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ABSTRACT. Let A be a unital Banach algebra, M be a left A-module,
and W in Z(A) be a left separating point of M. We show that if M
is a unital left A-module and J is a linear mapping from A into M,
then the following four conditions are equivalent: (i) § is a Jordan left
derivation; (ii)d is left derivable at W; (iii) § is Jordan left derivable at
W; (iv)Aé(B) + B§(A) = §(W) for each A, B in A with AB=BA=W.
Let A have property (B) (see Definition 3.1), M be a Banach left A-
module, and § be a continuous linear operator from A into M. Then § is
a generalized Jordan left derivation if and only if § is Jordan left derivable
at zero. In addition, if there exists an element C € Z(.A) which is a left
separating point of M, and Ranna(A) = {0}, then 6 is a generalized
left derivation if and only if § is left derivable at zero.

Keywords: (Jordan) left derivation, generalized (Jordan) left derivation,
(Jordan) left derivable mapping.
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1. Introduction

Let A be a Banach algebra over the complex field C. As usual, for each
A, B in A, we write Ao B for the Jordan product AB + BA, while A-B or AB
denotes the ordinary product of A and B. The center of Ais Z(A) ={Aec A:
AB = BA for each B in A}. Let M be a left A-module. The right annihilator
of Aon M is Rannp(A) ={M € M : AM = 0 for each A in A}. An element
W in A is said to be a left separating point of M, if for each M in M satisfying
WM =0, we have M = 0.

Let 0 be a linear mapping from A into a left A-module M. ¢ is called a
left derivation if §(AB) = Ad(B) + Bo(A) for each A, B in A, and is called
a Jordan left derivation if §(A o B) = 246(B) + 2B§(A) for each A, B in A.
Let C € A. ¢ is said to be left derivable at C if §(AB) = A§(B) + Bi(A)
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Left derivable or Jordan left derivable mappings 428

for each A, B in A satisfying AB = C, and to be Jordan left derivable at C if
0(AoB)=2A6(B) +2B0o(A) for each A, B in A satisfying Ao B = C.

The concepts of left derivations and Jordan left derivations were introduced
by Bresar and Vukman in [5]. For results concerning the relationship between
left derivations and Jordan left derivations on prime rings, we refer the reader
to [4,5,14,15]. Tt’s natural that every (Jordan) left derivation is (Jordan) left
derivable at each point. There have been a number of papers concerning the
study of conditions under which (Jordan) derivations can be completely deter-
mined by the action on some sets of points [1-3,6,7,10,12,16,17]. Using the
techniques of researching (Jordan) derivations, several authors were devoted to
study linear (or additive) mappings on some algebras behaving like (Jordan)
left derivations when acting on special products. In [13], Li and Zhou study left
derivable mappings at zero on some algebras. In [8,9], the authors considered
a continuous mapping ¢ satisfying A6(A~1) + A71§(A) = 0 for each invertible
element A in von Neumann algebras or Banach algebras. In [9,11,13], the au-
thors characterized continuous (Jordan) left derivable mappings at the identity
or non-trivial idempotents on some algebras. In this paper, we study (Jordan)
left derivable mappings at zero or non-zero central elements.

The paper is organized as follows. In Section 2, we characterize linear map-
pings (Jordan) left derivable at non-zero central elements without continuity
assumption. Let ¢ be a linear mapping from a unital Banach algebra A into a
unital left A-module M, and C' be a non-zero element in A. If § is left derivable
at C, then C' - § is a Jordan left derivation. When C' € Z(A), we prove that if
0 is Jordan left derivable at C, or if Ad(B)+ BJ(A) = 6(C') for each A, B in A
with AB = BA = C, then C -0 is also a Jordan left derivation. Let W € Z(A)
be a left separating point of M. As applications of the preceding results, we
conclude that ¢ is a Jordan left derivation if ¢ is (Jordan) left derivable at W,
or if A6(B)+ BS(A) = 6(W) for each A, B in A with AB = BA = W, which
generalizes the corresponding results in 8,9, 11].

In Section 3, we consider the relations between generalized (Jordan) left
derivations (see Definition 3.2) and (Jordan) left derivable mappings at zero.
Let A be a unital Banach algebra with property (B) (see Definition 3.1), and
6 be a continuous linear operator from A into a Banach left A-module M.
Then 6 is a generalized Jordan left derivation if and only if ¢ is Jordan left
derivable at zero. In addition, if there exists an element C' € Z(A) which is a
left separating point of M, and Ranna(A) = {0}, then 0 is a generalized left
derivation if and only if § is left derivable at zero.
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2. (Jordan) left derivable mappings at non-zero central elements

In this section, we suppose that A is a Banach algebra with identity I and
M is a unital left A-module, unless stated otherwise. We consider linear map-
pings (Jordan) left derivable at non-zero central elements without continuity
assumption.

At first, we considered a linear mapping d satisfying A5(A~1) + A716(A)
= 0 for each invertible element A in A. Fadaee and Ghahramani [9] also
consider it when ¢§ is continuous. In this paper, we use a different technique
to consider it while ¢ is not necessarily continuous. Replacing [9, Lemma 2.1]
with the following Lemma 2.1, we easily know that assumption of continuity
of ¢ is not necessary in [9, Proposition 2.2 and Theorem 2.5].

Lemma 2.1. Let § : A — M be a linear mapping. If for each invertible
element A in A, we have

AS(A™YH + AT15(A) = 6(D),
then 6 is a Jordan left derivation.

Proof. By assumption, we have §(I) + §(I) = 6(I). Thus, 6(I) = 0. Let A be
invertible in A. By A§(A~1) + A716(A) = 6(I) = 0, it follows that
(2.1) §(A) = —A%5(ATh).

Let T € A,n € Nt withn > ||T||+ 1, and B =nl +T. Then B and (I — B)
are both invertible in A. By (2.1),

§(B)=—-B*$(B™')=-B*(B'(I - B)® - B)
:—325(3 (I — B)®) + B*§(B)
B*(B™'(I - B)*)*§((I - B)™B) + B*§(B)
=(I - B)*s§((I - B)™) - (I - B)*(I - B)*§((I - B)™) + B*§(B)
=—6((I —B)*)+ (I — B)*6(I — B) + B*§(B)
=§(B) — §(B®) + 2B4(B).
Thus, §(B?) = 2B§(B). Since B = nl + T, we have §((nl + T)?) = 2(nl +

T)5(nI +T), and so §(T?) = 2T6(T) for each T in A. That is, § is a Jordan
left derivation. g

Lemma 2.2. Let § : A — M be a linear mapping, and let C be a non-zero
element in A. If for each invertible element A in A, we have

AS(ATIC) + A71C6(A) = 6(C),

then C - 6 is a Jordan left derivation.
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Proof. By assumption, we have §(C) + Cd(I) = §(C). That is, Co(I) = 0. Let
A be invertible in A. By A6(A71C) + A71C6(A) = §(C), it follows that
(2.2) ATICH(A) = 6(0) — As(AT10),
(2.3) S(ATIC) = A715(C) — AT206(A).

Let T € A,n e Nt withn > ||T||+ 1, and B=nl+T. Then B and (I — B)
are both invertible in A. By (2.2) and (2.3),

B7'Cé(B) =6(C) — B§(B™'C) = 6(C) — B§(B™ (I — B)C +O)
(I - B)3(C) — B&(B™(I - B)C)
=(I - B)§(C) = B[B™'(I - B)§(C) — (B~ (I — B))*C6((I — B) ™' B)]
=(I - B)B™(I - B)C§((I - B)™)
=(I - B)B'[8(C) — (I - B)"'4(( - B)C)]
—8(C) + B'§(BC).
Thus, B~1§(BC) = §(C) + B~1C4§(B). Hence,
§(BC) = B-B~'6(BC) = B§(C) + CS§(B).
Since B=nl+T, §(nC +TC) = (nl +T))(C)+ Cd(nl 4+ T), that is,
(2.4) 0(TC)=T46(C)+ CH(T)
for each T in A. Hence, for each invertible element A in A, by (2.4),
5(C) =AS(A™1C) + A1C6(A)
=AATI6(C) + ACS(A™Y) + A7ICS(A)
=5(C) + ACS(A™1) + A7'C6(A),
that is, ACS(A™") + A~ LC§(A) = 0 = C3(I) for each invertible element A in
A. Let 6 = C - 6. By Lemma 2.1, § is a Jordan left derivation. O

Theorem 2.3. Let 6 : A — M be a linear mapping, and let C' be a non-zero
element in A. If 0 is left derivable at C, then C-§ is a Jordan left derivation.

Proof. For each invertible element A in A, we have §(C) = §(A - (A71C)) =
AS(A7LC) + A71CH(A). Thus, by Lemma 2.2, C'-§ is a Jordan left derivation.
0

Theorem 2.4. Let 6 : A — M be a linear mapping, and let C' be a non-zero
element in Z(A). If § satisfies one of the following conditions, then C - § is a
Jordan left derivation:

(i) 0 is Jordan left derivable at C;
(ii) A§(B) + B6(A) =6(C) for each A, B in A with AB = BA=C.
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Proof. Suppose that (i) holds, i.e., 2A6(B) + 2B§(A) = §(C) for each A, B in
A with Ao B = C. For each invertible element A in A, since C € Z(A) and
2:5(C)=06(A-(A71C)+(A71C) - A), we have 6(C) = AS(A™1C) + A~1CS(A).
Thus, by Lemma 2.2, C' - ¢ is a Jordan left derivation.

Now we suppose that (ii) holds. For each invertible element A in A, since
C e Z(A)and A- (A71C) = (A71C) - A = C, we have §(C) = A§(A71C) +
A7YC§(A). By Lemma 2.2, C - § is a Jordan left derivation. O

As applications of Theorems 2.3 and 2.4, we conclude the following results.

Theorem 2.5. Let § : A — M be a linear mapping, and let W € Z(A) be a
left separating point of M. Then the following conditions are equivalent:

(i) 0 is a Jordan left derivation,

(i) § is left derivable at W,

(iii) ¢ is Jordan left derivable at W,

(iv) A6(B)+ BS6(A) = 6(W )foreachA,BinAwithAB:BA:W.

Proof. (i)=(iii) and (ii)=(iv) are obvious. We only need to prove (i)=-(ii),
(i))=(i), (iii)=(i), and (iv)=(i).

Suppose that § satisfies (ii), (iii), or (iv). By Theorems 2.3 and 2.4, W - §
is a Jordan left derivation. For each A in A, W§(A2%) = 2AWE(A). Since
W € Z(A), we have W§(A2%) = W -2A5(A). Since W is a left separating point
of M, we obtain §(A?) = 2A5(A) for each A in A. That is, (i) holds.

Now we suppose that (i) holds. For each B in A, since W € Z(A), we have
BW = WB and

§(BW) =6(WB) =B6(W) + W(B).
On the other hand, for each A, B in A with AB = W, we have
§(BW) = §(BAB) = B*5(A) + 3BAS(B) — ABS§(B).
Thus,
BO(AB) + 2AB6(B) = B*5(A) + 3BAS(B)
for each A, B in A with AB = W. Multiply the equation by A at the left side,
ABS(AB) 4+ 2AABS(B) = AB%5(A) + 3ABAS(B).

Since W = AB € Z(A), we have W(AB) = WBJ(A) + WAJ(B). And since
W is a left separating point of M, we obtain 6(AB) = Bé(A) + Ad(B) for each
A,B in A with AB =W, i.e., (ii) holds. O

Remark 2.6. In Theorem 2.5, if ¢ is a Jordan left derivation, then §(BW +
WB) = 2B§(W) + 2W§(B) for each B in A. Since W € Z(A), we have
BW = WB and §(BW) = §(WB) = B6(W) + W§(B). Thus, Theorem 2.5
improves the result of [8, Theorem 1.1].

Corollary 2.7. Let § : A — M be a linear mapping. Then the following
conditions are equivalent:
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(i) ¢ is a Jordan left derivation,

(i1) 0 is left derivable at I,

(iii) ¢ is Jordan left derivable at I,

(iv) AS(A™Y) + A716(A) = 6(1) for each invertible element A in A.

Corollary 2.8. Let § : A — M be a linear mapping, and X,Y be elements in
A with X +Y = 1. If § is left derivable at X and Y, then § is a Jordan left
derivation.

In addition, when X,Y € Z(A), then § is a Jordan left derivation if and
only if § is Jordan left derivable at X and Y.

By [13,15], if A is a CSL algebra or a unital semisimple Banach algebra,
then every continuous Jordan left derivation from A into itself is zero. So from
Theorems 2.3 and 2.4 we have the following corollaries.

Corollary 2.9. Let A be a CSL algebra or a unital semisimple Banach algebra,
and & be a continuous linear mapping from A into itself. If 6 is left derivable
at I, orif § is Jordan left derivable at I, then § = 0.

Corollary 2.10. Let A be as in Corollary 2.9, § be a continuous linear mapping
from A into itself, and W € A be a left separating point of A. If § is left
derivable at W, then 6 = 0.

In addition, if W € Z(A) and if § is Jordan left derivable at W, then 6 = 0.

Remark 2.11. Let A be a unital Banach algebra, M be a unital Banach left
A-module, and W € Z(A) be a left separating point of M. Fadaee and Ghahra-
mani [9] proved that a continuous linear mapping ¢ : A — M is a Jordan left
derivation if A§(A™1) + A716(A) = 0 for each invertible element A in A, or if
0 is Jordan left derivable at I. Ghahramani [11] proved that every continuous
linear mapping 6 : A — M is a Jordan left derivation if § is left derivable at
I. Ebadiana and Gordji [8] proved that a bounded linear mapping ¢ : A — M
is a Jordan left derivation if §(AB) = A§(B) + Bo(A) for each A, B in A with
AB = BA = W. In this section, we improve the results in [8,9, 11] without
assumption that § is bounded or continuous. In fact, we only assume that
M is a unital left A-module. Correspondingly, we conclude that every linear
mapping ¢ : A — M is a Jordan left derivation if ¢ is (Jordan) left derivable
at W, or if A§(B) + BJ(A) = 6(W) for each A, B in A with AB=BA=W.

Let R be a 2-torsion free ring with identity I which satisfies that for each T’
in R, there is some integer n such that nl — T and (n — 1)I — T are invertible
or nl +T and (n+ 1)I + T are invertible. If we replace A with R and replace
linear mappings with additive mappings, then all of the above results in this
section are still true.

3. (Jordan) left derivable mappings at zero

In this section, we consider continuous linear operators (Jordan) left deriv-
able at zero. At first, we introduce a class of Banach algebras with property
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(B). Let A be a Banach algebra and ¢ be a continuous bilinear mapping from
A x A into a Banach space X. We say that ¢ preserves zero products if for
each A, B in A, AB = 0 implies ¢(A, B) = 0. Then property (B) is defined as
follows.

Definition 3.1. [3] A Banach algebra A is said to have property (B), if for
every Banach space X and every continuous bilinear mapping ¢ : A x A — X,
¢ preserving zero products implies that for each A, B,C in A,

P(AB,C) = ¢(A, BC).

The class of Banach algebras with property (B) includes C*-algebras, group-
algebras, unitary algebras, and Banach algebras generated by idempotents.

Definition 3.2. Let § be a linear operator from a unital Banach algebra A
into a Banach left A-module M. Then ¢ is called

(i) a generalized left derivation, if there exists an element & in M, such that
for each A, B in A,

§(AB) = AS(B) + BS(A) — ABE.

(ii) a generalized Jordan left derivation, if there exists an element & in M,
such that for each A, B in A,

5(Ao B) = 248(B) + 2B5(A) — (Ao B)E.

Remark 3.3. If § is a generalized left derivation, then there exists an operator
d: A — M satisfying d(A) = 6(A) — A€ for each A in A. We denote that
Re(A) = A¢ for each A in A, then § = d+ Re. We can not confirm that d is a
left derivation since A is not necessarily commutative. But if § is a generalized
Jordan left derivation, and d : A — M is an operator satisfying 6 = d + R,
then d is a Jordan left derivation.

We consider the following conditions on a continuous linear operator § from
a unital Banach algebra A into a Banach left A-module M:

(D1) for each A,B,C in A, AB = BC = 0 implies AC4(B) = 0;

(D2) for each A, B in A, AB = 0 implies AJ(B) + Bé(A) = 0;

(D3) for each A,Bin A, AB = BA =0 implies A6(B) + Bd(A) = 0;

(D4) for each A, B in A, Ao B =0 implies A6(B) + BJ(A) = 0.

Theorem 3.4. Let A be a Banach algebra with identity I and have property
(B), M be a Banach left A-module with Ranna(A) = {0}, and 6 : A — M
be a continuous linear operator. If § satisfies (D1) or (D2), then for each C in
A, 6 =C -6 is a generalized left derivation.

Furthermore, & is a left derivation if and only if I-6(I) = 0.

In addition, if there exists an element C € Z(A) which is a left separating
point of M, then the following conditions are equivalent:

(i) 0 is a generalized left derivation,
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(ii) 0 satisfies (D1),
(iii) ¢ satisfies (D2).

Theorem 3.5. Let A be a Banach algebra with identity I and have property
(B), M be a Banach left A-module, and § : A — M be a continuous linear
operator. Then the following conditions are equivalent:

(i) ¢ is a generalized Jordan left derivation,
(i) § satisfies (D3),
(iil) 0 satisfies (D4).
Furthermore, § is a Jordan left derivation if and only if I - 6(I) = 0.

We will complete the proofs of Theorems 3.4 and 3.5 by showing the following
lemmas.

Lemma 3.6. Let A and M be as in Theorem 3.4, and § : A — M be a
continuous linear operator. Then & satisfies (D1) if and only if for each C in
A, C -6 is a generalized left derivation.

Proof. 1f ¢ satisfies (D1), then for each A’, B’ in A with A’B’ = 0, we define
the bilinear mapping ¢ : A x A — M by

#(A, B) = AB'§(BA'), A, B € A.

For each A, B in A with AB = 0, since ABA’ = BA'B’ = 0, we have ¢(A, B) =
0. Since A has property (B), for each A, B,C in A, $(AB,C) = ¢(A, BC), i.e.,

(3.1) ABB'§(CA') = AB'§(BCA').

Now we fix A, B,C in A, and consider the bilinear mapping ¢ : Ax A —- M
such that for each A’, B’ in A,

(A", B') = ABB'§(CA") — AB'§(BCA).

On account of (3.1), ¥ (A’, B") = 0 for each A’, B’ in A with A’B’ = 0. Since A
has property (B), it follows that ¢ (A’B’,C") = ¢(A’, B'C") for each A’, B',C’
in A. Thus, for each A’, B’,C’, A, B,C in A,

ABC'§(CA'B") — AC'§(BCA'B') = ABB'C'§(CA’) — AB'C'§(BCA’).
Put 6 = C'6, where C’ as in A. Take C = A’ =T and £ = S(I), then for each
B',A,Bin A,

A(6(BB') — B§(B') — B'6(B) + BB'€) = 0.
Since Rannaq(A) = {0}, for each B’, B in A, we have
5(BB') = Bi(B') + B'§(B) — BB'¢.

Thus, 0 is a generalized left derivation.
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If for each C' in A, C -0 is a generalized left derivation, then for each A, B, C
in A with AB = BC = 0, we have

0=Cé(AB) = ACS(B) + BCo(A) — AB, = ACH(B).
Hence, AC§(B) = 0 for each A, B,C in A with AB = BC = 0. O

Lemma 3.7. Let A and M be as in Theorem 3.4, and 6 : A — M be a
continuous linear operator. If § satisfies (D2), then for each C in A, C -4 is a
generalized left derivation.

Proof. Take A, B,C in A satisfying AB = BC = 0, then
0=A-(B)(C)+Cé(B)) =AB(C)+ ACS(B) = ACH(B).

For each C' in A, let § = C'-§. By Lemma 3.6, § is a generalized left derivation.
O

Remark 3.8. In Lemma 3.7, if there exists an element C € Z(A) and C is a
left separating point of M, then ¢ satisfies (D2) if and only if ¢ is a generalized
left derivation.

Lemma 3.9. Let A and M be as in Theorem 3.5, and 6 : A — M be a
continuous linear operator. Then § satisfies (D3) if and only if 0 is a generalized
Jordan left derivation.

Proof. If ¢ satisfies (D3), then for each A’, B’ in A with A’B’ = 0, we define
the bilinear mapping ¢ : A x A — M by

#(A, B) = B'AS(BA') + BA'§(B'A)

for each A,B in A. For each A,B in A with AB = 0, since BABA’' =
BA’'B’A = 0, we have ¢(A, B) = 0. Since A has property (B), for each A, B,C
in A, $(AB,C) = ¢(A, BC), i.e.,

(32)  B'ABS(CA')+ CA'6(B'AB) = B'AS(BCA') + BCA'§(B' A).

Now we fix A, B,C in A, and consider the bilinear mapping ¢ : A x A — M
such that for each A’, B’ in A,

(A", B') = B'ABS(CA') + CA'§(B'AB) — B'A§(BCA') — BCA'5(B'A).

For each A', B’ in A with A’B’ = 0, on account of (3.2), ¢(A’, B’) = 0. Since
A has property (B), it follows that for each A", B’,C" in A, v(A'B’,C") =
P(A’, B'C"). Thus, for each A", B’,C", A, B,C in A,

C'ABS(CA'B')+ CA'B'§(C'AB) — C'A§(BCA'B') — BCA'B'5(C' A)
= B'C'ABS(CA"Y + CA'§(B'C'AB) — B'C'A§(BCA") — BCA'§(B'C' A).
Take A=C=A"=C"=1 and £ = §(I), then for each B, B’ in A,
§(BoB') = 2B§(B') + 2B'6(B) — (B o B')¢.

Thus, ¢ is a generalized Jordan left derivation.
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If § is a generalized Jordan left derivation, it is obvious that for each A, B
in A with AB = BA =0, we have

0= 6(AB) +§(BA) = 6(Ao B) = 2A5(B) + 2B5(A) — (Ao B)¢ = 2(A8(B) + BS(A)).
Thus, Aé(B) + Bd(A) =0 for each A, B in A with AB = BA =0. O

Lemma 3.10. Let A and M be as in Theorem 3.5, and § : A — M be a
continuous linear operator. Then § satisfies (D4) if and only if § is a generalized
Jordan left derivation.

Proof. If § satisfies (D4), we consider A, B in A with AB = BA = 0, then
Ao B =0. With property (D4), we have AJ(B) + Bd(A) = 0, and ¢ satisfies
(D3). By Lemma 3.9, 4 is a generalized Jordan left derivation.

And if § is a generalized Jordan left derivation, it is obvious that for each
A, B in A with Ao B =0, we have

0=0(Ao B) = 245(B) + 2B8(A) — (Ao B)E = 2(A8(B) + B(A)).
Thus, Aé(B) + Bé(A) =0 for each A, B in A with Ao B =0. O

Remark 3.11. If A is an arbitrary Banach algebra with property (B) (without
unital assumption), we can obtain similar results as Theorems 3.4 and 3.5, and
use similar techniques to prove them. But the proofs are complicated. For
brief, in this paper, we only consider the case that A is unital.
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