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1. Introduction

Digital topology [32] is concerned with developing image analysis and com-
puter graphics. The digital simplicial homology groups [16] and cohomology
groups are major tools for image analysis because a general algorithm to de-
termine whether two different objects have isomorphic homology groups or
cohomology groups could be very effective tools for image analysis. As a re-
sult, digital homology and cohomology are significant fields for researchers.

Simplicial homology groups of digital images have been studied by several
researchers [2, 11,13,17,37]. Arslan et al. [2] define the simplicial homology
groups of n-dimensional digital images which are based on the simplicial ho-
mology groups of topological spaces in algebraic topology. They also compute
simplicial homology groups of M SSis. Boxer et al. [11] improve knowledge
that are related to simplicial homology groups of digital images. Demir and
Karaca [37] introduce the simplicial homology groups of a connected sum of
digital closed k-surfaces. They give theorems about computing the digital sim-
plicial homology groups of M SS1gMSS1s, MSSg and M SSgtMSSs. Ege and
Karaca [17] present some fundamental properties and definitions with respect
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to digital simplicial homology groups. They give the Eilenberg-Steenrod ax-
ioms for digital images, Universal Coefficient Theorem for digital images and
show that none of excision axiom, K#unnneth formula and Hurewicz theorem
does not hold in digital images.

Karaca and Burak [25] propose a method for calculating the cohomology
ring of digital images. They compute cohomology ring of M SSg and M SSis.
Also they give definitions and theorems that are related to relative cohomology
groups of digital images.

Furthermore the cup product makes the cohomology of a topological pair
into a graded algebra. In this work we show that H**(X, Q) is a graded G-
algebra with cup product.

Borsuk [5] presented a proof of a conjecture of Ulam that has become known
as the Borsuk-Ulam theorem. Crabb and Jaworowski [15] state a largely ex-
pository account of various aspects of the Borsuk-Ulam theorem, including
extension of the classical theorem to families of maps parametrized by a base
space and to multivalued maps. Roy and Steiger [35] determine some combina~
torial consequences, typically asserting the existence of a certain combinatorial
object. They state algorithmic issues about the computational complexity of
finding the asserted combinatorial object.

In Section 2, we present some general notions of digital images. In next sec-
tion we give definitions and theorems with respect to cohomology groups of dig-
ital images and compute the simplicial cohomology groups of MSS15§M S S
and MSSeiMSSg. In the last section, we define the simplicial cup product
and its general properties. Moreover, we give an example about computing the
cohomology ring of M SS15§M S S1s. Then we present algebra structures of dig-
ital cohomology with the cup product. Finally, we prove a digital Borsuk-Ulam
theorem and give some examples about these concepts [15].

2. Preliminaries

Let Z be the set of integers. Then Z" is the set of lattice points in the n-
dimensional Euclidean space. A (binary) digital image is a pair (X, k), where
X C Z™ for some positive integer n and k represents certain adjacency relation
for the members of X. We use a variety of adjacency relations in the study of
digital images.

Let I, n be positive integers, 1 <[ < n and distinct two points
p=(p1,p2; -, Pn)s ¢ = (1,425 -, @n) € Z",
p and q are kj-adjacent [7] if there are at most [ indices ¢ such that

|pi — ¢;| =1 and for all other indices j such that |p; — ¢;| # 1, p; = g¢;.
The notation k; is sometimes also understood as the number of points g € Z"
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that are kj-adjacent to a given point p € Z™. Thus, in Z we have k; = 2; in Z?
we have k1 = 4 and ke = 8; in Z3 we have k; = 6, ko = 18 and k3 = 26.

Let k be an adjacency relation on Z™. A k-neighbor [7] of p € Z™ is a point of
Z" that is k-adjacent to p. The k-neighborhood of p is defined to be the set

N.(p) = {q| qis k—adjacent to p}.
Let a,b € Z with a < b. A set of the form
la,b]z = {2z € Z|a < z < b}
is called a digital interval [0].

Let X C Z" be a digital image with x-adjacency. A digital image X is
k-connected [24] if and only if for every pair of different points x,y € X, there
is a set {zg, 1, ...,z } of points of a digital image X such that x = xg, y =
and z; and x;11 are k-neighbors where i = 0,1,...,r — 1. A k-component of a
digital image X is a maximal k-connected subset of X.

Let X C Z™ and Y C Z™ be digital images with kgadjacency and 1-
adjacency, respectively. Then the function f : X — Y is said to be (ko, k1)-
continuous [7] if for every rg-connected subset U of X, f(U) is a k1-connected
subset of Y. We say that such a function is digitally continuous. Similar con-
cepts are determined on discrete manifolds in [13]: Let D; and Dy be two
discrete manifolds and f : D; — Dy be a mapping. The function f is said to
be an immersion from Dy to Do or a gradually varied operator if x and y are
adjacent in D; implies either f(z) = f(y) or f(x), f(y) are adjacent in Ds.

Proposition 2.1 ([7]). Let (X,kg)C Z™ and (Y,k1)C Z™ be digital images.
Then the function f : X — Y is said to be (ko, k1)-continuous if and only if for
every pair of Ko-adjacent points {xo,x1} of X, either f(xo) = f(x1) or f(xo)
and f(x1) are k1-adjacent in'Y .

A (2, k)-continuous function f : [0,m]z — X such that f(0) = x and f(m) =
y is called a digital k-path [7] from z to y in a digital image X. A digital image
X is digital k-path connected, if for every =,y € X, there exists a k-path in X
from x to y.

Definition 2.2 ([7]). Let (X,x0)C Z™ and (Y,x1) C Z™ be digital images.
Two (ko,k1)-continuous functions f,g: X —Y are said to be digitally (ko, x1)-
homotopic in Y] if there is a positive integer m and a function H : XX[0, m]z —Y
such that for all v € X, H(z,0)= f(z) and H(x,m)=g(x); for all z€ X, the
induced function H, : [0,m]z — Y defined by
H,(t) = H(z,t) for all ¢t € [0,m]z,

is (2, k1)-continuous; and for all ¢ € [0, m|z, the induced function H;: X =Y
defined by
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Hi(x) = H(z,t) for all z € X,
is (Ko, k1)-continuous. The function H is called a digital (kg, x1)-homotopy
[2] between f and g. A digital image (X, ) is said to be k-contractible if its
identity map is (k, k)-homotopic to a constant function ¢ for some ¢ € X, where
the constant function ¢: X — X is defined by ¢(z) = ¢ for all z € X.

For a digital image (X, k) and its subset (A, k), we call (X, A) a digital im-

age pair with k-adjacency. Moreover, if A is a singleton set xg, then (X, xq) is
called a pointed digital image.

A simple closed k-curve [10] of m >4 points in a digital image X is a sequence

of images of the k-path f : [0,m — 1]z — X such that f(i) and f(j) are
k-adjacent if and only if j =4+ 1 mod m.

FIGURE 1. Minimal simple closed curves M.SCy, M SC} and M SCs.

A point x € X is called a k-corner [1] if x is k-adjacent to two and only
two points y,z € X such that y and z are k-adjacent to each other. The k-
corner z is called simple [3] if y, z are not k-corners and if x is the only point
k-adjacent to both y, z. X is called a generalized simple closed k-curve [29]
if what is obtained by removing all simple k-corners of X is a simple closed
k-curve. If (X, k) is a k-connected digital image in Z3, | X|* = Njs(x) N X,
where N3g(z) = {2/ : xand 2’ are 26—adjacent} [3,4]. Generally, if (X, k) is a
k-connected digital image in Z™, n > 3, |X|® = N3j._,(z) N X, where

Ni._i(z) = {2’ : xandz’are (3" — 1)—adjacent} [20].
Let (X, ko) C Z™ and (Y, k1) C Z™ be digital images. A function f: X — Y
is (Ko, k1)-isomorphism [9] if f is (ko, k1)-continuous and bijective and further
f1:Y — X is (k1, ko)-continuous, in which case we denote X N (kom1) Y-

Definition 2.3 ([20]). Let ¢* = (zg,21, ..., Z,) be a closed s-curve in Z? where
{k,K} = {4,8}. A point x of the complement c* of a closed k-curve c¢* in Z?
is said to be interior of ¢* if it belongs to the bounded R-connected component
of ¢*. The set of all interior points of ¢* is denoted by Int(c*).
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For a closed k-surface Sy, we denote by S, the complement of S, in Z".
Then a point z of S, is said to be interior of S, if it belongs to the bounded
k-connected component of S,. The set of all interior points of S, is denoted
by int(Sy).

Definition 2.4 ([21]). Let (X, k) be a digital image in Z™, n > 3, and
X =7Z" — X. Then X is called a closed r-surface if it satisfies the following.
(1) In the case that (x,%) € {(k,2n), (2n,3™ — 1)}, where the k-adjacency
is taken from Definition 2.3. with x # 3™ — 2™ — 1,
e for each point x € X, |X|* has exactly one k-component k-
adjacent to x,
e |X|* has exactly two R-components F-adjacent to x; we denote by
C*® and D*® these two components; and
e for any point y € Ny(x)NX, Ng(y)NC* £ and Ngy)N D™ # o,
where N, (x) means the k-neighbors of x.
Furthermore, if a closed x-surface X does not have a simple k-point,
then X is called simple.
(2) In the case that (k,8) = (3" — 2" — 1,2n),
e X is k-connected,
e for each point z € X, | X|* is a generalized simple closed s-curve.
Furthermore, if the image |X|* is a simple closed k-curve, then the
closed k-surface X is called simple.

Example 2.5. MSS;g and MSS}g are minimal simple closed 18-surfaces.

The following digital images M.SC}, MSC{* and M SC{ which come from
the minimal simple closed curves M SCy, M SC, and M SCy in Z2, respectively,
play important roles in establishing a connected sum of closed k-surfaces [20]:

° ]\456‘3< =MSC,U Int(MSC4),
e MSCL — MSC, U Int(MSCY),
o MSC: = MSCs U Int(MSCy).

The digital images M SS7g and M SSg are in Z3. They are obtained from the
minimal simple closed curves M SCs and M SCy in Z?, respectively, and essen-
tially used in generating the notion of connected sum [20],

o MSSE = MSSsU Int(MSSs) where
MSSs =6y (MSCy x [0,2]z) U (Int(MSCy) x {0,2})
and M SCj is 4-isomorphic to the set
{(170)7(1’1)7(071)7(‘171)7('170)’('1"1)7(0"1)’(17‘1)}'
o MSSis = MSS1g U Int(MSSis) where
MSS18 ~(18,18) (MSCs x {1}) U (Int(MSCy) x {0,2})
and M SCy is 8-isomorphic to the set
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{(070)7(_1’1)7('270)5(_27_1)7(_1’_2)7(07_1)}'

Definition 2.6 ([20]). Let Sy, be a closed kg-surface in Z™ and S, be a
closed kp-surface in Z™ for ng,n; > 3. Consider A;O C A, C Sy, such that

A;O R (ko,8) Int(MSC’g), A;O R (ko,4) I?’Lt(MSCI) or A:m R (r0,8) Int(MSCé*).
Let f: Ak, = f(Ak,) C Sk, be a (kg, £1)-isomorphism and let

S, =Sk, — f(A],) and S| = S, — A},

Then the connected sum, denoted by S,,8S,, is the quotient space Sy, U
Sk,/ ~, where i : A,y — A} — S is the inclusion map and i(x) ~ f(x) for
r e A, —A .

Example 2.7. Consider M SS;gfMSSis.

FIGURE 2. MSSlgﬂMSSw

Definition 2.8 ([30]). Let S be a set of nonempty subset of a digital image
(X, k). Then the members of S are called simplexes of (X, k), if the following
hold:

e If p and ¢ are distinct points of s € S, then p and ¢ are x-adjacent.
e IfseSand @£t Cs,thenteS.

A m-simplex is a simplex S such that |S| = m + 1. Let P be a digital
m-simplex. If P’ is a nonempty proper subset of P, then P’ is called a face
of P. We write Vert(P) to denote the vertex set of P, namely, the set of all
digital O-simplexes in P.
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S I <{>.

FIGURE 3. (2,0), (2,1), (8,2) and (26,3)-simplexes

Let (X, k) be a finite collection of digital m-simplices, 0 < m < d for some
non-negative integer d. (X, k) is called a finite digital simplicial complex [2] if
the following statements hold:

e If P belongs to X, then every face of P also belongs to X.

o If P,@Q € X, then PNQ is either empty or a common face of P and Q.

Let (X, k) C Z™ be a digital simplicial complex. (X, ) called digital oriented

simplicial complex if there is an ordering on the vertex set of (X, k) [2]. The
dimension of X is the biggest integer m such that X has an m-simplex [2].
Cy(X) is a free abelian group with basis all digital (k, ¢)-simplices in X [2].

Proposition 2.9 ([11]). Let (X,x) C Z" be a digital simplicial complex with
m-dimension. Then for all ¢ > m, CF(X) is a trivial group.
Definition 2.10 ([2]). Let (X, k) C Z™ be a digital oriented simplicial complex
with m-dimension. A homomorphism

0y : CF(X) — Cp_1(X)
called the boundary operator. If o = [vo,...,v4] is an oriented simplex with

0 < g < m, we define
q

040 = 0y[v0, ., vg) =D _(=1)[v0, ey Ty oy Vg,
i=0
where the symbol U; means that the vertex v; is to be deleted from the array.

Proposition 2.11 ([2]). For m > ¢, we have 0q—1 0 04 = 0.
Theorem 2.12 ([2]). Let (X,k) C Z" be a digital simplicial complex of di-
mension m. Then
on(x) 02 0 P e 02t L O o 2
is a chain complex.

Definition 2.13 ([11]). Let (X, k) C Z" be a digital oriented simplicial com-
plex with m-dimension. The kernel of 9, : Cf(X) — Cy_;(X) is called the
group of g-cycles and denoted by Z[(X). The image of 9,11 : Cp 1 (X) —
Cy(X) is called the group of g-boundaries and is denoted by Bj(X). We
define the ¢ th simplicial homology group of X by
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HE(X) = Z5(X)/BE(X).
Theorem 2.14 ([2]). If f : X = Y is a digital (ko, k1)-isomorphism, then for
all g <m
Hpfo(X) = HH(Y).
Theorem 2.15 ([2]). If (X, k) is a single vertex, then
wixy_d L 5 q=0
H"(X){ 0 , ¢#0.
Definition 2.16 ([30]). Let (X,x)C Z™ be a digital simplicial complex; let
G be an abelian group. The digital simplicial cochain complex C(X),0) is
defined as follows: for any ¢ € Z, the g-dimensional digital cochain group with
coefficients in G, is the group
C"(X;G) = Hom(C;(X), Q).
The coboundary operator ¢ is defined to be the dual of the boundary oper-
ator 0 : Cf 4 (X) — CF(X). Thus

Cthr(X; Q) & CHR(X;G)
so that 6 raises dimension by one. The abelian group G is omitted from the
notation when it equals the group of integers. Elements of C?"%(X) are called
digital cochains and denoted either by ¢? or by ¢*, if we don’t need to specify
their dimension ¢g. The value of a digital cochain ¢? on a chain d, is denoted
by < c,dq >. The g-th coboundary map

§9: CR(X) — CIThR(X)
is the dual homomorphism of 9,41 defined by
<69, dgy1 >=<c?,041dg+1 >.
Definition 2.17 ([30]). The kernel of ¢ is called the group of cocycles and
denoted by Z%"(X; @), its image is called the group of coboundaries and de-
noted by B%*(X;G). The cohomology group of a digital image (X, ) with
coefficients in G is the group
H(X;G) = Z7%(X;G)/BY"(X;G).
Theorem 2.18 ([18]). If (X, k) is a single vertex, then
/ q=0
q,Kk _ )
H (X)‘{ 0 . q#0.
Example 2.19. Let MSS|g be a digital surface with 18-adjacency in Z3.
Karaca and Burak [25], show that the digital cohomology groups of M SS’g are

Z , q=0,2

q,18 / _
H (Msslg)_{ 0 4402
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FIGURE 4. M SSig

Example 2.20. Let MSS;s be a digital surface with 18-adjacency. The fol-
lowing result is given in [25]:

Z , q=0
HO®(MSSi5) =< 7% |, q=1
0 , ¢g=>2
| 9 | 8 :
5 ,ffé\,‘,,,‘: y
L& NERVIRS 7> @7
! ‘ ‘1 ‘ ‘: :
777A4\7\7‘7A 7\7‘7A \‘
. R i
DPe> b N

FIGURE 5. MSSig

3. Simplicial cohomology groups of M SS15§MSS1s and MSSgtMSSg
Theorem 3.1. The digital simplicial cohomology groups of M SS1s§M S S1s are

Z , q=0
Hq’18(M5518ﬁM5518) = Z7 , q= 1
0 , ¢g=2

p13 = (0,1,2)} C Z3, where

Pe <P5 <P4<p7<p13<p1o<piz <pg <p11 <ps <p3<po<p1<p2.
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FIGURE 6. MSSlgﬁMSSm

CEB(M SS188M SS1g), CL18(MSS188MSS15) and C38(MSS184MSS1s)
are free abelian groups with bases, respectively,

(po), (p1), (p2). (p3), (Pa), (P5). (p6), (P7), (Ps). (o), (P10) (P11), (P12), (P13),
1-simplexes
eo = (pop1), €1 =(P1P2), €2 = (P3p2), €3 = (pap3), €2 = (Pspa), €5 = (P6Ps),
e6 = (Pep7), €7=(P7P0), €8 = (P7P10): €9 = (P10P9), €10 = (PoPs)
e11=(psp3), e12= (P11P3), €13 = (P12P11), €14 = (P13P12), €15 = (P7P13),
e16=(P13P0), e17 = (P10Po), €18 = (P6P10), €19 = (P6P13), €20 = (P9P1),
e21 =(P5Poa), €22 = (P5P12), €23 = (P12P1), €24 = (PsP2), €25 = (Paps),

e26 = (Pap11), €27 = (p11P2)
and
2-simplexes
oo = (prp10po), 01 = (P7P13P0); 02 = (P6P7P10), 03 = (PeP7P13),
04 = <p8p3p2>,05 = <p11p3p2>,06 = <p4p11p3>707 = <p4p8p3>-
Since CJ®(MSS1s8#MSS1s) is a trivial group for ¢ > 3, we have
0 2, CI8(MSS1s8MSS1s) 225 CL8(MSS158MSS1s) 2 ¥ (MSS188MSS15)2% 0.

By the definition of cochain, we obtain

Co’lg(MSSlsﬁMSSlg) = Hom(C’&g(MSSlgﬂMSsls),Z),
C1’18(MSSlgﬁMSSlg) =~ Hom(Cllg(MSslgﬂMSSlg),Z),
02’18(M5518ﬁM5518) = Hom(0218(MS518ﬁM5518),Z)

Hence we get
—1 0 1 2
02— COI8(MSS 58 MSSts) s CLI8(MSS st MSS1s) s C18(MSS 54 MSS1s)s 0.

It is easy to see that
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01(eo) = p1 — Po, O1(e1s) = p12 — p13,
O1(e1) = p2 — p1, O1(e15) = p13 — pr,
O1(e2) = p2 — p3, O1(e16) = po — P13,
O1(e3) = p3 — pa, O1(e17) = po — p1o;
O1(e4) = pa — ps, d1(e18) = p1o — P,
O1(es) = ps — e, O1(e19) = P13 — e,
01(es) = p7 — s, 01(e20) = p1 — o,
O1(er) = po — pr, O1(e21) = pg — ps,
01(es) = pro — p7, 0O1(e22) = p12 — s,
O1(eg) = po — P10, O1(e23) = p1 — P12,
01(e10) = ps — po, O1(e24) = pa — ps,
O1(e11) = p3 — ps, O1(e25) = ps — pa,
81(612) = P3 — P11, ) (626) = P11 — P4,
O1(e13) = p11 — P12, O1(e27) = p2 — P11
So we find 0-cochains,

8pf = —eq + e7 + €16 + €17,

5017? = eg — €1 + ez + ea3,

8%p3 = e1 + ea + €24 + ea7,

5Op§ = —eg te3+e11 + e1a,

69 = —e3 + €4 — €25 — e,

50]93 = —e4 + e5 — e21 — €22,

50]923, = —€s — € — €18 — €19,

50?? =€ — €7 — €g — €15,

8%p% = e10 — e11 — €24 + €25,

8995 = eg — €10 — €20 + €21,

8%ty = es — eg + €15 — €17,

8993 = —e12 + e13 + 26 — ear,

8993, = —e13 + €14 + €22 — €23,

501013 = —e14 + €15 — €16 + €19.

From the definition of 05, we can easily obtain

02(00) = (p10po) — (P7P0) + (P7P10) = €17 — €7 + ex,
02(01) = (p13po) — (p7po) + (PrP13) = €16 — €7 + e1s,
02(02) = (prp10) — (PeP10) + (PeP7) = €8 — €18 + €6,
02(03) = (prp13) — (Pep13) + (Pep7) = €15 — €19 + €,
02(04) = (p3p2) — (psp2) + (psp3) = e2 — €24 + €11,

02(05) = (pap2) — (P11p2) + (P11P3) = €2 — ear + €12,
02(06) = (P11p3) — (Pap3) + (Pap11) = €12 — €3 + €26,
02(07) = (psp3) — (Pap3) + (paps) = e11 — e3 + eas.

Thus, we get 1-cochains,
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5168 = {0}’ 61614 = {0}7
oter = {0}, dtefs = o1 + 03,
5163 =04 + 05, Slets = o1,
Sles 3= —0¢ — 07, 51617:00,
5'e; 4 = {0}, 51618 = —02,
(51 = {O}, 61619 = —03,
Sley = o9 + 03, Stes, = {0},
5167 = —0¢ — 01, Stes, = {0},
dles = oo + o9, 6'esy = {0},
5163 = {0}, 51623 = {0},
616>{O = {O}, 61624 = —O04,
(516T1 =04+ o7, 61625 = o7,
ot €]y = 05 + 0g, 51626 = og,
51613 = {O}, 51627 = —O05.

Let’s find the kernel of 6°. By the definition of 6%, we see that

13
50(27%;02‘) =ng(—eo +e7r + e +e17) +ni(eo — e1 + ez + €23)
i=0
+ng(er + ez + e24 + €27) + n3(—ea+ ez + e+ e12)
+ny(—e3+ es— ez5— €26) + N5 (—e4+ €5 — ea1 — €22)
+ng(—es —es — e1s — e19) +nr(eg —er —eg — e15)
+ng(e10 — €11 — €24 + €25) + ng(eg— e10— e20+ €21)
+ni0(es— eg+ e1s— e17)+ nii(—e12+ e13+ ez — €27)
+niz(—e13+eiatezr—ezs)+niz(—eates—eig+ern).

Solving the equation

60(—7”&0 + nl) + 61(—7?,1 + TLQ) + 62(712 — ng) + 63(”3 — ’I’L4) + 64(’/14 — TL5)
+es(ns — ng) + es(—ne+ n7)+ er(ng— nr)+ es(—nr+ nig) + eg(ng — n1g)
+e10(—ng+ng)+ei1(n3—ng)+eiz(ng—nii)+eiz(ni —niz)+ea(niz —nis)
+e1s(ni3—nrz)+e1(no —n13) +eirdno —nio) +e1s—ne+n10) +ero( —ne+n13)
+e20(n1—ng)+e21(—ns5+ng) +eaz(—ns+n12) +e23(n1 —n12)+e24(n2 —ng)
+eos(—ng + ng) + eas(—na + n11) + ea7(ng —n11) =0,

we find
Ng=N1 =Nz =N3 =14 =N5 =N ="N7 =Ng="N9g =N10=N11=N12=N13 =7
Hence, we get the group of zero dimensional cocycles

Z918 (MSS1s) = {n(po+p1+p2+p3+ps+ps+ps+pr+ps+po+pio
+p11+pr2+p13) [n€Z}
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Since B%8(MSS 58 MSS13) = 0, we obtain

H0718(MSSlgﬁMSSlg) = 7.

Let

27

S kier) = ko({0}) + k1({0}) + k204 + 05) + ks(—06 — 07) + ka({0})

=0

+k5({0}) + k6(0'2+ O'3)+ k7(—0’0— (71)+ /ﬂg(O’o-i— 0'2)-‘1- kg({()})

+k10({0}) + k11(os+07) + k12(o5 + 06) + k13({0}) + k14({0})
+kis5(01 + 03) + kig(01) + ki7(00) + kig(—02) + kig(—03)
+hk20({0}) + k21 ({0}) + k22({0}) + k23 ({0}) + k24(—04)
+kas(07) + koo (06) + k27(—05).

We find the kernel of 6! and we have

oo(—k7 + ks + k17) + o1(—k7 + k15 + k16) + 02(ke — k1s + ks)
+o3(ke — k19 + k15) + 0a(ko+k11 —koa)+05(ka+ki2—kar)
+o6(—k3+kia+kas) + o7(—ks+ki1+kas) =0

Solving the equation above, we get

Hence, we conclude that

ks = k12 + ka6,
ke = kg + kis,
k7 = kg + k17,

k16 = kg — k15 + k17,
k19 = ks + k15 + kis,

kos = ko + k11,
kos = —k11 + k12 + kos,
kor = kg + k1a.

Zl’ls(MSSlgﬁMSSlg) :{koeg + kl(iT + k2€§ + (k’lz + k26)€§ + k462

+I€56; + (kg + klg)eg + (kg + k17)€; + kgeg + kgeg
+kioelg + kiiel; + kioely + kizels+kiaely +kisels
+(ks— k15 +ki7)elg +hirel; +kigels

+(/€8—|- k15+k18)6T9 + k20€;0+/€21631 +k22€§2+k23€33
Hhko+ki1)es,+(—ki1+kia+kas)ess + kasedg

+(ke + ki2)es; | ki € Z,i=0,1,2,4,5,8,9,10, 11,
12,13,14,15,17, 18,20, 21, 22,23, 26}
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=~ 720,
On the other hand, we obtain

Bl’ls(MsslgﬂMS;S’lg) = {toeo + t1e1 + toes + tges + taey + tses + tgeg
H—to—t1+ta+ts+ta+ts—ts)er+ires+tgeg+tgeio
Htz+ta+ts+ts+tr+ts—tg)err+tioeia+tires+tizeis
+(t3 + t4 + t5 + t6 + 2t7 + th — th — t11 — t12)615
+(—to —t1 +t2 +t10 + t11 + t12)e1s
+(—to—t1 +ta+t3+ts+t5 —tg —tr)eir + (ts +tr)ers
+(t3 +ty + ts + 2tg + 2t7 + 2ty — t10 — t11 — t12)€19
Htr+ta+ts+ty+ts—te—tr—tg)en
+(*t5 +tg+t7 + tg)egl
+(ts +ta —t10 — t11)e2e + (—t1 +t2 + t1o + t11)e2s
+(t2 +it3+ts+1t5+tg+Htr +tsg — t9>624
+(—t5 —te — t7 — tg)eas + (t3 — tio)eas + (t2 + tio)ear
|t;€Z,i=0,1,2,3,4,5,6,7,8,9,10,11,12} = 713,

So we have
Hl’ls(MSSlgﬁMSslg) = Z7.

Therefore,
B2’18(MSSlgﬁMSSlg) :{h00'0+ hi1o1+ hooa+ hios+ hyos+ hsos+ hgog
+hror|hi € 2,1 =0,1,2,3,4,5,6,7} = Z8.

Since Z218(MSS 84 MSS1g) = 78, we have
H218(M[SS158MSSys) 2 {0}, 0

Theorem 3.2. The digital simplicial cohomology groups of M SSetMSSg are

Z , q=0
HYS(MSStMSSs) =< 7% |, ¢q=1
0 , ¢g=z2

4. Simplicial cohomology ring of M S5S1s§M S S1s

Definition 4.1 ([31]). Let (X, x) be a digital simplicial complex. Suppose
that the coefficient group G is the additive group of a commutative ring with
identity. The digital simplicial cup product

—: OPF(X,G) x C9"(X,G) = CPTR (X, Q)
of cochains ¢ and ¢? is defined by the formula
<P e A [Ugy ey Upgrg] >=< P[00, oy Up] > . < L, [Upy ooy Upgg] >
where vy < ... < Upq4 in the given ordering and “.” is the product in G.
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Pa1 Pao P39 P38 P37
33 34 35 36
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FIGURE 7. MSSgtMSSg

Theorem 4.2 ([31]). Let a, a1, 0 € HP"(X,G1) and B, 1, B2 € HY"(X, G2).
Then we get

(a1 +a2) = B=a; — B+a—f
and

a— b1+ P2) =a~— B+ a— .

Proof. Let a,a1,a0 € HP*(X,G1) and S, 51,52 € H?*(X,G2). Since
< (a1ta2) — B, Vg, oy Uptq] >=< (a1+a2), [Vo, ..y Up] > . < B, [Upy ooy Uptg] >

= (< aq, [V, .y Vp] > + < 2, [V, -..s Up] >). < B, [Up, o Upgg] >
=< a1, [V, ..., Up] > . < B, [Upy oo, Uptq] >
+ < g, (Vg ey Up] > . < By [Upy eoey Uptg] >
=< ai — B,[V0, ..., Uptq] >+ < aa — B, [V, ..., Uptq] >
=< a1 — B+ as— B, Vo, e, Uptg] >
and
<a— (B1+62),[V0; ey Uptq] >=< a, [Ug, ..., Vp] > . < (B1+B2), [Vps v, Uptq] >
=<, [Ug, ..., Up] > (< P15 [Ups oy Uptg] >+ < B2,[Ups oo, Uptg) >)
=<, [0y eees Up] > . < By [Ups ooy Uptg) >
+ < @, Vg, ..., Up] > . < B, [Upy ooy Upig] >

=< a— B, Vo, ..., Uptq] >+ <~ B2, [0, ..., Upyq) >
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=< aw— p1+a— P, [UO; --~7Up+q] >,

we obtain

(a1+ @)~ B=a—F+a—f

and

a~— (f1+P) =a~— p1+a— P O

Theorem 4.3 ([31]). 6(cP — ¢?) = §cP — ¢? 4 (=1)PcP — §ct.

Proof. The values of the digital simplicial cochains §cP — ¢? and
(—1)PcP — ¢ at [vg, ..., Uptrq+1] are equal to

> (1) P[00, s Tiy s Upgr] €1 [Vp1, o Vpggi ] (1)
0<i<p+1
and
(D7 D (1) PP, e, ] [Upy o Ty oo Upgir]s (2)
p<i<p+g+1

respectively. The first term in (2) removes the last term in (1). The sum of
the other terms in these sums equals the value of the digital simplicial cochain
0(cP — c?) at [vg, ..., Vptqt1]- O

Theorem 4.4 ([31]). Let (X,k) be a digital simplicial complex. The cup
product on digital simplicial cochains is associative, that is,

(cP—cl)— " =cP— (c—c").
The digital simplicial cochain given by 1x is the unit element, that is,

Ix — P =cP — 1x = cP.

Proof. Let ¢? € HP*(X,Gy), ¢? € HY"(X,G2) and ¢" € H™"(X,G3). Then

< (P — ) — ", [0, oy Vpgir] >=< (P — %), [0, ..., Vpiq] >
- <" [Uptgs oo Uptgr] >

= (<, Vg, ey Vp] > . < L [Upy oy Uptg] ). < €7 [Uptgs ovs Vptgtr]
=< P, [vg, .ory Up] > (< €1, [Upy oey Uptg) > - < €, [Uptgs ooy Uptbgir] >
=< P, [vg, ..., Up] > (< € — ", [Vp, ooy Vptgir] >)
=< P — (2 — "), [vo, .o, Upggpr] >
On the other hand, we obtain
<lx — P, [vg, ..., vp] >=<1x,[vg, ..., vp] > . < P, [vg,..., p] >

=< e, v, ..., vp] >

>
)

and
<P — 1x, [vg, ..., p] >=< P, [vg, ..., vp] > . < 1x, [vg, ..., Up] >
=< P, [vg, ..., vp] >. O

Theorem 4.5 ([31]). If ¢ € HP"(X,G1) and ¢? € H?"(X,G2) are digital
cocycles, then
P — ¢l = (=1)Plc? — P,
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Proof. By Definition 4.1, we have

<P (U0, oy Upgq] >=< P, Vg, .., Up] > . < 2, [Up, o, Upgg) >

and

< el P [Upggs ooey V0] >=< L, [Uptgy oy Up] > . < P, [Upy oy 0] >

Since [vy., ..., v9] = (=1)""+D/2[yq, .. v,], we find
(P+a)p+q+1)—plp+1)—qlg+1)=2pg. O

Theorem 4.6 ([31]). Let (X,k1) CZ™ and (Y,k2) CZ™ be digital images.
If f:(X,k1) = (Y, k) is a digitally continuous map, c? € HP*(X,Gy1) and
¢ € HY"(X,Gs) are digital cocycles, then
fr(eP—ct) = fr(cP) — f*(c9).

Proof. We have
< f*(cp ~ Cq)a [1)07 "'7Up+q] >=< P — Cq7 [f(’t}o), ey f(”p-&-q)} >

=< Cpa [f(UO)v ey f(vp)] >.< qu [f(vp)a ey f('Uerq)] >

=< fH(P), [o, ey Up] > . < [H(CD), [Vpy oory Uptg] >

=< f*(P) — f*(c?), [vo, s Vptq] >- O

Definition 4.7 ([30]). Let (X, k) be a digital simplicial complex. H*"*(X;G) =
®H**(X;@) is the ring with the cup product. This is called the digital sim-
plicial cohomology ring of X.

Example 4.8. Consider M SSgM S S1s.

Z , q=0
HYS(MSSsfMSSig) =< Z7 , q=1
0 , ¢g=2

By example 3.1, we obtain 1-cocycles of simplicial complex:

P11

Ficure 8. Cocycle z, cocycle y and cocycle z

We compute the cup product of 1-cocycles a, b, ¢, d, f, g, h, k, I, m, n, p, q,
r and s, where the cup product of two 1-cocycles is equal to standart generator.
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P12 b1

D
| |
o | P10
| |

& “p2
| |
[ ] [ J

FiGURE 11. Cocycle m, cocycle 6 and cocycle a

5. Simplicial cohomology algebra of digital images

Definition 5.1. If M; is module, then M = ®M; is a graded module for all
1e€l. f®: M®M — M is a homomorphism for the graded module M, then
M is a graded algebra.

Theorem 5.2. Let (X, k) C Z" be a digital simplicial complex. Then H*"(X, Q)
1s a graded G-algebra with the cup product.

Proof. Let us show that H**(X, G) is the graded G-module. Since H*"*(X, G)
= @H?"(X,q), we must show that H?"(X, Q) is a G-module. G is a commu-
tative ring and H?"(X, ) is a ring. Also, the following statements hold for
scalar multiplication
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G x H""(X,G) - H""(X,q), (g9,a) = g.«

g-(on + ) = g.a1 + g.az

(91 + g2).a = g1.a + ga.cx

(91.92)- = g1.(g2.)

la=a

where o, @1, a0 € HY%(X,G) and g, g1,92,1 € G. Hence H¥"(X,G) is a G-
module. So H**(X,Q) is a graded G-module. Then H*"(X,G) is a graded
G-algebra with cup product

—: H9%(X,G) x HP(X,G) — HTPA (X, G). 0

Theorem 5.3. There is no continuous map g:S? — St with g(—z) = —g(x)
for all z € S2.

C2 C3 cg
C1 | Cq | (&g
QNG N
b7
c11 & |- -[-&cip - co Po r P6
N Nl c1B |
128 - -'- % -|-- \
booyN]di5 | c1g |
1 1
16 T T \
Clo @ —|— 1 & - - 1@ PL@--------9DP5
C2 Cas ‘
ci18& —|- - & —|- -
C21n Cagn |
|
c17 C22 C23 p2 d P4
p3

FIGURE 12. S2% ve S!

Proof. Sl:{po:(*l,l),pl:(*1,0),172:(*1,*1),])3:(0,*1),
pa = (1,-1),p5 = (1,0),p6 = (1,1),pr = (0,1)} is digital 1-sphere with 4-
adjacency in Z2. For points of S*,

Po = —P4, P1 = —P5, P2 = —P6, P3= —D7-

S% = [-1,1]3/{(0,0,0)} is digital 2-sphere with 6-adjacency in Z3. For points
of S,

Cop = —C25, Cr = —(18;
C1 = —C24, g = —C17,
Co = —C23, C9 = —C(Ci16,
C3 = —Ca22, C10 = —C15,
C4 = —C21, C11 = —Ci4,
C5 = —C20, C12 = —(13,

Ce = —C19,
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a function g : §2 — St is defined as

g(co) = po, g(co) = ps, g(cig) = p2,
9(61) = Do, 9(010) = D5, 9(619) = D2,
g(c2) = po, g(ci1) = p1, g(c20) = ps3,
g(c3) = pr, g(c12) = p1, g(ca1) = p3,
g(ca) = pr, g(c13) = ps, g(c22) = ps,
g(cs) = pr, g(c14) = ps, g(c23) = pa,
g(ce) = pe, g(c15) = p1, g(c24) = pa,
g(cr) = pe, g(ci6) = p1, g(ca5) = pa.
g(cs) = pe, g(ci7) = pa,

Then the function g : S? — S! satisfies the condition g(—z) = —g(x) for all
x € S2. On the other hand the function g is not (6, 4)-continuous. cjg,c1; € S?
are 6-adjacent each other, g(ci19) = ps and g(c11) = p1 are not 4-adjacent each
other. ]

One of the most useful results from topology is the Borsuk-Ulam Theorem.
It states that some pair of antipodal points has the same image. We state it in
the following form.

Theorem 5.4. ([5]) Suppose that f : (S™, k) = R™ is a continuous map. Then
there exists a point x € S™ C R" ! such that f(x) = f(—x).

Theorem 5.5. (Digital Borsuk-Ulam) If f : (S™, k) — Z™ is continuous for
n =1,2, where k = 4 for S* and k = 6 for S?, then there exists x € S™ with

f(@) = f(=x).
Proof. If no such z exists, then the map g : S? — S given by

g(z) = f(z)—f(==)

If (z)—f(—=)]|
is a well-defined continuous and g(—z) = —g(z) for every x € S™, contradicting
Theorem 5.3. So there exists x € S™ with f(z)=f(—z).0 O

Example 5.6. S'={py=(-1,1),p1=(-1,0),p2=(—1,—1),p3=(0,—1),
ps = (1,=1),p5 = (1,0,p6 = (1,1),pr = (0,1)} is digital 1-sphere with 4-
adjacency in Z2. It is clear that,

Po= —P4, P1=—P5, P2= —P6, P3= —Pr.
Let f:S!' — Z be a map defined by

f(po) = f(ps) =0,
f(p1) = f(ps) =1,
f(p2) = f(ps) = 1,
f(ps) = f(p7) =0.

This map is a (4, 2)-continuous map.
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po(—l,l) p7(071) p5(171)
ply(fl,O) p5(1,0)
pa(l, —1)
p2(—1,-1) p3(0,—1)

FIGURE 13. S!

6. Conclusion

First, we compute cohomology groups of certain digital surface. Secondly,
we present that ring and algebra structure that exists on the digital simplicial
cohomology groups with the cup product. The main result is a digital version
of the Borsuk-Ulam theorem.
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