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ABSTRACT. Unmixed bipartite graphs have been characterized by Ravin-
dra and Villarreal independently. Our aim in this paper is to characterize
unmixed r-partite graphs under a certain condition, which is a general-
ization of Villarreal’s theorem on bipartite graphs. Also, we give some
examples and counterexamples in relevance to this subject.
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1. Introduction

In the sequel, we use [1] as a reference for terminology and notation on graph
theory.

Let G be a simple finite graph with vertex set V(G) and edge set E(G).
A subset C of V(G) is said to be a vertex cover of G if every edge of G, is
adjacent with some vertices in C'. A vertex cover C is called minimal, if there
is no proper subset of C' which is a vertex cover. A graph is called unmixed,
if all minimal vertex covers of G have the same number of elements. A subset
H of V(G) is said to be independent, if G has not any edge {z,y} such that
{z,y} € H. A maximal independent set of G, is an independent set I of G,
such that for every H 2 I, H is not an independent set of G. Notice that C'
is a minimal vertex cover if and only if V(G) \ C is a maximal independent
set. A graph G is called well-covered if all the maximal independent sets of
G have the same cardinality. Therefore, a graph is unmixed if and only if it
is well-covered. The minimum cardinality of all minimal vertex covers of G is
called the covering number of GG, and the maximum cardinality of all maximal
independent sets of G is called the independence number of G. For determining
the independence number see [6]. For relation between unmixedness of a graph
and other graph properties see [1,5,9,12].
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Well-covered graphs were introduced by Plummer. See [7] for a survey on
well-covered graphs and properties of them. For an integer r > 2, a graph G is
said to be r-partite, if V/(G) can be partitioned into r disjoint parts such that
for every {z,y} € E(G),  and y do not lie in the same part. If r = 2,3, G is
said to be bipartite and tripartite, respectively. Let G be an r-partite graph.
For a vertex v € V(G), let N(v) be the set of all vertices u € V(G) where {u, v}
is an edge of G. Let G be a bipartite graph, and let e = {u,v} be an edge
of G. Then G, is the subgraph induced on N(u)U N(v). If G is connected,
the distance between x and y where z,y € V(G), denoted by d(z,y), is the
length of the shortest path between z and y. A set M C E(G) is said to be
a matching of G, if for any two {z,y},{2’,y'} € M, {z,y} n{z’,y'} = 0. A
matching M of G is called perfect if for every v € V(G), there exists an edge
{z,y} € M such that v € {x,y}. A clique in G is a set Q of vertices such that
for every x,y € Q, if x # y, x,y lie in an edge. An r-clique is a clique of size r.

Unmixed bipartite graphs have already been characterized by Ravindra and
Villarreal in a combinatorial way independently [8,11]. Also these graphs have
been characterize by an algebraic method [10].

In 1977, Ravindra gave the following criteria for unmixedness of bipartite
graphs.

Theorem 1.1 ([8]). Let G be a connected bipartite graph. Then G is unmized
if and only if G contains a perfect matching F such that for every edge e =
{z,y} € F, the induced subgraph G is a complete bipartite graph.

Villarreal in 2007, gave the following characterization of unmixed bipartite
graphs.

Theorem 1.2 ([11, Theorem 1.1]). Let G be a bipartite graph without iso-
lated vertices. Then G is unmized if and only if there is a bipartition Vi =
{z1,... 26}, Vo = {y1,...,yg} of G such that: (a) {x;,y;} € E(G), for all
i, and (b) if {x;,y;} and {z;,yx} are in E(G), and i,j,k are distinct, then
{zi,yr} € E(G).

H. Haghighi in [3] gives the following characterization of unmixed tripartite
graphs under certain conditions.

Theorem 1.3 ([3, Theorem 3.2]). Let G be a tripartite graph which satisfies
the condition (x). Then the graph G is unmized if and only if the following
conditions hold:

(1) If {ui, xq }, {v), yg b {wr, 24} € E(G), where no two vertices of {xq, yq, 24}
lie in one of the tree parts of V(G) and i,j,k,q are distinct, then the set
{u;,vj, wi} contains an edge of G.

(2) If {r,zq},{s,yq}, {t, 24} are edges of G, where r and s belong to one
of the three parts of V(G) and t belongs to another part, then the set {r,s,t}
contains an edge of G (Here r and s may be equal.)
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In the above theorem, he has considered condition (%) as:
being a tripartite graph with partitions

U=A{uy,...un},V=A_vg,...on}, W ={ws,...w,},

in which {u;, v;}, {u;, w;}, {vi,w;} € E(G), for alli =1,...,n.

Also, to simplify the notations, he has used {x;,y;, 2;} and {r;, s;,¢;} as two
permutations of {u;,v;, w;}.

We give a characterization of unmixed r-partite graphs under certain con-
dition which we name it (x). (See Theorem 2.3.)

In both Theorems 1.1 and 1.2 in an unmixed connected bipartite graph,
there is a perfect matching, with cardinality equal to the cardinality of a min-
imal vertex cover, i.e. % An unmixed graph with n vertices such that its
independence number is 3, is said to be very well-covered. The unmixed con-
nected bipartite graphs are contained in the class of very well-covered graphs.
A characterization of very well-covered graphs is given in [2].

2. A generalization

By the following proposition, bipartition in connected bipartite graphs is
unique.

Proposition 2.1. Let G be a connected bipartite graph with bipartition { A, B},
and let {X,Y} be any bipartition of G. Then {A, B} = {X,Y}.

Proof. Let x € A be an arbitrary vertex of G. Then z € X or z € Y. Without
loss of generality let « be in X. Let a € A. Then d(z,a) is even. Then a and
x are in the same part (of partition {X,Y}). Then A C X, and by the same
argument we have X C A. Therefore A = X, and then {A,B} ={X,Y}. O

The above fact for bipartite graphs, is not true in case of tripartite graphs,
as shown in the following example.

aq a4
a9 ag
as as

In the above graph there are two different tripartitions:

{{alv az, a3}7 {a47a5}7 {GG}}v
and

{{a1, a2}, {as, a5}, {as, as}}.
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A natural question refers to find criteria which characterize a special class
of unmixed r-partite (r > 2) graphs.

In the above two characterizations of bipartite graphs, having a perfect
matching is essential in both proofs. This motivates us to impose the fol-
lowing condition.

We say a graph G satisfies the condition (%) for an integer r > 2, if G can
be partitioned to v parts V; = {x14,...,2ni}, (1 < i < 1), such that for all
1<j<n, {zj,...,z} is a clique.

Lemma 2.2. Let G be a graph which satisfies (x) for r > 2. If G is unmized,
then every minimal vertex cover of G contains (r — 1)n vertices. Moreover the

independence number of G is n = w

Proof. Let C' be a minimal vertex cover of G. Since for every 1 < j < n, the
vertices x;1,...,Z; - are in a clique, C' must contain at least » — 1 vertices in
{zj1,...,2;r}. Therefore C contains at least (r — 1)n vertices. By hypothesis
U::_ll V; is a minimal vertex cover with (r — 1)n vertices, and G is unmixed.
Then every minimal vertex cover of G contains exactly (r — 1)n elements. The
last claim can be concluded from the fact that the complement of a minimal
vertex cover, is an independent set. O

Now we are ready for the main theorem. By the notation x ~ y, we mean
the vertices « and y are adjacent.

Theorem 2.3. Let G be an r-partite graph which satisfies the condition (x)
forr. Then G is unmized if and only if the following condition hold:

For every 1 < g < n, if there is a set {xp,s,,- -, Tk, s, } Such that
Tkyisy ~ Lgly- -+ Lhkys, ~ Lqr,
then the set {xg,s,y..., Tk, s, } is not independent.

Proof. Let G be an arbitrary r-partite graph which satisfies condition (x) for
T,

Let G be unmixed. We prove that the mentioned condition holds. Assume
the contrary. Let

LThysy ~ Lqly- -y Tks,. ~ Tqr,

but the set {zx, s, - - Tk,s, } is independent. Then there is a maximal indepen-
dent set M, such that M contains this set. Since M is maximal, C' = V(G)\M
is a minimal vertex cover of G. Since the set {x,s,,. ., Tk,s,} is contained in
M, then its elements are not in C, and since C' is a cover of GG, then all vertices
zgi, (1 < ¢ < r)arein C. But by Lemma 2.2, every minimal vertex cover,
contains n — 1 vertices of clique ¢ th, a contradiction.

Conversely, let the condition hold. We have to prove that G is unmixed.
We show that all minimal vertex covers of G, intersect the set {zg1,..., 24}
in exactly » — 1 elements (for every 1 < ¢ < n). Let C be a minimal vertex
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cover and ¢ be arbitrary. Since C is a vertex cover and {x41,...,%4} is a
clique, then C intersects this set at least in r — 1 elements. Let the contrary.
Let the cardinality of C' N {zq1,...,24} be r. Attending to minimality of
C, for every 1 < i < r, N(z,) contains at least one element, distinct from
the elements of {z41,...,Z¢ }\{24:}, which is not in C, because we can not
remove Z4; from cover. Let this element be xy,s, where s; # i and k; # q.
Then zy,s, ¢ C and {xy,s,, 24} is in E(G). There are at least two elements
i and j such that 1 < ¢ < j < r and s; # s;, because z4; can not choose its
adjacent vertex from the part i. Therefore the set {zy,s,,..., Tk, s, } contains
at least two elements. Then by hypothesis, at least two elements, say a and b
of {Zk,syy---,Tk,s,} are adjacent by an edge. Now C is a cover but a and b
are not in C, a contradiction. |

Remark 2.4. Villarreal’s theorem (Theorem 1.2) for bipartite graphs, and also
Haghighi’s theorem (Theorem 1.3) for tripartite graphs, are special cases of
Theorem 2.3 (where r = 2, and r = 3).

3. Examples and counterexamples

In this section, we give examples of two classes of unmixed graphs, and an
example which shows that it is not necessary that an unmixed r-partite graph
satisfies condition (x).

Example 3.1. By Theorem 2.3, the following 4-partite graphs are unmixed.

to 22

to 22
!

11 1 tq

(750 yl z1
21
To Y2 T2 Y2

In each of the above graphs, there are two complete graphs of order 4 and
some edges between them.

For r > 4, also r = 3, using two complete graphs of order r, we can construct
r-partite unmixed graphs which are natural generalization of the above graphs.

Example 3.2. For every n, n > 3, the complete graph K,, is an n-partite
graph which satisfies condition (*). By Theorem 2.3, K, is unmixed.
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Theorem 2.3 does not characterize all unmixed r-partite graphs. More pre-
cisely, condition (x) is not valid for all unmixed graphs. In the following, we
give an example of an unmixed r-partite graph which does not satisfy condition

(%)-

Example 3.3. The following graph is a 4-partite graph with partition {y;},
{y2,ys}, {ys}, and {ys,ys}. This graph does not satisfy condition (%) because
6 is not a multiple of 4.

Ys

We show that this graph is unmixed. Let C' be an arbitrary minimal vertex
cover of G. We show that C is of size 4.

Since C is a cover, it selects at least one element of {y4, y6}. Now we consider
the following cases:
Case 1: yg € C and y4 ¢ C. In this case, since C is a vertex cover, y1,ys, ys €
C. Now {y1,93,Ys5,Ys} is a vertex cover of GG, and since C' is minimal, C =
{yh Y3, Ys, y6}
Case 2: y, € C and yg ¢ C. In this case, y2,ys € C, and at least one vertex of
{y1,y5} and by minimality, only one is in C. Now since {y2,ys, Y4, y; }, where
i € {1,5} is one of two vertices y; and ys, is a cover of G, by minimality of C,
C= {92, Y35 Y4, yl}
Case 3: y4,ys € C. In this case, at least one of two vertices y1,ys and by
minimality of C, only one is in C. Now if y5 € C, y3 should be in C (because
the edge {y1,y3} should be covered). Also yo € C (because the edge {y1,y2}
should be covered). Now {y2, ys, ys, Y4, Ys} is a cover, and since C' is minimal,
C = {y2,93,Y5, Y4, Y6 }, which is a contradiction because yg can be removed. If
y1 € C, at least one of y, and ys, and by minimality only one, is in C. Now
since {y1,y4,¥s,Yy;}, where j € {2,3} is one of two vertices y, and ys, is a
vertex cover, by minimality of C, C = {y1,y4, ¥, Y, }-
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