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1. Introduction

The aim of this paper is to establish the existence of solutions to the following
fractional boundary value problem:

(1.1) D7 ((1 + \/%) SD?U(t)) = M (t,u(t)), telo,T],
u(0) = u(T) = 0,

where a € (1/2,1], f € C([0,T] x R) and A > 0 is a parameter.

Fractional differential equations have gained importance due to their numer-
ous applications in many phenomena in various fields of science and engineering
including diffusive transport akin to diffusion, fluid flow, rheology, viscoelas-
ticity, electrochemistry, electromagnetism, etc. For details, see [4,8,9] and the
references therein. It should be noted that critical point theory and variational
methods have also turned out to be very effective tools in determining the ex-
istence of solutions for fractional differential equations; we refer to [5,0, 10, 14]
and the references therein.

Recently, several studies have been performed for classical differential equa-
tions substituted by its fractional derivatives. In particular, in [3, 13] the
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authors are studied the following Dirichlet’s boundary value problem for frac-
tional differential equations with impulses

DI (§Du(t)) + at)u(t) = Af(t,ut)), t#t;, ae te[0,T],
(12) A(tD%il((c)D?u)(t])) :MIJ(u(tj))v J=12,....n,
u(0) =u(T) =0,

where A € (0,400) and p € (0,+00) are two parameters; the analogue case
to the problem in [11], but with the fractional derivative of order o € (1/2,1]
instead of the integer derivative of order o = 1.

Motivated by the papers [3,13], in this paper, we attempt to apply the Morse
theory is the critical group and Fountain theorem to study the existence and
multiplicity of solutions of the problem (1.1).

The paper is organized as follows. In Section 2, we give preliminary facts
and provide some basic properties which are needed later. Section 3 is devoted
to our results on existence of solutions to the problem (1.1).

2. Preliminaries and reminder about fractional calculus

In this section, we present some preliminaries and lemmas that are useful
in the proof of the main results. For the convenience of the reader, we also
present here the necessary definitions from fractional calculus theory. We refer
the reader to [5,7,12] or other texts on basic fractional calculus.

Definition 2.1 (Left and right Riemann-Liouville fractional derivatives [7,12]).
Let f be a function defined on [a,b]. The left and right Riemann-Liouville
fractional derivatives of order 0 < v < 1 for function f denoted by ,Dj f(t)
and ;D] f(t), respectively, are defined by

DU = TP 0 = g ([ =97 sas).
b
DO = — D 0 =~ ([ =07 was).

for all ¢ € [a, b].

Definition 2.2 (Left and right Caputo fractional derivatives [7]). Let 0 < v <
1 and f € AC([a,b]), then the left and right Caputo fractional derivatives of
order « for function f denoted by ¢D] f(t) and {Dj f(t), respectively, exist
almost everywhere on [a,b]. ¢D] f(t) and {D) f(t) are represented by

DI = WD) = s ( /:as)v'(s)ds),

— DY () = _F(ll—v)</tb(s - t)‘"*f’(s)ds),

Dy f(2)
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for all ¢ € [a, b].

Note that when v = 1, we have ¢D}f(t) =
particular, ¢D? f(t) = ¢DY f(t) = f(t), for t € [a, b].

Let us recall that for any fixed t € [0,7] and 1 < r < o0,

o = / ), e = ( / “u@re)”

and ||ul|cc = max;epo, 77 [u(t)|.

/@), §DLf(t) = —=f'(t). In
,b

|||

Definition 2.3. Let 0 < o < 1 and 1 < p < co. The fractional derivative
space EG is defined by

«, ooiunap
Ey b= Cs ([0,77)

with respect to the norm

(2.1) o = ( o + / Do)

Lemma 2.4 ([5]). Let 0 < a <1 and 1 < p < co. The fractional derivative
space Eg°" is a reflexive separable Banach space.

We can now give the following useful estimates, where we have employed
the equivalent norm in X®.

Lemma 2.5 ([5]). Let 0 < a <1 and 1 < p < oo. For allu € Eg"*, we have

T&
2.2 r < ———||§ D p.
(22) lelle < gy 6Dl

Moreover, if o > ]% and % + % =1, then

_1
T »

2.3 Ul |oo < 1
23) e M) ((a—1)g+ 1)«

607 ullr-

Then, according to (2.2), we can consider Ey? with respect to the norm
T 1
(24) ullap = 605 ullr = ( / EDFu()Pdt)”, Y ue BT

In what follows, we will treat problem (1.1) in the Hilbert space X% = Eg’Q
with the corresponding norm ||u||o, = ||t||a,2 Which we defined in (2.4).
Furthermore, we need the following lemma;:

Lemma 2.6 ([5]). If the sequence {u,} converges weakly to u in X<, i.e.,
Up — u. Then u, — u in C([0,T],RY), i.e., |[un — ul|[oc — 0, as n — .
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3. Variational setting

Consider the energy functional ¢ : X* — R associated with problem (1.1),
defined by
1

o) = 3 /OT(anu<t>|2+ L+ [§Dgu(t)|* )t

(3.1) —)\/OT F(t,u(t))dt,

for all u € X, where F(t,u) = fou f(t,s)ds. Clearly ¢ is continuously differ-
entiable on X i.e., p € C1(X* R), and its Gateaux derivative is

T c Do 2
/ |0Dt U(t)| c Do c o
Y (u)v = / 1+ Dfu(t)§ D v(t)dt
( ) o ( 1+‘8D?U(t)|4 0"t ()O t ()

(3.2) .Y /0 Fltu(®))o(t)dt,

for every u,v € X“. It is clear that the critical points of ¢ are weak solutions
of the problem (1.1).

We collect some basic notions and theorems to prove our main results. Let
X be a Banach space with the norm || - ||. The main concept in Morse theory is
the critical group Cy (i, u) for a C'-functional ¢ : X — R at an isolated critical
point u with ¢(u) = ¢ which is defined by

Colp,u) := Hy(e"NU, (¢*NU)\{u}), q€N,
where U is any neighborhood of u, H, is the singular relative homology with
coefficients in an Abelian group G and ¢° = ¢°((—00, c]).

Also, we say that ¢ satisfies the (C) condition, if any sequence {u,} C X
such that {¢(uy)} is bounded and (1 + ||un|)||¢’ (un)||x+ — 0 has a convergent
subsequence; such a sequence is then called a (C) sequence. If ¢ satisfies the
(C) condition and the critical values of ¢ are bonded from below by some
v > —oo, then the critical groups at infinity as introduced by Bartsch and
Li [2] is defined by

(3.3) Cylp,00) 1= Hy(X, ¢").

In applications, we use critical groups to distinguish critical points, and use
Morse inequalities to find unknown critical points.
Theorem 3.1 ([2]). Assume that p € C'(X,R) satisfies the (C) condition and
@ has only finitely many critical points, then

(1) if for some g € N we have Cy(p,00) # 0, then ¢ has a critical point u
with Cy(p,u) # 0;

(ii) let 0 be an isolated critical point of p(u). If for some ¢ € N, we have
Cq(p,0) # Cy(p, 00), then p(u) has a nonzero critical point.
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Let X = jen Xj, where X, for each k € N, is a finite-dimensional sub-
space of X, and assume that Y, = @?:0 X; and Zj, = @j‘;k X,. The func-
tional @ is said to satisfy the Palais-Smale condition if any sequence {u;};en C
X such that {®(u;)}nen is bounded and ®'(u;) — 0 as j — 400 has a conver-
gent subsequence.

Let us recall, for reader’s convenience, a critical point result as follow:

Theorem 3.2 ([1,15]). Suppose that the functional ® € C1(X,R) is even. If,
for every k € N, there exist o, > i, > 0 such that

(F1) ay == maxyey;,|ju) =0, P(u) <0,

(F2) by, := infyez, |ulj=r, P(u) = +00 as k — oo,

(F3) @ satisfies the Palais-Smale condition,

then @ possesses an unbounded sequence of critical values.

Now, we state our main results.

Theorem 3.3. If A > 0, and f satisfies the condition
(H1) f € C(]0,T] x R;R) with f(t,0) = 0 and there is a constant C > 0
such that

(3.4) |f(t,uw)| <CA+|uT™h), V(tu)€0,T] xR, 1<qg<2.
Then, the problem (1.1) has a solution.

Theorem 3.4. Suppose that the following conditions hold:

(H1*) f € C([0,T] x R;R) with f(t,0) = 0 and there is a constant C > 0
such that

(3.5) |f(t,u)| < COA+|uTh), V(t,u)€[0,T] xR, 1<q< +oc;
(H2) Timjy)— 400 % = +oo uniformly on [0,T] and there exists II > 0
such that F(t,u) > —TIlu|? for (t,u) € [0,T] x R;
(H3) There exists 6 > 2 such that 0(f(t,u)u — 2F(t,u)) > f(t, su)su —
2F(t,su) > 0 for all (t,u) € [0,T] xR and s € [0, 1];
(H4) There exists § > 0 such that F(t,u) <0 for all t € [0,T], |u| < 4.

Then, for any A > 0 the problem (1.1) has at least one nontrivial solution.

Theorem 3.5. Suppose that the following conditions hold:

(H1**) f € C([0,T] x R;R) with f(¢,0) = 0 and there is a constant C > 0
such that

(3.6) If(t,w)| <CA+[L"™Y), V(tu) € [0,T] xR, 2<q<+oo;
(H3*) There exist two constants M > 0 and 61 > 2 such that

0<61F(t,u) <uf(t,u), |ul>M,tel0,T];
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(H5) f(ta _u) = _f(t?u)f te [OaT]y u€eR.
Then, for any 0 < X\ < 4 the problem (1.1) has infinitely many solutions.
Proof of Theorem 3.3. From (2.2) and (3.4), we have

1 T T
o) = 5 [ (8Dru@P + 1+ 5Dputo)it)ae - [ Pleu(o)i
0 0
1 T T
> 5/ S D2 u(t)2dt — AC’/ u(t)|9dt — ACo
0 0
1 T« q
> Sl - )\C(m) [ul]? — ACo — 00, as |ul — oo.
As ¢ is weakly lower semicontinuous, ¢ has a minimum point v in X* and u

is a weak solution of (1.1), this completes the proof. O

Proof of Theorem 3.4. We divide the proof in to the following two steps.
Step 1. We will prove that the functional ¢ satisfies the (C) condition. To
this end, let {u,} be a (C) sequence of ¢, that is,

{p(un)} is bounded and (1 + ||un|)|¢’ (un)||x+ — 0.

We first claim that the sequence {u,} is bounded in X®. If {u,} is un-
bounded, by passing to a subsequence if necessary, we may assume that for
some ¢ € R, [Ju,| — +oo and

(3.7) o(up) = ¢, @ (un)up, — 0 as n— oco.

Hence, one can get

1 T € D%y, (t 4
lim 7/ 1+ [6Dsun(t)f — — P un(D)] dt
n—os | 2 Jy 1+ [§Dfun (t)|*

—)\/0 F(t,un(t))dH%/O f(t,un(t))un(t)dt}
1

= tim ) = 5 ()| =

n— 00 2
Let w, = HZ—"H, we may assume that
wy, — w, weakly in X%,
w, = w, strongly in LP([0,7]), 1<p < +oo,
wp, = w, a.e. in [0,7T].

Let © := {t € [0,T] : w(t) # 0}, then

lim w, () = lim — =w(t)#0 in O,

n—o0o n—oo ||un||
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which implies that |u,(t)] = 400 as n — co. By the condition (H2), one has

F(t, u,(t
L(Q))—)—l—oo, t€e® as n— oo,

un (t)]
which shows that

F(t, un(t))

PNGIE lw,(t)]* = 400, t€O as n— .

Note that the Lebesgue measure of © is positive, using the Fatou’s Lemma, we
have

E(t, un(t))

(3.8) /
(tel0.7): wt)£0y  [un(t)]?

lw,, (t)|2dt — +o0, as n — oco.

On the other hand, from (3.7), by ¢(uy) — ¢, we obtain
(3.9) ¢ = p(un) + o(1).
owing to (3.9), we have that
¢ = ¢lun)+o(1)
1 /7
= 5 (50 ®F + 1+ Dgun O )ar

T
Y /0 F(t, un(t))dt + o(1)

1 T c Do 2 c Do 2
< 5[ (6Drun(®P + 1+ 16D un(®) ) dt
0
T
5\ / Pt (£))dE + o(1)
0
T T
(3.10) < ||un||2+§—)\/ F(t, u,(t))dt + o(1),
0
Thus
1 s T ¢ T
. - — = > .
(3.11) /\||un|\ + X )\—4—0(1) = F(t,un(t))dt
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It follows from (3.11) and condition (H2) that

) TR0,

B [l

+
2:Munll® Allun®  [lual?
F(t,u,(t
w;ﬁO |’LLn ‘

Fltom(®), o
/w#o o OFdt

(3.12) o / a0,

which contradicts (3.8). This shows that |©] = 0 and then w(t) = 0 a.e. in
[0,T]. Since y(tuy,) is continuous in ¢ € [0, 1], for each n there exists ¢, €
[0,1] (n =1,2,...), such that

(3.13) @(tnun) tren[gﬁ}w(U)

For any k& > 1, set v, = Vkw,. Fix k, since w, — 0 in L?([0,T]) for all
1 <p < 400 and wy(t) = 0 a.e. t € [0,T] as n — +00, owing to the condition
(H1) and the Lebsgue dominated convergence theorem, we have

(3.14) b [ F(t,v,(t))dt = 0.

n— oo 0

Recall that ||u,| — +o00 as n — oo. Thus, we have € (0,1) for n large

enough. So, by (3.14), we can get

o(tnun) > (vy)

1 T
_ 5/ (|8van(t)|2 1+|0Dtvn dt— /Ftvn )dt
0

T T
> [ Dol - [ Pt (o)
0 0

_ k||wn|\2—)\/o F(t, vn (1)) dt
(3.15) = &k

for any n large enough. From (3.15) and letting n — +o0, we have p(t,u,) —
+oo. Also, by (3.7), one can get ¢’ (tpun)tnu, — 0. Hence using (3.8) and
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(H3), for all n large enough, we obtain

1 1 1,
17 |6 Dt ()[4
< = 1+ |6 DY u, (1)]4 — —20=Lnn dt
2/0 W D) VI+ 5D taun (B
T —
A / F (8 bt () tun (t) = 2F (8, (1))
T c Do 4
< 5 [ (Vithprumor - 2L
2 /o 1+ [§Dfun (1)
A T
(3.16) 45 [ [ un®)un®) ~ 2P un(0) )t .
0

as n — +00.

This contradicts @(tpun) — +o0o. Therefore we have proved that {u,} is
bounded in X%, so by passing to a subsequence if necessary, we may assume
that

(3.17) Up — u, weakly in X<,
' U, — u, strongly in LP([0,T]), 1<p < +oo.

Now, we consider the operator J' : X* — (X)* which is defined by

T c Dy, 2
(3.18) <J’(u)7v>:/0 <1+ 1|(;D%D§L|(t)|4)ngu(t)ngv(t)dt,

for all u,v € X“.
We note that the linear operator J’ is strongly monotone, that is

(J' (u) = J' (v),u —v) > cllu—o||>, YuoveX
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In fact, then, for all u,v € X“, we have

(J'(u) = J'(v),u = v)

[ 6DF UM\ ¢ powirre Do (ul) — v
-/ (1+ 1+|8D?u(t)4>th (06D (ult) — w(0))t

[ BDE0 P\ ¢ pay e Do ult) — o
/ <1+ 1+5D§‘v(t)l4>ODt (D65 (u(t) — v(t))dt

T
> / S D (u(t) — v(t)§DE (u(t) — v(t))dt
/ 607 u( |4 . "D u@®PliDiv )],
1+|0D“ 0 1+ [gDgu(t)[?
cD 4 T ¢ Doy (t SCDa t
(319) / |0 | dt_ ‘0 tv( )‘ |0 tu( )|dt,
1+ [§Dgv(t) 0 1+ [5Dgo(t)]*
and
T gDgu(t)t _ [T 1§Dfu) L+ [Dfu®
1+ [§Dgu(t)[* o VI+[DFu(®)[* \/1+[§Dgu(t)[?
T 4
6D ult)]
2t M 1+ |6 DYu(t)|4dt
J, TRV 6P
T 1
= 1-— 1+ |eD>u(t)|4dt
/ < 1+I8D?U(t)|4) oD ()]
T 1
> 1— 1 Doy (t)|4dt
> [ (1 s ) Vi o,
T
> G / 1+ 5Dt t,
0
SO

T > 4
SDfu(t
/ Drul
0 1+ |5Dgu(t)]*

2Ol
T+ 5D o(t)]*

T
> Cl(/ 1+ [eDou(t)|dt
0
T
(3.20) +/ 1+|8D§‘v(t)\4dt),
0
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for [§Dgu(t)| > ¢o > 0, and [§Dyv(t)| > ¢ > 0.
Also, one has

[ BDIMOLEDE O, [ BDE DL,
o VIFRDROF S0 JTERDROR

1 T cDau(1)]3
2_,/ BDTUD e poy(r)? | ar
2Jo \VI+[gDFu®)]*

(3.21) _;/OT ( |(C)D1(5X’U(t)‘3 |4 + |8Df‘u(t)|> dt.

L+ (5D (t)

Then, by (3.20) and (3.21), we have
/ 6.0 u( \4 - " Diu®PlsDiv®)]

L+ [5Dful o VI+[DFu@)
/ D¢ ( \4 . " BDEv PO )],
L+ [5D7 o VI+[DFu)[!
|8D°‘ Ol 22Ol
L+HEDEu@T Jo T+ T5DEv@)]

I Dgu(t)|*
5 | (A2 g ) ar
2 )y \VI+TsDre@r

1 T c D%y (1) |3
e N O B
2 )y \ V1T TsDremn

/ |6 D5 u( |4 1" [§Dfu()*

dt -
1+ 6D u 2Jo V14 [§Dfu()]*

1 « 1 T (& [e%
2 [ pp <>|dtf5 D u(t)|at
0 0

Cl T T
> 7(/ \/1+|8D§‘u(t)\4dt+/ ,/1+\5ng(t)|4dt)
2 0 0
1 (7 1 (7
—= | 14 eDgv@)rdt — = [ (/1 + |Dgu(t)|4dt
2 0 2 0
Cl T T
> 7(/ \/1+|8D§‘u(t)\4dt+/ \/1+ [§Do(t)|*dt
0 0
T T
(3.22) —/0 ,/1+|5ng(t)|4dt—/0 \/1+|8D?u(t)|4dt).

Therefore, it follows from (3.19) and (3.22) that
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1
(3.23) (J'(u) = J' (v),u —v) > |lu—v|*> §||u — 2.
Moreover, the operator J’ possesses the property of type (S);, that is

up, = u and limsup(J (u,) — J'(u),un, —u) <0 implies u, — u.
n—-+oo

Clearly, the strong monotonicity property implies that J’ satisfies (S)..
Consequently, it suffices to prove the following fact

(3.24) lim sup(J' (uy,) — J'(u), un, —u) <O0.
n—-+o0o

Indeed, from (H1*) and the Holder inequality, we get

T T
[ =it < [ 1w, ulas
0 0
T
< c/ 11+ [t |9 — uld
0
< 20U+l gl — s 0,

as, n — +o00, which implies that

n—-—+oo

T
(3.25) lim /0 Ft un)(un —u)dt = 0.

On the other hand, by (3.7), one can get (' (uy,),un) = o(1), which implies
that

(3.26) (0" (), Uy —u) = 0, asn — +oo.
Combining (3.25) and (3.26), we have

(J (un), up —u) = )\/0 F(tun) (uy — w)dt + (@' (un), up — u) — 0,

as, n — +o0o. Therefore
limsup(J' (uy,) — J'(u),up, —u) < limsup(J (up),u, — u)
n—-+o0o n—-+4oo
_ . . ! _ < .
légi&f}(‘] (u),up, —u) <0
Thus, (3.24) holds. Since J’ is of type (S)4, so we obtain u,, — u in X<
Hence, the functional ¢ satisfies the (C) condition on X .
Step 2. We claim that C,(p, 00) = 0.
To this end, we will prove that the functional ¢ satisfies the (C) condition,
and then we can obtain the value of Cy (¢, 00). Suppose that S is the boundary
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of the unit disc in X%, i.e.,, S = {u € X%, |ju|| = 1}. Thus for u € S, it follows
from the condition (H2) and (3.1) that

olzu) = ;/OT (|8D§‘zu(t)|2+\/1+|8D,?zu(t)|4)dt—/\/OTF(t,xu(t))dt

1 T T
5/ (|8Df‘xu(t)|2+1+|8D?wu(t)|2>dt—>\/ Pt zu(t))dt
0 0

IN

T

(3.27) < J;2—)\C'2x2/ lu()|dt + Cs — —o0, as ¢ — 400,
0

where Cs and C3 are positive constants. Choose

(3.28) a< min{ inf gp(u),O}.

flull<1

So for any u € S, there exists xg > 1 such that p(zou) < a. Thus it follows
from (H3) that

(3.29) ft,wu—2F(t,u) >0, V(t,u)e[0,T] xR.
Now, if
T
olzu) = %/0 (|8D?xu(t)|2 +4/1+ |8D,?‘a:u(t)|4)dt
T
(3.30) i\ / Pt zu(t))dt < a,
0

then combined with (3.29) yields that

2’ [sDfu(t)]* )

d T )
—o(xu) = z|S D& u(t)|* +
ey = [ (apru) T

T
i\ /0 w(t) F(t, zu(t))dt

[ pYet 4
- 1(/ (|gD§‘xu(t)\2+ 67 zu(t)] )dt
z\Jo L+ [§Dfau(t)|*

5\ /0 S, vu(t))dt)

1 (" 1+ [§Dgau(t)]*
,(/ (|8D?xu(t)\2—|— |0 txu( )| 4>dt
z o L+ [5Dgwu(t)]

IN

i\ /O S, ru(t))dt)
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1

T
_ 7(/ (IsDgeu(®? + /1 + s Dpue)| ) de
T xJo

A /O " () (b, u(t))d)

< l(za Y / ' 2F (t, zu(t))dt
T 0
T
A /O (1) (1, () dt
T
_ i <2a Y /0 (wu(t) f (£, zu(t)) — 2F(t,xu(t)))dt>
(3.31) < %2(1 <o.

Hence, by the implicit function theorem, there exists a unique x € C(S,R)
such that p(x(u)u) = a.

It follows from a similar argument as in [16] that we can construct a strong
deformation retract from X< to ¢* and the function y that

Cylip,00) = Hy (X, ") = Hy (X, X*\ {0}) = 0.
Owing to condition (H4), the function 0 is a local minimizer of ¢. Thus,

Cy(9,0) = 64,0Z. Therefore, using Theorem 3.1, the problem (1.1) has at least
one nontrivial solution in X®. This completes the proof. O

Proof of Theorem 3.5. Since X is a separable Banach space, then there
are {e;} C X* and {ej} C (X*)* such that X* = span{e;:j=1,2,...},
(X*)* =span{e} : j=1,2,...} and

" 1, i=y,
<6ivej>{

0, ij.
For convenience, we write X; = span{e; }, ¥}, = @?:1 Xj,and Z;, = @Joik X;.
Also, we know that ® € C'(X*R) is even. Let us prove that the functionals

® satisfy the required conditions in Theorem 3.2.
We firstly verify the condition (F2) in Theorem 3.2. Let

Br=sup |ullL,
UEZy, ||ul|=1

then B — 0 as & — +o00. Obviously, 0 < Bry1 < Bk, so we assume that

Br — B >0, as k — +oo. For every k > 0, there exists ux € Z, such that

lugl]l = 1 and |lug|lpe > %’“ Then, up to a subsequence, we may assume

that up — w weakly in X®. Noticing that Zy is a closed subspace of X%,
by Mazur’s theorem, we have u € Zj, for all £ > n. Consequently, we get
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u € Nyer Zr = {0}, which implies uy — 0 weakly in X*. So, we have uy — 0
in L4(R,R™). Thus we have proved that 3 = 0. Hence we get 35, — 0.

We will prove that if &k is large enough, then there exist px > 7 > 0 such
that

by = inf p(u) = 400, ask — oo,
uEZy,||ul|=rk
(3.32) ar = max @(u) <0, ask — oco.
€Yy, ||ull=pk

In view of (H1*), for any u € Zg, |lul]| =7, = (qCﬁg)ﬁ one can get

1 r c o 2
o) = 5 [ (18DFu@P +/1+ [Du(o))de — A "Bt
0
1 T
> 2/ € Deu(t)| dt—AC/ £)|7dt — Ay

= Ll - Al A
1
> §||UH2 — ACB[ul|” = Acy
1 2 _a_
— Lo - aoBlaos) ™ e

1 A
(3.33) = (2 - > (qCﬂg)ﬁ —Ag > 00, as k— o0
q
because 0 < A < £, 2 < g and B — 0.
We now verify the condition (F1) in Theorem 3.2. Since dimY} < oo and
all norms of a finite-dimensional normed space are equivalent, there exists a
constant My > 0 such that

(3.34) llull| < Mollul|ze,, Y u € Y.

(H3*) implies that

(3.35) F(t,u) > colul” — cs.

Then, for any u € Y, in view of (3.34) and (3.35), one has

o(u) = ;/T (|8Df‘u(t)|2 1+ [¢ Dgau( dt - / F(t,ult
1 0

= /T (|8D?U(t)|2+l+\oD§‘ (t)] )dt AC2/ u(t)|? dt — AesT

2 0 0
T
S ||U||2 )\CQ”UHLQI )\CgT‘F 5
Ac T
< lulP =l = e+ 5.
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Hence, we can choose ||u|| = pg large enough (px > rr > 0) such that

arp = max ¢(u) <0.
u€Yy,||lull=pr
Finally, we prove that ¢ satisfies the Palais-Smale condition. Let {up, }nen C
X be a Palais-Smale sequence, that is, {¢(uy,) }nen is bounded and ¢’ (u,,) — 0
as n — +oo. Then there exists a constant M7 > 0 such that

(3.36) lp(un)l < My, 9" (wn)ll(xo)- < My
for every n € N, where (X*)* is the dual space of X.
We now prove that {u,} is bounded in X .

1

T
5 [ (808 (0F + L+ [ Dpun (o))
0

M > o(un)

.Y / " Pty (1))

Y

1 Tuy,
3 | orunoPdn—a [ @i

> (L1 /TCD" (t)2dt
- 2 91 0 0 tun

b [ I6DE w0 — Xun(0)f (0] e —
0

601
11 ,
> (3-7 )l
1 T € Dy, (t 2
+— @I(un)un ‘0 t,u ()‘
0 L+ [§Df un (t)[*

1
> (2 - — | P —c.
> (55 ) bunlP + g Can)llunl =

So, {un} is bounded, and by similar methods as in the proof of Theorem 3.4,
{un} has a convergent subsequence. So ¢ satisfies the Palais-Smale condition.
Therefore using Theorem 3.2, the problem (1.1) has infinite many solutions in
X, The proof is completed. O
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