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ABSTRACT. In this paper we introduce continuous g-Bessel multipliers in
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Bessel multipliers on their parameters.
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1. Introduction and preliminaries

In 1952, Duffin and Schaeffer [13] introduced the concept of discrete frames
in Hilbert spaces. G-frame as a natural generalization of frames in Hilbert
space, introduced by Sun in [18]. The concept of g-frame includes several
generalizations of frame.

Definition 1.1. Let H be a Hilbert space and {K; };c1 be a sequence of Hilbert
spaces. We call {A; € B(H,K;) : i € I} a g-frame for H with respect to
{Ki}ier, or simply, a g-frame for H, if there exist two positive constants A and
B such that

AlFIP <D IAf 12 < BIFI?,  f € A
iel

We call A and B the lower and upper g-frame bounds, respectively.

We can refer to [1, 3,4, 15] for some properties of g- frames. In 2007, P.
Balazs [7] introduced Bessel and frame multipliers for Hilbert spaces.
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Multipliers of continuous G-frames 292

Definition 1.2. Let H; and Hs be Hilbert spaces. Let {¢;};cr C H1 and
{i}ier C Ha be Bessel sequences. Fix m = {m;};e; € ¢>°. The operator
My, 603, {wny : H1 — Ha defined by

(1.1) Mo (6.3 000y (F) = D malf, didis
i€l
is called the Bessel multiplier for {¢;}icr and {t; }icr.

Multipliers are not only interesting from a theoretical point of view, but also
used in applications. Multipliers have applications in computational auditory

scene analysis [19], virtual acoustics [14], sound morphing [12] and psychoacous-
tics [9]. In 2009, Rahimi [16] introduced the multipliers of g-Bessel sequences
and investigated some of their properties (see also [17]).

Definition 1.3. Suppose A = {A; € B(H,K;),i € I} and & = {®; €
B(H,K;),i € I} are g-Bessel sequences. If m = {m;};c; C ¢°°, then the
operator
Mpnro:H—H, Mpyaa(f) = ZmiAf‘I)i(f)
i€l

is called the g-Bessel multiplier of A, ® with respect to m.

Ali, Antoine and Gazeau [5], generalized the concept of frame to a family of
vectors indexed by a measurable space and introduced the continuous frames.

Definition 1.4. Let H be a complex Hilbert space and (2, 1) be a measure
space. The mapping F' : ) — H is called a continuous frame with respect to
(Q,p), if

(i) F is weakly-measurable, i.e., for all f € H, w — (f, F(w)) is a measurable
function on {2,

(ii) there exist constants A, B > 0 such that

(1.2) AlIfI? < /Q (f, Fw)[*dpo < BIIfI? feH.

If in (1.2), the right hand inequality holds for all f € H, then we call the
mapping F' : Q — H a Bessel mapping with respect to (2, u). If F' is a Bessel
mapping from € to H, then

T : L2(Qu) —H, (Tre,h) = /Q(p((.u)(F(w), hydp,, heH

is well-defined linear and bounded operator and its adjoint is given by
TpH— L), (TEh)(w) = (h F(w)), weQ.
The operators Tr and T} are called the synthesis and analysis operator of F.
In [8], Multipliers of continuous frame defined by Balazes, Bayer and Rahimi.

They studied some properties of multiplier of continuous frame and proved some
statements on the compactness of these kinds of multipliers.
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Definition 1.5 ([3]). Let F' and G be Bessel mappings for H with respect to
(Q, 1) and m : Q@ — C be a measurable function. The operator M, p.q : H —
‘H defined by

My rcf.g) = / m(w)(f, F@)NGW), g)dpar  fog € H,

is called the continuous Bessel multiplier of F' and G with respect to m.

Continuous g-frame in Hilbert spaces as a common generalization of g-frame
and continuous frame defined by Abdollahpour and Faroughi [2].
In the following, suppose (2, i) is a measure space with positive measure p and
H is a Hilbert space and {K, },eq is a family of Hilbert spaces. We say that
F € Il,ek,, is strongly measurable if F' as a mapping of € into P ., Ko is
measurable.

Definition 1.6. A family of operators A = {A, € B(H,K,),w € Q} is a
continuous generalized frame, or simply, continuous g-frame with respect to
{Kw}lweq for H if

(i) for each f € H , {A, f}weq is strongly measurable,

(ii) there are two constants 0 < Ay < By < oo such that

(1.3) AIfIP < /Q 1A fI2die < BallfIP, f € H.

The family A = {A, € B(H,K,),w € Q} is called a continuous g-Bessel
family with bound By if the right hand inequality in (1.3) holds for all f € H.

It is proved in [2], if A = {A, € B(H,K,),w € Q} is a continuous g-frame,
then there is a unique positive invertible operator S : H — H such that for
each f,g € H,

(Snf.g) = /Q (A% Awg) i,

and ApI < Sp < Bpl. The operator Sy is called the continuous g-frame
operator of {A, }ueq and we write Sy f = fQ AXAL fdg,.

Definition 1.7. We consider the space
K= {F € H K., : F is strongly measurable, / | F(w) |2 dpes < oo} .
weN Q

It is clear that K is a Hilbert space with point-wise operations and with inner
product given by

(F.G) = / (F(w), G(w))dp.

We state the following proposition, which is used in the rest of this paper
and it is proved in [2].
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Proposition 1.8. Let {A,}ucq be a continuous g-Bessel family with respect
to {Ky}weq for H with bound B. Then the mapping Tx : K — H defined by

<ﬂFﬂ%i/MUWUmeMF€ﬁy€H
Q

is linear and bounded with | Ty || < v/ B. Furthermore for each g € H and w € Q
Tx(9)(w) = Aug.

Now, we recall the construction of interpolation spaces, usually called the
complex interpolation method. A compatible couple of Banach spaces is a pair
X = (Xo, X1) of Banach spaces X, and X; both continuously embedded in a
Hausdorff topological vector space Y. In this case the intersection XyN X; is a

subspace of Y, and it is a Banach space with the norm

]| xonx, = max{[lz]lx,, 2]l x, }-
Also the subspace
Xo+Xi1={xeX :z=x9+x1,20 € Xo,21 € X1}
is a Banach space with the norm
[#]lxo+x, = inf{{[zollx, + 21l - @ = x0 + 21,20 € Xo, 21 € X1}
A Banach space X is said to be an intermediate space with respect to X =
(Xo, X1) if
Xole CXCXO+X1

and both inclusions are continuous.
An interpolation space between Xy and X, is any intermediate space X such
that for every T € B(Xy + X1) whose restriction to X, belongs to B(Xj) and
whose restriction to X belongs to B(X7), the restriction of T to X belongs to
B(X). B

The complex interpolation method requires the space F(X) of all functions
f from the closed strip S = {2 € C: 0 < Rez < 1} into Xy + X such that
i) f(2) is bounded and continuous on S.
ii) f(#) is analytic relative to the norm of Xy + X; on the interior of S.
ii) t — f(j +it) is continuous and bounded from the real line into X; for
j=0,1. o
The vector space F(X) is a Banach space with the following norm

11l 7y = maz{suprerl| f(it)[| x,, suprer|| f(1 +it) [ x, }-

For 0 < 6 < 1, the complex interpolation spaceJX07X1]9 consists of all x €
Xo + X; such that x = f(0) for some f € F(X), equips with the complex
interpolation norm

lelle = inf {llf L rx) < £(0) = 2, f € F(X)).
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It was proved in Theorem 2.2.4 of [20], [Xo, X1]g is a Banach space and
[Xo, X1]p is an interpolation space between X, and X, for 0 < 6 < 1. Also, if

X = (Xo,X1) and Y = (Yp, Y1) are compatible couples of Banach spaces and
T:Xo+X1—2Y9+ Y1,

is a linear bounded operator such T' € B(X;,Y;) for j = 0,1, then for all
0<0<1,T:[Xo,X1]o — [Yo,Y1]o is bounded and

—0
||T||[X0,X1]9,[Y0,Y1]9 < ||T||.1X0,Yo ||T||§(1,Y1'

2. Multiplier of continuous frames

The authors of [6] introduced continuous Riesz basis and gave some equiv-
alent conditions for a continuous frame to be a continuous Riesz basis. Here,
we review some definitions and basic properties of continuous Riesz basis.

Suppose (2, 1) is a measure space and H is a Hilbert space. We denote
by L?(Q, p, H) the set of all mappings F' : Q — H such that for all f € H,
the function w — (f, F(w)) is defined almost everywhere on ), and belongs to
L2?(Q, u). A Bessel mapping F : Q — H is called pu-complete if f € H so that
(f, F(w)) =0 for almost all w € 2, then f = 0.

Definition 2.1. Let (2, ) be a measure space. A mapping F' € L*(Q, u, H)
is called continuous Riesz basis for H with respect to (Q, ), if {F(w)}weq is
u-complete and there are two positive numbers A and B such that

for every m € L%(Q, 1) and for every measurable subset 1 of Q with u(;) <
0o. The constant A and B are called Riesz basis bounds.

Definition 2.2. A Bessel mapping F' € L?(, u, H) is said to be L?-independent
if [, m(w)F(w)dp, =0 for m € L?(Q, p), implies that m = 0 almost every-
where.

Theorem 2.3 ([0]). Let H be a Hilbert space and (2, u) be a measure space.
A continuous frame F € L*(0, u, H) is a continuous Riesz basis for H if and
only if F is p-complete and L?-independent.

If (2, p) is a o-finite measure space and F € L?(Q, u,H) is a continuous
Riesz basis for H with respect to (2, 1), then

%
<B (/ |m(w)|2duw) .
Q

A |m<w>|2duw)é <|| [ merr@n

Since, in this case there is {€2,}52, a family of disjoint measurable subsets of
Q2 such that Q = [J;2; Q,,, u(2,) < oo for all n € N. Then for any n € N we
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have
A@ / m(w) dm) < /S (W) P (@)dp,
<B (Z/ 2d,uw> ’
Q
Therefore,
A <; /Qk Im(w)| dm) < ;/Qk m(w) F(w)dp,
<B > m(w)|*d w) 2 :
(S o
and so

A Im(W)IQduw> <5 ([ Imte czuw)é

Now, we give the following propositions as new results on multipliers of con-
tinuous frames.

w)dpte

Proposition 2.4. Let (2, 1) be a o-finite measure space and m € L (S, u).
Let G be a continuous Riesz basis and F' be a Bessel mapping with non zero
elements. The mapping m — M,, . is injective.

Proof. Let My, p.¢ =0. Then for any f € H, My, rcf =0. So

A( [ imirr |duw> H/ m(@){f, F(@))G(w)du

Therefore m(w)(f, F(w)) = 0 a.e. w € 2. Then m(w) = 0 almost everywhere,
and so m — My, r ¢ is injective. O

=0.

Proposition 2.5. Let m : Q@ — C be a measurable function such that 0 <
inf,colmw)| < supuealm(w)| < co. Let G and F be continuous Riesz bases.
Then the multiplier My, g is invertible.

Proof. We have M,, p.¢ = TgDyT5, where Dy, : L*(Q, ) — L*(Q, p) is de-
fined by (D) (w) = m(w)p(w). Since T, Dy, and Ty are invertible, M, r.a
is also invertible. O
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3. Multiplier of continuous G-frames

In this section, we intend to define continuous g-Bessel multipliers and in-
vestigate some of their properties. We start with the following elementary
lemma.

Lemma 3.1. Let {A,}ueq and {P, }wea be continuous g-Bessel families with
bounds Bp and Bg, respectively, with respect to {K,}weq for H and m €
L>(82, ). Then the operator My, a.¢ : H — H defined by

(Mnofo) = [ me) A0S 0. (g€ )
is a bounded operator.

Proof. For any f,g € H, we have
(M of.o)l = | [ ml) (020 f.g)dn
< /Q ()] [ (A% @, )
< lmlle [ 1@ f, Aus)ldi

< mfloe /Q 1@ 1l Awglde

< [Im|oo / o f %) / Augldps)
Imlloo (| N2ufPdi)” (] I18uldi)
< V/BaBal| gl

This shows that || M, a.0] < |[|[m|lccv/ BaBae and so M, a.¢ is a bounded op-
erator. 0

Now we are ready to introduce the concept of continuous g-Bessel multipliers.

Definition 3.2. Let {A, }weo and {®,},ecq be continuous g-Bessel families
with respect to {, }wen for H and m € L*(, u). The operator M,, a0 :
‘H — H defined by

<Mm7/\,‘1’f’ g> = 0 m(w)<A:q)wfvg>dea fvg eEH

is called the continuous g-Bessel multiplier of A, ® with respect to m. For
simply, we write My a0 f = [ m(w)AL Py, fdp,.

We mention that every continuous Bessel multiplier is a continuous g-Bessel
multiplier. In fact if F' and G are Bessel mapping for H with respect to (€2, i)
and m € L*>(Q, u) and we consider A, = (-, F(w)) and @, = (-, G(w)) for any
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w € Q, then {A,}weo and {P,}ueq are g-Bessel families for H respect to C
and

(Monofa) = | mle) L0 F.0)d.
= [ m) (@t Mg,
- [ mte ><<f, G, {9 F(w) )
= [ m)s. G - T Pl
/ () (£.Gw)) - (Fw), g)dpe

- mGFf7 >7

for all f,g € H.
In the next proposition we show that under some conditions a continuous
g-Bessel multiplier could be positive (invertible) operator.

Proposition 3.3. Let m € L*(Q, ) and m(w) > 0 a.e.. Then My ap i
a positive operator, for any continuous g-Bessel family A = {A,}ueq with
respect to {Ky}wea for H . If m(w) > § > 0 a.e., then for any continuous
g-frame A = {A, }weq with respect to {K, }ueq for complex Hilbert space H,
the multiplier My, o a 15 a positive invertible operator.

Proof. For any f € H and any continuous g-Bessel family A = {A,}weq, we
have

(Mpanfs f) = / m(@) (A5 A f, ) = / ()| A f|Pdp > 0.

If m(w) > ¢ for some positive constant § and ||m|| < oo, then we have
SANFIP<S [ At P ds < [ mie) | Aot IF di

<Jlm e /Q | Auf I dpe
< Ballm ol £ 12

So I' = {y/m(w)Ay, }weq is a continuous g-frame and Sy = M, o o. Therefore
the multlpher Mm, A,A s a positive invertible operator. g

Proposition 3.4. Let {A,}ueca and {®, }ueq be continuous g-Bessel families
with respect to {Ky }weq for H and m € L=(Q, u). Then

*
m,A,® — Mm7¢sA‘
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Proof. For any f,g € H, we have
<ga M:;L,A,fbf> = <Mm,A,<I>ga f>

- / () (A5 Do, f)dp, = / m(w) (g, &5 A f)dp
Q Q

- /Q (g @) B% AL )t = g Mo f).

Proposition 3.5. If m € L (Q, i), then
Dy, : K — I/C\, Dy ({fu}wea) = {m(w) futwea,

is a bounded linear operator and | Dy, || < ||m|sc-

Proof. Let m € L(, 1). Then |m(w)| < [[ml|se ae. w € Q. If {fu,}uea € K,
then

[ im) P, < mlloe [ 1P < .
This implies that D,,, is bounded and || Dy, || < [|m]cc- O

D,, is called the multiplication operator with the symbol m. By using
synthesis and analysis operators, it can be implied

Mpae =TaDnTg.

Suppose A = {Ay }ueq is a continuous g-Bessel family with respect to {Ky, }wen
for H. We say A is norm bounded if there is a constant M > 0 such that
Ayl < M for every w € €.

Theorem 3.6. Let dimkC, < oo for allw € Q. Let A = {Ay}peq and & =
{®y}wea be continuous g-Bessel families with respect to {K, }weq for H and
let A or ® be norm bounded with bound M. Let m : Q — C be a bounded
measurable function with support of a finite measure, i.e., there exists a subset
K C Q with p(K) < oo such that m(w) = 0 for almost every w € Q\K. Then
My, a0 is a compact operator.

Proof. At first, suppose that ® is norm bounded and ||®,,| < M for all w € Q.
We prove D, T§ : H — K is compact. Let f,, — 0 weakly. Then ®,(f,) — 0
for every fixed w € Q. On the other hand, there is a positive constant C such
that for any n € N, || f,,|| < C. Therefore

()P @ (£u)lI* < Il fall®1@0® < Im[2,C°M?, neNwe Q.

So by Lebesgue’s Dominated Convergence Theorem

1D T ful* = /Q () [P finl [P s = /Klm(w)IQII%fnllzduw — 0.
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Now, By Proposition VI.3.3 of [11], the operator D,,T; is compact. Thus
Myn0 = TaDyT3 is compact. If A is norm bounded, then by M;MA,@, =
M o.a = ToDwTy, we conclude that M;L,AA) is compact and so My, A, is

compact. O

Let m : Q@ — C be a bounded measurable function. We recall that m
vanishes at infinity if for every € > 0 there exists a measurable subset K C )
such that u(K) < co and m(w) <e¢, a.e. we Q\ K.

Corollary 3.7. Let dimK,, < oo for allw € Q and A = {Ay}weo and =
{®, }wea be continuous g-Bessel families with respect to {Ky}wea for H and
let A or ® be norm bounded. Let m : Q — C be a bounded measurable function
that vanishes at infinity. Then M,, A & is compact.

Proof. For every n € N, choose a set K,, C Q such that u(K,) < oo and
Im(w)| < L for almost every w € Q\ K,,. Let us consider

(W) = m(w)xr, (@)

where X, denotes the characteristic function of the set K,. Then |m, —
m|ls < 1 — 0 and by Lemma 3.1, we have

M, A0 — M aall = | Mpn, —mael < [mn, —mllewy/BaBs — 0.

The functions m,, are bounded and of finite support, so M, A ¢ is compact
for every n € N and by Theorem 3.6, M,, o ¢ is compact. g

If H and K are Hilbert spaces and T € B(H,K) is a compact operator,
then there exists a unique compact and non-negative operator S such that
82 = T*T. The eigenvalues of S are called singular values of T and they form
a non-increasing sequence of non-negative numbers that either consists of only
finitely many nonzero terms or converges to zero. The space of all compact
operators T on H with its singular value sequence {)\,} belonging to ¢, is
called Schatten p-class and denoted by S,(H) for 1 < p < co. S1(H) is also
called the trace-class of H, and S2(#) is usually called the Hilbert-Schmidt
class. The space S, () is a Banach space with the norm

7ls, = (X ).
-

We use the following lemma in the proof of Theorem 3.9 and its proof can be
found in the literature.

Lemma 3.8. Let H be a Hilbert space. A bounded operator T : H — H is trace
class if and only if 3, [(Ten,en)| < 0o for every orthonormal basis (e,) of H.
Moreover,

IT||s, = sup {Z [(Tenen)|, {en} orthonormal basis} .

n
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Theorem 3.9. Let M > 0 be such that dim(K,,) < M, for all w € Q and
A ={A,}ueq and ® = {D, }weq be norm bounded continuous g-Bessel families
with respect to {Ky,}wea for H with bounds Ly and Lg, respectively. Let m €

LY (). Then My, Ao is a bounded trace-class operator with
[Mom.alls, < [lmll1LaLleM.

Proof. We have

/ m(w) (A5, £, g) i
Q

< /Q m(@)] | Augll| o flldue
< / m(@)] | Awlllgl 1B 1 e

< I£lllglLaLe / ()|

= £ llgllLaLallmll1,

for all f,g € H. Thus M,, A ¢ is a well-defined bounded linear operator. Let
{en} be an orthonormal basis of H. Then by using Fubini’s theorem and Cauchy
Schwarz’s inequality we have

Z ‘<Mm,A,q>en,en>‘ = Z

n

/ m(w) (AL Pyen, en)di,
Q

< Z/Q |m(w)||<¢wen;Awen>|d‘uw

< [ m S, e
S/Q|m(“’)|(z'Awen”z);(ZII%en|2)5duw_

Now, let {hy;}icr, be an orthonormal basis for K, for all w € Q. Then

Z HAwen“2 = Z Z |<Awen7hwi>|2 = Z Z |<emAZhwi>|2

n iel, i€el, n

= > AL huil? < MIIAL|? = M||A |,
i€l

and similarly, )" [@uenl® < M|®y,|% So
3 3
S (M semen] < [ @3 18enl?)* (X 190eal?) di

<M /Q m()] 1A |2y
S ||m||1LALq>M
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Hence M, A, is a trace class operator and by Lemma 3.8,
[Maalls, < llmlliLaLeM.

0

Theorem 3.10. Let M > 0 be such that dim(K,) < M, for all w € Q.
Let A = {Au}wea and @ = {P,}ueq be norm bounded continuous g-Bessel
families with respect to {Ky}wea for H with bounds Ly and Le, respectively.
Letm e LP(Y, 1), 1 < p < 0o. Then Mpy A ¢ is a well-defined bounded operator
that belongs to the Schatten p-class S,(H), with

| Monnslls, < Imllp(LaLoM)? (BaBu).
Proof. The function w — (AX®,, f, g) is bounded for all f, g € H, since
[(AL®uf, ) = [(@u f; Aug)| < [[Pu fIll[Awgll < Lo Lallflllgll-

Furthermore,

/Q (@ fAg) Mgt < LE L £ gt / (@ fs Aug)ldp

<2 g A ol 1ot ([ IaolPdi)”

< LG £ 9117 v/ Ba By,
for all f,g € H, where % + % = 1. Then,

(Mnof, o)l < / (@) (o, Mgl

< ([ pmterrans)” ( [ 1@arrgian)’

g1 1
< [lmllp(LaLa) 7 [Ifllgll(BeBa)27,

for all f,g € H. This show that M, o ¢ is a well-defined bounded operator.
By Lemma 3.1 the mapping

L*(Q,u) = B(H), m— My,
is a bounded linear operator and by Theorem 3.9,
LYQ ) = S1(H), m— Myae,
. Then

is a bounded linear operator. Assume that 0 < 6 < 1 and % = # + %

Theorem 5.1.1 of [10] implies that
[Ll(Qa M)) Loo(Qa /.L)}e = LP(Qa /J’)'
Also, by [20, Theorem 2.2.7], we have
[S1(H), B(H)]o = Sp(H).
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Now, by [20, Theorem 2.2.4], we conclude that the mapping
LP(Q, pu) = Sp(H), m — My ae,
is a bounded linear operator and
1Mo a,0ls, < llmllp(LaLaM)'~*(v/BeBa)"
= mllp(LaLaM)? (BeBx) ™,

Whereezl—%: O

1
.

In the following results we show the continuous dependency of continuous
g-Bessel multipliers on their parameters.

Corollary 3.11. Let M > 0 be such that dim(K,,) < M, for allw € Q. Let
A ={Ay}weq and @ = {®, },cq be norm bounded continuous g-Bessel families
with respect to {Ky }wea for H and m : Q@ — C be a measurable function. Let
m™ be functions indezed by n € N with m™ — m in LP(Q, n). Then

||Mm(n)7A,(I, — Mm,A,<I>||Sp — 0, n — OQ.
Theorem 3.12. Let m € L*(Q,pu) and A = {Ay}ueq and ® = {9, },ecq

be continuous g-Bessel families with respect to {Ky}weq for H. Let AW =
{A&n) € B(H,K,);w € Q} be a sequence of continuous g-Bessel families with
respect to {Ky}wea for H and for given € > 0, there exists N such that for all
weNandn > N, ||A£)n) — Ayl <e. Then M, x») ¢ converges to My, Ao in
the operator norm.

Proof. We have

(M s, 50— Mo - 9)] < /Q (@)1 FIIAS) — Ay)glldp,

< ([ me)riag - Aogalan.) / . f2dn)"

< ellgllllmll2v/ Bl f1;
for all f,g € H and for all n > N. Thus,

M, a0y 6 — Mim a2 < ellmll2v/Bs, n > N.

So M,, a(n) ¢ converges to M, 5 ¢ in the operator norm. O

Theorem 3.13. Let m € LY(Q, ) and A = {Ay}weq and & = {®,},ecq be
continuous g-Bessel families with respect to {K,}ueq for H, and ® be norm
bounded with bound Lg. Let A = {ASJn) € B(H,K,);w € Q} be a sequence
of continuous g-Bessel families with respect to {K, }ueq for H and for given
€ > 0, there exists N such that for allw € Q and n > N, ||A£Jn) — Al <e.
Then, M, x) g converges to My A ¢ in the operator norm.
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Proof. We have

(0.0 = M) )| < [ Im()[(@ 1, (AL = A )g)ld

< /Q m(@)| 12w I FINIASY = Aulllglldpe,

< eLa|lgllll £l
for all n > N and for all f,g € H. Hence,
1My a0 .0 — M p0ll <eLollml1, n=N.

Thus, M,, A o converges to My, A ¢ in the operator norm. O
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