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1. Introduction

Throughout this paper, let a < b in R.
The inequality

b
wy () s@pn [ rwas e 0

which holds for all convex (concave) functions f : [a,b] — R, is known in the
literature as Hermite-Hadamard inequality [3].

For some results which generalize, improve, and extend the inequality (1.1),
see [1-7] and [9-16].

In [12], Tseng et al. established the following Hermite-Hadamard-type in-
equality which refines the inequality (1.1).
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Theorem 1.1. Suppose that f : [a,b] — R is a convex function on [a,b]. Then
we have the inequality

) ()

b
o | f@d

1 {f (a+b> +f(a)—gf(b)} - f(a);f(b)_

= 2 2

IN

The third inequality in (1.2) is known in the literature as Bullen’s inequality.

Using the similar proof of Theorem 1.1, we also note that the inequalities in
(1.2) are reversed when f is concave on [a, D] .

In [4], Dragomir and Agarwal established the following results connected
with the second inequality in the inequality (1.1).

Theorem 1.2. Let f : [a,b] — R be a differentiable function on (a,b). If | ']
is convex on [a,b], then we have

f(b);f(a)_biaLf(t)dt‘gb;a(}f/(a)|+}f/(b)|)

which is the trapezoid inequality provided |f'| is convex on [a,b].

Theorem 1.3. Let f : [a,b] = R be a differentiable function on (a,b) and let
p> 1 IF [PV s convex on [a,b], then we have

b
CEYIC Ry

_ _b-a {|f’<a>|ﬁ+f'<b>|p"l]’3
T2+ 1)y 2

(1.3)

(1.4)

‘P/(P—l)

which is the trapezoid inequality provided |f’ is convex on [a,b].

In [11], Pearce and Pecarié¢ established the following results that give an
improved and simplified constant in Theorem 1.3 to obtain Theorem 1.4 as
follows:

Theorem 1.4. Let f : [a,b] — R be a differentiable function on (a,b) and
q > 1. If the mapping |f’|* is convex on [a,b], then we have

(1.5) lf(a);f(b) B bia/abf(t)dt‘ < b;a {|f’(a)|q+|f/(b)|qrz

’

2

which is the trapezoid inequality provided |f’|* is conver on [a,b].

Theorem 1.5. Under the assumptions of Theorem 1.4, we have

wo | (50) -k [roa] <05 {lf’(a)lq;f’(b)qé’
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which is the midpoint inequality provided |f'|? is convez on [a,b].

The comparable results to Theorem 1.4 and Theorem 1.5 with a concavity
property instead of convexity.

Theorem 1.6. Under the assumptions of Theorem 1.4 and |f'|? (¢ > 1) is
concave on [a,b], we have

o[ e <l (45)
and
(1.8) ‘f(a;b)—ﬁ/abf(t)dt'ﬁb;a f’(“;b> :

which are the trapezoid inequality and the midpoint inequality provided |f'|? is

concave on [a,b], respectively.

From the above results, it is natural to consider the extended Simpson-type
formula in the following lemma.

Remark 1.7. Let 0 < a < 1l,x € [a, “T'H’] and y € [QT'H),I)} . Then we have the
extended Simpson-type formulas as follows:

(1) The trapezoid-type formula
JEEEIO] (o

: b>fﬁ/abf(t)dt‘

‘f((l—7)a+vb)+f(7a+(1—7)b) _ bia/ f(t)dt‘

2

asa=lx=(1—7v)a++band y=~va+ (1 —~)b.
(2) The trapezoid formula

(250 (452) 5% 1o
LOES{CANE /abf(t)dt‘

b—a

as o =1,z =a and y =b.
(3) The midpoint formula

[ oo (5

2
- (%59 4

as o= 0.

) o




Some extended Simpson-type inequalities 412

(4) The Simpson-type formula

[ ()2 o

a{f((l—v)a+7b)+f(va+(1—v)b)}
2

; (1—a>f(“§b) —ﬁ/jf(t)dt‘

as 0 <~ < %,x: (1—v)a++band y=~va+ (1 —7)b.
(5) The Simpson formula

o [LHIO] ooy (450 - 2 [

= @ (95) vrm] -k, [roa

— 1 — —
as a =gz, xr=a and y =b.

(6) The Bullen formula
o[ 0 () g [ o

2 2 b—a
- [lr@ver (S5 s —ﬁ/abf(wdt\

1 — —
as a=5,x=a and y =b.

In this paper, we establish some extended Simpson-type inequalities which
reduce the Simpson-type, trapezoid-type, midpoint-type, Bullen-type inequal-
ities, and generalize Theorems 1.2 and 1.4-1.6. Some applications to special
means of real numbers are given. Finally, the approximations for quadrature
formula are also given.

2. Extended Simpson-type inequality

Throughout this section, let 0 < a < 1,z € [a, “7“7] Y € [“TH’, b] , and let

J1, Ja, b (t) , hy (t) (t € [a,b]) be defined as follows.
21)  Ji— ﬁ [(xa)2 (31’2_“ fm) + (“;rb x)2 (51’4_“ fx)
oy (y_a-;b>2<5b4—a_y>

1—a

8

+
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(2.2) Jzzﬁ |:(xa)3+(a;rbx)2(x5a4b)

+w—yf<y—3ﬁ;b)+<y—a;b)2Gr—wiw)}+1;a.

t_aa a§t<[L'

a+b atb

hy=4 =)+ -a)(i—a), z<t<ep
alt=5t) +(1-a)t-b), =t<t<y

t—b, y<t<b

t—a, a<t<ux

hi (t) = a(F-t)+(1-a)(t—a), z<t<P
1 = (7@2)+17a —1), (LTHSt<y
b-t, y<t<b

In order to prove our main results, we need the following lemma and remark
whose proof can be obtained by simple computation.

Lemma 2.1. Let a,b,z,y,a, J1, J2, h (t) ,h (t) (¢t € [a,b]) be defined as above.
Then we have

1 b 1 ’
Jl:mL hl(t)(b—t)dt, J2:m[l hl(t)(t_a)dt,
J1+ J2

1 b
_ m/ ha (£) dt

L
4 (b—a) (b—a)? ’
aJi + bJs

1 b
_ (bfa)Q/a h (£) tdt

= Gwiaf[@—af@x+ay+(a;b—x>2@x+a;b>

b\? b 1- b
+®fyf@y+®+<yfa; ) (2y+a+ ) + 4a(a; ),

2
1
O<J1<J1+J2<1andO<J2<J1—|—J2§

»J>\>—I
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Remark 2.2. Let 0<y,p< 3. 2=(1—7v)a+~band y = pa+ (1 —p)bin the
identities (2.1)and (2.2). Then we have

1 1 1 1
Ji=2-a <2—7>,Jz—8—ap(2—p>
1 1 1
J1+J2—4—04['Y(2—’Y)+P<2—P)]-

Further, if v = p, then

oo

and

8 2

Now, we are ready to state and prove the main results.

1 1 1
J1:J2:—ow(—'y> andJl—l—Jg:Z—cw(l—ny).

Theorem 2.3. Leta,b,z,y,«, J1, Ja, h (t), hy () (t € [a,b]) be defined as above
and let q, f be defined as in Theorem 1.4. Then we have the extended Simpson-
type inequality

a[f@ﬁ;””}+<y_@f(a;b)—b1a1ffmdt

Jilf (@) + T |f (b)lq> ‘
Ji+ Jo .

Proof. Using the integration by parts and simple computation, we have the

following identity:

b
(2.4) bia / h(t) f (8)dt

_ QV@”;””]+u—aw(“;ﬁ—wla[fﬂwﬁ-

Now, using Hélder’s inequality, the convexity of |f/|? and Lemma 2.1, we
have the inequality
b
L[ roroa)

=2 [ ol ol

(2.3)

< (J1+J2)(b—a)(

(2.5)

IN

IN

o [l ol
L ([mon) ([ o ora)
S (/ﬂbhl(t)dty‘l’ (/ﬂbhl(t) f’(f:i'”f,j'b)

IN

q q
dt)
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1

ﬁ (/abhl (t)dt)l(ll {/abhl (t);)’_;; |f" (a)|* + ha (2) Z:Z |f’(b)|th]"

S IATD)
1

+m/a ha (t) (t —a)dt - | f (b)] ) -(b—a)

I+ 2) "5 (D @) + | B)]")7 (b-a)

T @ + | <b>|q)3
J1+ Jo '

Q=

b
(ﬁ/ ha (8) (b — ) dt - | £ (a)]°

(Ji + J2) (b— a) (

The inequality (2.3) follows from the identity (2.4) and the inequality (2.5).
This completes the proof. O

Under the conditions of Theorem 2.3 and Remark 2.2, we have the following
corollaries and remarks.

Corollary 2.4. Using Theorem 2.3 and Remark 1.7, we have
’a [f((l —at+b)+ fya+(d —v)b)}

2

; (1—a>f(“§b) —b_l(l/abfu)dt

< [111 —ay(l— 27)} (b—a) (If’ (a)|? ;r Iz (b)q);

which is the Simpson-type inequality provided |f'|*

is convez on [a,b].

Corollary 2.5. In Corollary 2.4, let v = 0. Then, we have

a(f@);f(b)>+(1a)f<a;b> b_la/abf(t)dt

. b;a(lf’(a)lq;rlf’(b)l"f.

(2.6)

Remark 2.6. In Corollary 2.5, let o = % Then, we have

e@rar (S v rw] - [ rwar
@ ((50) o) -5 [

3 b4a(|f’(a)lq;|f’(b)lq)3,

which is the Simpson inequality [5] provided |f’|? is convex on [a, b] .
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Remark 2.7. In Corollary 2.5, let o = % Then, we have

L@ (50) v r0) —b_la/abfa)dt

e (If’ (a)lq;If’ <b>|Q)3’

<

which is the Bullen’s inequality provided |f’|? is convex on [a, b] .

Remark 2.8. If we choose a = 1 in Corollary 2.5, then the inequality (2.6)
reduces the trapezoid inequality (1.5).

Remark 2.9. If we choose a = 0 in Corollary 2.5, then the inequality (2.6)
reduces the midpoint inequality (1.6).

Corollary 2.10. In Corollary 2.4, let « = 1. Then, we have

|f((1—7)a+vb)+f(va+(1—v)b) 1 /bf(t)dt

2 b—a

< [111 - —27)} (b—a) (If’ (a)|? _; Iy (b)|q);7

which is the trapezoid-type inequality provided |f'|? is convex on [a,b].

Remark 2.11. In Corollary 2.10, let v = %. Then, we have

3a+b a+3b b
FO) + 1 (452) _bia/ oy

2

B b;a(f/(anq;u'(b)r?){

which is the second inequality in (1.2) provided |f’|? is convex on [a, b] .

Theorem 2.12. Leta,b,z,y, o, J1, Ja, h(t) , hy (t) (t € [a,b]) be defined as above
and let q, f be defined as in Theorem 1.6. Then we have the extended Simpson-
type inequality

a[f(x);f(y)} +(1—a)f(a;_b> —bla/abf(t)dt

(12)
J1+ Jo .

(2.7)

< (i+J2)(b—a)
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Proof. Since ¢ > 1 and |f’|? is concave on [a,b], |f’| is also concave on [a, b] .
Using the Jensen’s integral inequality and Lemma 2.1, we have

(2.8) ‘bia /abh(t) 140, dt‘

< 5= [ WOl ol
< = [ molrofa

1 b ([ ha (2) tdt
< s ([ o) (Geo)

- oo L) ()
A€l

The inequality (2.7) follows from the identity (2.4) and the inequality (2.8).
This completes the proof. O

= (b-a)(/r+J2)

Under the conditions of Theorem 2.12 and Remark 1.7, we have the following
corollaries and remarks.

Corollary 2.13. In Theorem 2.12, let x = (1 — v) a+~vb and y = va+(1 — ) b
where 0 < v < % Then, using Remark 2.2, we have

1 1 1
=Jy == — - = _ 1-2
Si=Ja=g ow(2 v),JlJrJz 1 ay ( 20)

and

2

; (1—a>f(”‘2“b) —bla/abf@)dt
()

which is the Simpson-type inequality provided |f'|? is concave on [a,b].

’a {ﬂ(l—W)a+vb)+f(va+(1—y)b)}

< [f-ea-2|o-a
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Corollary 2.14. In Corollary 2.13, let v = 0. Then, we have

a{w}—l—(l—a)f(a—i_b)

(2.9) t) dt

2

,(a+b
r(30))

Remark 2.15. In Corollary 2.14, let a = % Then, we have
1 +0b
6[f(a)+4f(a2 )+f }—/ F£(t)dt

b—al, (a+D
(%)

<
- 4
which is the Simpson inequality [5] provided |f’|? is concave on [a, b] .

b—a
<
- 4

)

Remark 2.16. In Corollary 2.14, let @ = % Then, we have

1 b

[f(a)—l—2f<a+ >+f }—/ Ft)dt

4 2

b—al, (a+D
()

- 4
which is the Bullen’s inequality provided |f’|? is concave on [a,b].

)

Remark 2.17. If we choose o = 1 in Corollary 2.14, then the inequality (2.9)
reduces the trapezoid inequality (1.7).

Remark 2.18. If we choose a = 0 in Corollary 2.14, then the inequality (2.9)
reduces the midpoint inequality (1.8).

Corollary 2.19. In Corollary 2.13, let a = 1. Then, we have
‘f((lw)a+vb)+f(va+(1w)b) ~ bia/bf(t)dt‘

2
,(a+b
(%)

which is the trapezoid-type inequality provided |f'|? is concave on [a,b].

I

) (D

Remark 2.20. In Corollary 2.19, let v = i. Then, we have

F(2Y) + f (¢£3h) 1t b—al. [a+b
| — _b—a/af(t)dtgs‘f<2)
|q

9

which is the second inequality in (1.2) provided |f’|? is concave on [a, b] .
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3. Applications for special means

In the literature, let us recall the following special means of the two real
numbers v and v:

(1) The weighted arithmetic mean
Aq (u,v) = ou+ (1 —a)v, u,v € R.
(2) The unweighted arithmetic mean
A(u,v) = UTH, u,v € R.
(3) The harmonic mean

H (u,v) := , u,v > 0.

(4) The identric mean

vy .
I(u,v):= ¢ (i) %fu;év , w,v > 0.
u ifu=w

(5) The logarithmic mean

L(U,U) ::{ Inv—Inu lf'u,#v

U ifuzv’u’v>0'

(6) The p-logarithmic mean
{vwl,uwl

v "
<7p+1><v—u>} fu#v 0y v>0, peR\{-1,0}.

u fu=w

L, (u,v) :=

(7) The p-power mean

uP + vP
2

Mp(u,v)::( );,u,v>0,p€R\{0}.

Using the above results, we have the following results about the above special
means:

Proposition 3.1. In Corollary 2.4, let s € (—o0,1] U [1 + %700) \{-1,0},
qg>1,a>0,b>0 and let f(t) =1t° on [a,b]. Then we have
|Aa (A (42 (b,a), A2 (a,b)) , A® (a,b)) — LS (a,b)|

< [f-era-z)|le-am, @),

Corollary 3.2. In Proposition 3.1, let v = 0. Then, we have
|s| (b

(3.1) |4y (A(a®,0%), A% (a,b)) — L (a,b)| < %“)Mq (a*=1,0571) .
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Corollary 3.3. In Proposition 3.1, let a« = 1. Then, we have
(3.2) |A (Afy (b,a),AS (a, b)) — L: (a, b)|

< [i —y(1— 2’7)} |s| (b—a) My (a® 1, 0°71).

Proposition 3.4. In Corollary 2.13, let s € [1,1 + ﬂ ,q>1,a>0b2>0
and let f (t) =t° on [a,b]. Then we have

|Aa (A (AfY (b,a), A (a, b)) , A (a, b)) — L (a, b)!
< [i —ay(l— 2’y)] s(b—a) A1 (a,b).
Corollary 3.5. In Proposition 3.4, let v = 0. Then, we have

(b—a)

(3.3) |Aq (A (a®,6%), A% (a,b)) — LS (a,b)] < i A1 (a,b).

Corollary 3.6. In Proposition 3.4, let o = 1. Then, we have
(3.4) |A (A2 (b,a), A2 (a,b)) — LS (a, b))

< [fr0-m)se-aa@.

Proposition 3.7. In Corollary 2.4, let ¢ > 1,a > 0,b > 0 and let f () = % on
[a,b] . Then we have

|Ao (H (A, (b,a), A (a,b)), A" (a,b)) — L' (a,b)]
< [111 —ay(1- 27)} (b—a) My (a™2,07%).

Corollary 3.8. In Proposition 3.7, let v = 0. Then, we have

—a

(3.5) |Aa (H71 (a,b), A7 (a, b)) — L™ (a, b)| < b M, (a72, b72) .

Corollary 3.9. In Proposition 3.7, let a« = 1. Then, we have
(3.6) |H™' (A, (b,a), A, (a,0) = L7 (a, b))
1
< {4 —7(1- 27)] (b—a) My (a™2,b7%).
Proposition 3.10. In Corollary 2.13, let a > 0,b > 0 and let f (t) = Int on
[a,b]. Then we have
|Aq (A(In A (b,a),In A, (a,b)),InA(a,b)) —InT (a,b)|

< [frot-m|e-aa @,
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Corollary 3.11. In Proposition 3.10, let v = 0. Then, we have
h—
(3.7) |Aq (A(Ina,Ind),In A (a,b)) —In1 (a,b)| < 1 e (a,b).

Corollary 3.12. In Proposition 3.10, let o = 1. Then, we have
(3.8) |[A(InA, (b,a),InA, (a,b)) —InI (a,b)]

< [f0-m]e-aa e,

4. Applications for the extended Simpson quadrature formula
Throughout this section, let 0 < a < 1, I, ta=2g <21 < -+ < Tp_1 <
T, = b be a partition of the interval [a,b],l; = z;41 — x;,& € [CCZ‘, %]

and ¢; € [%7%“} (t=0,1,--- ;n—1). Define the extended Simpson
quadrature formula

(4.1) /f Dt = S (f.Tn €.C) + Ro (.1, £,C)

where

n—1

S (fiIn E,C) - Zf fz l+ Y <xz+xl+1)li7
=0

and & € [z, (z; +:1:i+1)/2], i € [(x; + xiy1) /2,xi41], and the remainder
term R, (f, In,&i, () denotes the associated approximation error of fab ft)dt

by Sa (f, In; &, C)
Let o € {07 3 1} in the identity (4.1). Then we have the following special
formulae.

(1) The midpoint formula

n—1
071600 = L (P )

(2) The trapezoid formula

n—1
S (fi1n,6,6) = Wu,
=0

where & = x; and (; = ;41 (1 =0,1,--- ,n—1).
(3) The Simpson formula

S1 (f, 1n,&,Q) = Zé [ x;) +4f <x1+2:z:1+1> +f($i+1)} Uy,
i=0

—_
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where fi =T; and Ci = Tj+1 (i:0,1,~-~ ,’I”L—l).

Theorem 4.1. Let f be defined as in Theorem 2.3 and let f; f@®dt, So(f, I,
&,C) and Ry, (f, I, &, Q) be defined as in the identity (4.1). Then, the remainder
term Ry (f,In,&,C) satisfies the estimate

(4.2) |Ra (f,1n, €. C)]

n—1 . . 1
Ty (@) | f ()| + To (4) |f (i) ") ®
- ;(TI()JFB())ZQ( Ty (i) + T2 (4) )
< max{lf (@], |/ (v |}Z T (i) +To (i) 2,
where
o« N2 (BTit1 — T
1) = o [(6 o (22575 )
Ti + Tip1 2 OTi41 — T
+< 5 fz) ( 4 €z> (xz-i-l Cz)
l‘l+f£i+1 2 5%1'_;'_1 11—«
+(<7 . ) ( 4 @) yle
and
2
e (i>:3j% (301 +213z+1 _€i> (fi— o —49€z+1>

foralli=0,1,--- ,n—1.

Proof. Apply Theorem 2.3 on the intervals [x;, z;41] (i = —1) to get

(i
(4.3) ‘ [aw +(1-a) <x * x”l)] ; LH (t)dt‘
)

L () 1f" (@a)|" + To () |/ (:vm)l )

< (Ty(6) + Ty (i) 12 ( T, (i) + T» (zl

foralli=0,1,--- ,n— 1.
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Using the convexity of |f|?, we have

T @) F ()l + T ()| ()l
(44 ( T+ 1 () >

Tl() b*l‘i q
o (e @ o)
t g (S @l ”C;% ror)|
< (max{|f @I, [f B} =max{|f (a)],|f B)]}
foralli=0,1,--- ,n—1.

The inequality (4.2) follows from the inequalities (4.3), (4.4) and the gener-
alized triangle inequality. This completes the proof. (|

Corollary 4.2. In Theorem 4.1, let « = L and & = 2;,¢ = 2ip1(i =

3
0,1,---,n—1). ThenTy (i) =T> (i) = & (i=0,1,--- ,n — 1) and the Simpson-
type error satisfies

n—1 1
1 @)l* + 1 (i) ]
1 < -
msheo| = 25| : }
n—1 l2
< max{|f (@], [ O -
i=0
Corollary 4.3. In Theorem 4.1, let « = 1 and & = 24,¢G = 2410 =
0,1,---,n—1). Then Ty (i) =T> (i) = § (i =0,1,--- ,n — 1) and the trapzoid-

type error satisfies

n—1 2 , q %
|Ry (f, In, &, 0)| l; [f )|+ |f (zig1)]? }

e

i=0 2
n—1 12
< max{lf @1/ O} Y F
1=0

which is Proposition 3 in [11].

Corollary 4.4. In Theorem 4.1, let « = 0 and & = 24,¢ = w1 (i =
0,1,---,n—=1). Then Ty (i) =T» (i) = 5 (1 =0,1,--- ,n — 1) and the midpoint-
type error satisfies

1

n— 2 , q %
|Ro (f.1n,€,Q)] < i [f ()] +2|f (xz+1)|}
i=0
n—1 12
< maXﬂf/(a)"'f/(b)”Zj-

=0
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Similarly, using Theorem 2.12 we can prove the following theorem.

Theorem 4.5. Let f be defined as in Theorem 2.12, Ty (i), T (i) t(¢ = 0,1, - - |

n—1) be defined as in Theorem 4.1 and let ff f@®)dt,Ss (f, In,&,¢) and Ro(f, I,
&, C) be defined as in the identity (4.1) . Then, the remainder term R, (f, I, &, ¢)
satisfies the estimate

B (161 < 3 (T3 () + T (i) 2
1=0

)

foralli=0,1,...n— 1.

Corollary 4.6. In Theorem 4.5, let o = % and & = x;,¢G = mip1 (1 =
0,1,--- ,n—1). Then Ty (i) =T> (i) = % (i=0,1,--- ,n—1) and the Simpson-

type error satisfies
y i+ Tign
r(=)

Corollary 4.7. In Theorem 4.5, let a = 1
0,1,---,n—1). Then Ty (i) =Tz (i) = £ (i =0,

type error satisfies

Ry (f.10,6,0)| < |

=0

and & = xi,¢G = i1l =
1,--+,n—1) and the trapzoid-

Ry (f 1. &0 <Y

Corollary 4.8. In Theorem 4.5, let « = 0 and & = z;,(; = xiy1 (1 =
0,1,---,n—1). Then Ty (i) =T (i) = & (i =0,1,--- ,n — 1) and the midpoint-

type error satisfies
s i+ Tig1
P
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