
d(¢(c), S¢) < kd(4(c), So).

Since k € [0, 1), we obtain that d(¢(c), S¢) = 0. Therefore ¢(c) € S¢. Similarly,
we can prove that ¢(c) € T'¢. Therefore T and S have a PPF common fixed
point. We next prove that if T is a single-valued mapping, then the PPF



PPF dependent fixed point theorems for multi-valued mappings 1594

common fixed point of T" and S is unique. Assume that o € R, is another PPF
common fixed point of 7" and S. By using (3.7), we have

e = Bl o = llale) = ¢Sl

<H({a()},5¢)

=H({Ta},5¢)

Skmax{|la — ¢l mo, [|(c) — Tallz, d(¢(c), S¢), %[d(a(C), 5¢) + llé(c)
—Ta| ]} +Lmin{|la(c) - Talls, d(¢(c), S¢), d(a(c), S¢), [|4(c) — Tallz}

<kmax{[lac — @]z, [|(c) — ()l m, [[(c) — p(c)| =,
%HIO&(C) — ¢z + ll¢(c) — a(9)lle]} + Lmin{[la(c) — a(e)l|e, [|6(c)
=9z llale) = ¢, [la(c) — a()ll=}

)
)

<klla— ¢l m-
Since k € [0,1), then we have || — ¢|| g, = 0. Hence o = ¢. This implies that
T and S have a unique PPF common fixed point. O
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