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ABSTRACT. This note deals with the systems of parabolic equations with
local and localized sources involving n components. We obtained the
exponent regions, where k € {1,2,--- ,n} components may blow up si-
multaneously while the other (n — k) ones still remain bounded under
suitable initial data. It is proved that different initial data can lead to
different blow-up phenomena even in the same exponent regions, and
moreover, different blow-up mechanism leads to different blow-up rates
and blow-up sets.
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1. Introduction

In this note, we consider the following system of n parabolic equations,
(ui)t = A’U,z + ufl + Ugf:ll <O,t), (l‘,t) € Br x (O,T),

u; =0, (z,t) € 0Br x (0,7,

ui(z,0) = u;o(x), i =1,2,--- ,n,n>2, x € Bg,

(1.1)

Un+1 = ULy, Pn+1 = P1y Gn+1 ‘= (41,

where B = {a: € RN||JJ\ < R}; exponents p;, ¢; > 0 (1 = 1,2,--- ,n);
ur,0(x), ug0(x), -+, Uno(r) >,%# 0 are radially non-increasing, which satisfy
the compatibility conditions. Let T" be the maximal existence time of solutions.
The existence and uniqueness of local solutions to system (1.1) is well known
(see [1]).

For the scalar cases of (1.1), Okada and Fukuda [3] completed the classifi-
cations for total and single point blow-up solutions, also with the blow-up rate
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estimates. Liu, Li and Gao [7] also studied the scalar problem of (1.1) with the
inner sources replaced by kjuP(x, t)+kau?(xo,t), and obtained uniform blow-up
profiles on all compact subsets of the domain for global blow-up solutions.

Recently, Zheng and Wang [20] discussed the special system of (1.1) with
n =2

(1.2) up = Au + uP +0%2(0,t), (z,t) € Br x (0,7),
' vy = Av 4+ vP2 +u?(0,t), (z,t) € Bg x (0,7T)

with p1, p2, q1, g2 > 1. For solutions radially symmetric, radially non-increasing
in space and nondecreasing in time, total versus single point blow-up were con-
sidered. Moreover, four kinds of simultaneous blow-up rates were established.
The parabolic equations in (1.2) with local sources

(1.3)

up = Au+uPr + 022, (x,t) € RN x (0,7),
vy =Av+oP2 +ut,  (x,t) € RN x (0,T)

were studied by Souplet and Tayachi [16] with py, ps, g1, g2 > 1. The optimal
classifications on non-simultaneous blow-up are given there. Rossi and Souplet
studied equations (1.3) in [13] with null Dirichlet conditions. The phenomena
for coexistence of non-simultaneous and simultaneous blow-up have been firstly
observed in the exponent region p; > g1 + 1, p2 > g2 + 1.

The n-componential parabolic systems, like (1.1), come from chemical reac-
tions, heat transfer, population dynamics, etc, which describe the phenomena
in real-life world more exactly than parabolic systems with two components,
and are worthy to be considered (see, for example, [3,10,18]). The components
U1, Us, . .., U, represent, for example, the concentrations of the chemical reac-
tants, the temperatures of the materials during heat propagations, the densities
of the biological populations during migrations, where the nonlinear reactions
in dynamical systems take place both at a local site and at a single point. For
a more detail information, the readers can refer to the books [9, 14].

In work [18], Wang discussed the n-componential parabolic problem
(14)  (u)e=Au;+ult, i=1,2,---,n, (z,t) €2 x(0,7T),

subject to null Dirichlet conditions, where €2 is a general bounded domain of
RY; u,y1 = U1, qny1 := q1. It was found out that any blow-up must be
simultaneous. If [, ¢; > 1 and (u;); > 0, then there exist positive constants
C' and c such that

(1.5) (T —t)™N < max () < C(T — H™N, i=1,2,---,n

with _
e+ S e

>\i - n
| J !
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The corresponding Cauchy problem of equations (1.4) was discussed by Fila
and Quittner [3]. They obtained that there exists some positive constant C
such that

uz(£7t)SC(T_t)_A77 7::1,2,"',7’1

provided max{)\l, Ao, oy )\n} > N/2.
Pedersen and Lin [10] discussed the localized n-componential parabolic sys-
tem

(1.6) (ui)e = Au; +ufi (zo,t), i=1,2,--+ ,n, (z,t) € 2 x (0,T),

subject to null Dirichlet conditions, where x( is a point in Q; ¢; > 1, i =
1,2,-++ ,n; Upt1 := U1, ¢n+1 := ¢1. The simultaneous blow-up rate (1.5) was
obtained. Moreover, boundary layer estimates were considered.

There are also some good works for the parabolic systems (see [12-19] etc.).

For system (1.1), one can find that all of the components could blow up by
themselves and influence their neighbors through the coupled localized sources.
In the present paper, the non-simultaneous blow-up of n components means
that at least one component of the n ones remain bounded, while some others
blow up simultaneously, which is much more complex than that of the systems
with only two components.

In the next section, two main results are given, which will be proved in
Sections 3 and 4, respectively.

2. Main results

It can be checked from works [10, 18] that the positive solutions of system
(1.1) blow up for large initial data, if

n
max {p17p27"' 7p7lquz} > 1.
=1

In the sequel, we only consider blow-up phenomena for n components of solu-
tions to system (1.1) with T" < 4o00. Denote &; := &;4,, for ¢ <0, and a set of
initial data as follows,

(21) Vo = {Aui,o + uf:() + u3;+1170(0) 2 07 L= 17 27 e ,TL}.
Hence, by the comparison principle, we have
Ui(t) = ui(0,t) = max {ui(y,7) | (w.7) € 0, R] x 0,4}, 1<i<n.

The notation U;(t) ~ (T — t)~" represents that there exist two positive con-
stants ¢; and C; such that

ci(T —t)7P < Ui(t) < Ci(T —t)~ 7.
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Now, we give the main results. The first theorem shows the non-simultaneous
blow-up phenomena, where one component of the n ones blows up by itself and
can provide sufficient help to the blow-up of its neighbors.

Theorem 2.1. Leti € {1,2,--- ,n} and k € {0,1,--- ,n —2}. Assume that

1
Bi = >0, Bj:=¢j+18j+1 —1>0,
pi—1
By +1 . . .
p;j < jﬂl 7]22_172_27"'72_ka qi7k5i7k<1'
j
Then there exist suitable initial data in Vo such that w;—g, wj—g4+1,- - ,u; blow

up simultaneously while the other (n — k — 1) components remain bounded up
to the blow-up time T, and the blow-up rates are

Uik (@), Uimgpia (8), -+, Ui(2))

22) (@ gy (1)),
Moreover, u; is single point blow-up and wi—j, u;i—k+1,- -+ ,ui—1 are total blow-
up.

In Theorem 2.1, the condition p; > 1 implies that u; can blow up by itself.
Regardless of whether u;_1 owing the blow-up capability by itself or not, the
conditions p;—1 < (B;—1 +1)/B;—1 and B;—1 > 0 guarantee that the role of
u?(0,t) is much stronger than u?*7'(z,t) under suitable requirements of the
initial data, which means that the blow-up of u;_1 is dominated by the localized
term v (0,¢). And then u;_; provides sufficient help to the blow-up of u;_». By
the same way, such phenomena happen up to w;_;. But, due to ¢;—rf8;—x < 1,
ui_g can not lead to the blow-up of u;_,_1.

By Theorem 2.1, one can find that

Corollary 2.2. There exist suitable initial data such that onlyu;, i € {1,2,---,
n} blows up with the other n — 1 ones still remain bounded if and only if
g +1<p;.

In fact, the sufficient condition is just the subcase & = 0 of Theorem 2.1.
The necessity can be obtained by the similar methods used in [6, Theorem 2.2].
O

By Corollary 2.2, one can obtain another interesting result as follows,

Corollary 2.3. Any blow-up must be the case for at least two components
blowing up simultaneously if and only if

p1SQl+1; i:1,2,-~~,n.
One can check that, for 1 + 1 = 42 and n = 2, the necessary and sufficient

conditions in Corollaries 2.2 and 2.3 are just in [20, Theorems 2.2, 2.3, Corollary
2.1], and are compatible with [16, Theorem 1].
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The second theorem gives that there exist suitable initial data such that
any two components of the n ones can blow up simultaneously by themselves,
and either of them can provide sufficient help to the blow-up of some other
components.

Theorem 2.4. Letiy,iz € {1,2,--+ ,n}, i1 <ia, k1 € {0,1,-+ ,n+i;—iz—1},
and ko € {0,1,--- Jig — i3 — 1}. Assume that

1
@iy = >0, ap:=qurioup —1>0,
piy — 1
Mglv M:i1_17i1_27"'5i1_k17 Qiy—k1 Xy —kyq <1;
1
Ay = >0, a,:= Qu+10p41 — 1>0,
Di, — 1
pp <1, v=tg— 1o — 2, Jiag — ko, Qiy—kyQiy—k, < 1.

There exist suitable initial data in Vo for small R such that uj, j = i1 — k1,41 —
k141, Ji1; i9—ko,io—ko+1,--- i3 blow up simultaneously while the others
remain bounded with blow-up rates

Us(t) ~ (T — 1)~

j=i1—ki,i1 — ki +1,-+- i1 i0 — ko,io — ko + 1, ,ia. Moreover, u;, and
u;, are single point blow-up, while uj, j =1 — k1,90 — ki +1,--- ;i1 — 1; 92 —
ko,iag — ko +1,--- ,is — 1 are total blow-up.

By Theorem 2.4, if i1 + 1 = i3 — ko and is + 1 = n + 47 — k1, simultaneous
blow-up happens. In fact, k1 + ks + 2 = n.

It can be checked that the simultaneous blow-up components in Theorem
2.4 can be divided into two groups:

Uy, j:il_klail_kl_'_lv"'vila
and Uj, j:ig—kg,ig—k2+17"',22
Three kinds of phenomena are involved as follows,
(i) only u;, and u;, blow up simultaneously, i.e. k1 = ko = 0. It is interest-
ing that the positions of w;, and u;, are arbitrary due to the different

values of i1 and 9
(ii) for k1 # b and %f (or k1 = 0 and ks # 0), u;, and wu;, can

blow up by themselves and only wu;, (or w;,) can provide sufficient
help to the blow- up of Uj, j =iy —ki,i1—ki+1,--,ip — 1 (or uy,

(iii) %or kll #0 an%i k‘g 75 0 both u“ an21 u;, can blow up by themselves and
can provide sufficient help to the blow-up of u;, j =1 — k1,1 — k1 +
1,---,i1 —1and uj, j =1y — ka,ipg —ka +1,--- i3 — 1, respectively.

Combining Theorem 2.1 with Theorem 2.4, one can find out that the ex-

ponent regions of Theorem 2.4 are the coexistence regions, that is, Theo-
rem 2.4 guarantees that there exist suitable initial data such that both wu;,
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j =1 — ki, — k1 +1,---,4; and Uj,jzig—kg,ig—kg-i-l,"- ,i2 blow up
simultaneously; By Theorem 2.1, there also exist initial data such that either
Uyj, ] :il —kl,il _k1+1, ,il or uj, j = iQ —kg,iz —k2+1,'°' ,’ig blow
up. Omne can find out that results are compatible with [13, Theorem 1.1], and
just in [20, Theorem 2.4] if iy + 1 =i and n = 2.

3. Proof of Theorem 2.1

Let ¢(x,t) = e Mp(z), where ¢ and \ are the first eigenfunction and the
first eigenvalue of

—Ap=Xp, € Bg, and ¢ =0, z € dBg,

normalized by ||¢(-)]lcc = 1, respectively. In order to prove Theorem 2.1, we
introduce two lemmas. The first lemma gives some important upper estimates
of solutions.

Lemma 3.1. If p,,, > 1 (m € {1,2,--- ,n}) and T < o0, then
(3.1) Un(t) < Con (T — ) #m—T
with Chpy = [(pm — 1)né(0,T)] " #m=7 for the initial data in Vy satisfying that
Ao+ (1= n0) (upo + 5 6(0) = 0, n € (0,1).
Proof. Construct function
In(2,t) = (um)e(@,t) = né(x, t)(uhy (2, 1) + up i (0,1)).
It can be checked that
(Im)t — ALy — puby ™My > (1 — 77¢)qm+1u37§nf11_1(07t)(um+1)t(0at)
+ 2npmuﬁ;"_1Vum -Vo

+ 18P (P — D)l ™ [Vt |
>0, (z,t) € Bg x(0,7),
and
I, (z,t) =0, (x,t) € 0Bgr x(0,T),
L (2,0) = At o(z) + (1 = ne(@)) (up'o(z) + 11 (0)) 2 0, @ € Bg.
By the comparison principle, we obtain that
(3:2)  (um)e(w,t) = no(x, t)(ubr (z,t) + w1 (0,1)), (x,t) € Br x (0,T).

Then (3.1) can be obtained by integrating the above inequality (3.2). O
The second one shows some important relationships among different com-
ponents.
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Lemma 3.2. Leti € {1,2,--- ,n} and k € {1,2,--- ,n —2}. Assume that

1
Bi = p— >0, fj:=¢j+18j+1—-1>0,
ﬁg o . .
pj ,]22—172—2,"'72—]{3,
J B]
and wy, 1 € {1,2,--- ;n}\{¢,i = 1,--- ,i — k} are bounded. Then there exist
positive constants C;_1,Ci_o, -+ ,Ci_k, independent of t, such that
1 1
(33) U (t) <Ci 1U‘” L) < <G USE (), e (0,T).

Proof. Without loss of generality, we only prove the case for i = n.

Firstly, we prove the inequality
UM (t) < Cp UM 51 (1), € (0,7).

If the above inequality does not hold, then there would exist some ¢, — T

such that
Bn —1

Un1(tm)Un ™ (ty) — 0 as m — +oo.

It implies that, U, (t,,) — +00 as t,, — T. Let Ay = (Upn(ty,)) /3% then
Am — 0 as m — +oo0.
Scale (tp, 1) to (@), ™)) as follows,

(pl)lm (ya 3) = )‘Qﬁuu (/\myz /\TQnS + tm)v p=mn,n—1

for (y,s) € Bx,, X (—tm/)2,, (T — t,)/A2,) with By, = {y € RY | \,,y € Bgr}.
For s € (=t /A2,,0], we have

_ Pn-—1
(34) 0< M <1, M (0,0)=1; 0<im, < (Un o Un,l)(tm) -0,

as m — +oo. Moreover, (@)™, @™ ) solves that
(3.5)
{ (QDTL)S = Agon + A?n""zﬁn_?pnﬁn (ppn + )\2"1'2671 @1
2+2 n -2 n n n— 2+2 n -2 nHMn
(@n—l)s:AS@n—l'i‘)\-i_Bl Plﬁlp 1+)\+31 QB%OQn(O’S)

with bounded ®; = u{*(A,y, A\2,s + t,,). All the powers of A, in (3.5) are
nonnegative, and hence the four coefficients tend to 0 or 1 as m — 4o00. By the
known Schauder’s estimates, we can find a subsequence converging uniformly
on compact subsets of R x (=00, 0] to (¢n, @n_1), which satisfies that

(Pn)s = Dpn + @0, (Pn-1)s = Apn_1+ ¢, (y,8) € RY x (—00,0].
We get pn—1 =0, ¢,,(0,0) =1 from (3.4). This is a contradiction.
Secondly, we prove the following inequality

Coa UM 1 (8) < CoaUp 52 (1), £ € (0,7).
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If the latter equality does not hold, then there would exist another sequence
t,, — T such that
Un,g(tm)Un__ﬁf’Z/B"’l(tm) —0 asm — +oo.

Clearly, it follows that Uy, 1 (tm) — +00 as tm — T. Let A= (Up_1(tm))" 1/ 2Pn-1),
Similarly, scale u, to

wli\m(y78) ZAff”Uu()\my’AgnS‘Hm)’ v=nn—1n-—2
for (y,s) € Bx,, X (—tm /N2, (T —t,n)/)2). For s € (—t,,/)2,,0], we have
0<ypm <Oy 0 <1 4 (0,0) =1

_ Bp—2

0<nmy < (U, 77 Up—a) (tm) — 0, m — +00.

We also get a contradiction, similarly to the proof of the first part.
By the same methods, one can check that the other inequalities of (3.3) hold.

d
Proof of Theorem 2.1. Let T' < +o00. Without loss of generality, we only prove
the case i = n with kK = 1. The proof is made up of five steps as follows,

Step 1. the upper estimates for u,_1 and u.,.

Take u;0(0) = & > 0, ¢ = 1,2,--- ,n — 1 and choose constants S;, i =
1,2,--- ,n — 1, satisfying

_49n _ Pn—1
2 pn—1 1
Sp_1 > :
' {L@n - 1)] /3}

S > i=1,2,--- ,n—2.

Choose the initial data in Vg such that 7" satisfies
1

¢(07T) < 5;

~ Pn—1
Sp_1 > |:£n—lTBn71 +577711(Sn_qunﬁnfpnfl,anl + C;]Ln):| ,

In—1

S > S ;S P Y- P S
n—2 — €n72 + n72T + n—1 T )
1- qn—lﬁn—l

qi+1

- Pi
S; > (§i+SiT+S;L;§1T) . i=1,2,---,n—3.

Consider the auxiliary problem
(Zn—1)t = AZp_1 + Sp—a (T — t)Pn-1Fn
+Cin (T — t)~Fn | (z,t) € Bg x (0,T),
Zn—1(z,t) =0, (x,t) € 90Br x (0,T),

Zn—1(2,0) = up_10(x), * € Bp.
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By Green’s identity and p,—1 < (8,-1 + 1)/Bn—1, we obtain

t t
Zno1 < &1 —|—Sn_1/ (T—T)fp"‘lﬁ"‘ldT—FCZ” / (T—T)iq"ﬁ"dT
0 0

1
< S (T =)
Then z,,_; satisfies

(Zn1)e > AZ, q + 22" + O (T —t)~ P (x,t) € Br x (0,T),
Zn—1(z,t) =0, (x,t) € 90Bgr x (0,7T),

Zn—1(2,0) = up_1,0(x), x € Bp.
By Lemma 3.1, we have u,, < C’n(T — )7 for p, > 1. Then u,,_; satisfies

(Un—1)t < Aup_q +ul"7' + C'g" (T —t)=Bn (x,t) € Bgr x (0,T),

Up—1(z,t) =0, (z,t) € 9Bg x (0,T),
un_1($,0) = un—l,()(x)y xr e BR.

By the comparison principle, we have

1

Up_1 < Zp1 < S H(T —t) Pt (2,t) € Br x (0,T).

n—1
Step 2. uy,us, -+, Up_o remain bounded up to T.
Consider the auxiliary problem
In—1
(Zn—Q)t =AZp2+ Sp2+ S?fi_ll (T - t)iqnilﬁnia (‘ra t) € Bg % (OvT)7
Zn,2<.’17,t) =0, (l‘,t) € 0BRr x (O,T),
Zn,Q(l’, 0) = Zn,Q,o(x), S BR.

1
Pn—2

Using Green’s identity and the inequality ¢,,—18,—1 < 1, we have z,,_o < 5,"5
in Br x (0,T). It follows that

In—1

(2"—2)15 >AZ, o+ 221_22 + S:i_ll (T - t)iqn_lﬁn_% (1:7t) € Br x (O’T)
Using the upper estimate of u,_1, we obtain
dn—1

(tn—2)e < Atty_g + ul 3 + 82" (T — )11 (2,t) € Br x (0,T).

n n—1

Then by the comparison principle we get
1

Up—o < Zpo < SI"52,  (w,t) € Bg x (0,T).

n—2
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Next to prove the boundedness of uy, us, - - ,u,_3. Take u,,_3 for example.
Consider the following auxiliary problem
In—2
(2n—3)t = Azn—S + Sn—?) + S:ZEQ 5 ($7 t) S BR X (07 +OO)7
Zn—s(z,t) =0, (x,t) € BR x (0,400),
Zn_g(fﬂ, 0) = Un_g,o(x), x € BR.

1

By Green’s identity, z,—3 < S;"3* in Bg x (0,7). Hence, there is

dn—2

(Zn3)i > Azpg + 2072 + S5 (x,t) € Br x (0,T).

n

1
For u,—2 < S."5°, u,_3 satisfies

dn—2

(Un—3)t < Aup_g+ub™ +5,"5%, (x,t) € Bg x (0,T).

n n

Consequently, we have
1

Up—3 < Zp—3 < S5, (m,t) € Br x (0,7).

n

Step 3. the lower estimate for u,_1.
By Lemma 3.2, one can obtain that

Ul < UMt e (0,7).

So u,—1 must blow up. By Green’s identity,

anBn

(36)  Un-1(t) < Upa1(2) + Uy (0T = 2) + Cinr U (0(T = 2).
Take z such that
1
Un-1(2) = §Un,1(t) > 1.

By pn1 < (Bn_1 +1)/Bn_1, the inequality (3.6) gives U,,_;(z) > ¢(T—z) Fn—1
for z € (0, 7).

Step 4. U, (t) > (T —t)™P~, t € (0,T).

Otherwise, there would exist some €; — 0 and t; — T such that U,(t;) <
;(T —t;)~P». By Green’s identity, we have

Un—1(t) S Un—1(2) + UM (8) (¢ — 2) + UI () (t — 2).

It can be proved that there exist some z € (0,¢) and M > 0 such that

Un 1(2) = % a6 > 1

and t — 2z < M(T —t) as t near T. Then we arrive at
Upn—1(t) S CUPT*()(T —t) + CUI (t)(T — t).
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By the blow-up rate estimates for U,,_1(¢) and taking ¢ = t;, we have
o(T —t) Pr=t < O(T — t) 7Pttt 4 Qe (T — ¢;) =9 Pett,
It requires that
Br-1 < pn-1Bn-1—1, or Bn_1<gnfBn—1

But 6,1 > pn_18n_1 — 1 and 8,1 = ¢.,Bn — 1, which is a contradiction.
Step 5. Total versus single point blow-up.

For any m € {1,2,--- ,n}, u,, satisfies
t
(3.7) — $(a,t) / W0, 7)dr, (2,t) € Br x [0,T).
0

In fact, if we set

then it is easy to check that
(Jm)t — Adpy > ubrm + (1 — qS(x,t))uf,IL"ff (0,t) >0, (x,t) € Bgpx[0,T),
Jn =0, (x,t) € 0Bg x[0,T),
JIm(x,0) >0, =€ Bg.

By the comparison principle, one can obtain (3.7).
By U,(t) > ¢(T —t)~#» and (3.7), we obtain

t
Up—1(z,t) > qi)(O,T)/ (T — T)*qnﬁndT_
0

Due to ¢, 8, > 1, up—1(x,t) blows up everywhere in Bg, i.e., u,—1(z,t) is total
blow-up.

Now, we prove that u, is single point blow-up. If not, there would exist a
blow-up point xg, |zo| = 1o # 0. So uy(z,t) blows up in the whole interval
[0,79]. For bounded uy, F,(t) < +00. Then there exists some ¢; € [0,T) such
that

(3.8) un(x,t) — Fo(t) >0, (z,t) € Ko x [t1,T),
where Ko = {# € Bg |6y <z; <mi, j=1,2,--- \N,0< 8 <m <TON*1/2}.
Define function
J(2,1) = (un)a, + C@)(un — Fu ()P, (x,) € Ko x [t1,T),
where
T
m — 61

N
1<p" <pn, Cz)= 5HSin(Mo($g‘ —61)), o=
j=1

with € > 0 to be determined (see [8,20]).
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By computation and the comparison principle, one can obtain that J(z,t) <
0 with small ¢ for (x,t) € Ko x [t*,T), that is,

(3.9) —(Un)y (U, — Fn(t))fp* > O(x), (z,t) € Ko x [t*,T).
Fix (ag,as, -+ ,an) € RVN71, and take a = (81, a9, -+ ,an), a* = (1, a2, -,

ay). Integrating (3.9) from a to a*, we obtain a contradiction as follows,

m

1
0< C(z)dxy < "

; @ ) - FO) T pt e (Lpy). O
1

4. Proof of Theorem 2.4

For convenience, we only prove the subcase for
klzl, kQZO, ilzn—Q, iQZTL.
So Theorem 2.4 turns into

Theorem 4.1. Assume that

1
>0, guon <1, apo=—">0,
Pn—2 — 1

Op—3 = (Qn—20n—2—1>0, ¢u3a,-3<1, pp3<L

Then there exist suitable initial data for small R such that only w,_3, Un_2, Uy
blow up simultaneously, and the blow-up rates are

(Un—3(t),Un—2(),Un(t)) ~ ((T =)= (T —t)~ =2, (T — t)~*").
Moreover, u,_s and u,, are single point blow-up while u,,_3 is total blow-up.

Construct two subsets of V as follows,

Vi = { (u1,0,u2,0, " s uno) € Vo |
(4.1) Aui + (1= 1) (Wl +ultio(0) = 0, i =n—2,n},
A% _ i i i ﬁn—l,O ﬂn—Q,O Ian,O
2 1,0, %2,0, » Un—3,0, (1 — )\1))\23 )\1 ’ (1 — )\1)(1 — )\2)

(4.2) Az € (0,1), (10,820, +lino) € V1.

Lemma 4.2. Under the conditions of Theorem 4.1, there exists some =
(1/2,1) such that, for any As € (0, 1), non-simultaneous blow-up happens with
uj, 3 =1,2,--- ,n—4,n — 1 remaining bounded for the initial data in V.

Proof. Consider the auxiliary problem
(ﬂn72)t = AMn72 +szn—722’ (J},t) € BR X (O7In72)’
(4.3) u, _o(x,t) =0, (z,t) € 9Br x (0,T,,_5),

ﬂn—2(x70) = Qn_z)o(ﬂf), x € Bg,
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where w,, 5 = Un—2,0 /(1 — \y) is radially symmetric with A; to be determined.
Take

M; > a5(0), j=1,2,---,n—4,

M, _3 > (a15Com2)Pm 2,

Due to (4.3), there must exist some A; € (1/2,1) such that, if A\; = A;, then
T, _o satisfies that

(4.4)
) e o mg7Pn—

[“"—370(0)221? + O['I_LiB (Mn—3let2n S7Pnosns 4 027122)} ) < My -3,

(4.5)
1—%71,—304”—3 34,

tin—4.0(0) + My,_4T LM""%} < My_y,

|:u 4’0( ) M den2 * 1- Gn—30n—3 n—3 o :
(4.6)

i1 Iy

[i5.0(0) + MT, o+ MIT T, o] < Mj, j=1,2+ 0 =5,

(4.7)
~ ég" g« Pn—1
[2un—1,0(0) + My 1T, 5+ mzi_%" "} < M.

Since
Un—2,0(2) _ Un—2,0(x)

) > bl —
(1 _ )\1)>\2 — 1 _ )\1 H7‘!,72,0("’11")’
the blow-up time T of (1.1) satisfies that T' < T',,_,. In addition, T satisfies
that (4.4)—(4.7) instead of T’

=n—2-
Consider the following problem

(ﬂn73)t - Aﬂnfﬁ’o + Mn73(T - t)ipnigani3
+COI (T — t)~an-20n2_ (z,t) € Bg x (0,T),
Up—s(z,t) =0, (x,t) € 0Br x (0,T),

ﬂn_3($70) = an_370($), T € Bg.

Up—2,0(T) =

(4.8)

From the inequality p,_3 < 1 we get

Tin_g < [ﬁn—B,O (O)Ta”"s + a7—113 (Mn_3T1+an73_pn—3an—3 + 6211722)] (T _ t)_&nfi‘}
1

< MST -,
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Then, due to (4.8), we have
(Gin_3)¢ > Aliy_3 + 075 + CI2(T —t) =292 (z,t) € Bg x (0,T).
By Lemma 3.1, u,_g3 satisfies
(un—3)t < Aup_z +ub"3’ + C~’fl’”‘_’22 (T —t)~dn—2%=2" (g,t) € Bg x (0,T).
By comparison principle, we get
Un_z < Ty < MY2=3(T — )=, (2,t) € Bg x (0,T).

Consider the auxiliary problem

(Up—a)t = Alp_g+ M,_4+ MZ: ; (T —t)"Im—s%n=3 (g t) € Bg x (0,T),
Up—g(z,t) =0, (z,t) € 0Br x (0,T),
Up—a(2,0) = Up_4q,0(x), T € Bp.
Using Green’s identity we get
l1—gn_zan—3 In—3
Up—ag < Up—1,0(0) + My yT + ———M "> < M:"44, te (0,7).

1- Gn—30n_3
Consequently we have

9n—3

(Up—a)t > Atiy—g + 08"+ M) 3% (T — )" =33 (z,t) € Bg x (0,T).

By (1.1) and uy—3 < Ml/p” (T —t)~* -3, we obtain

Up—g < Ty < MMP2* (2,t) € B x (0, 7).

The boundedness of u; (j =1,2,---,n —5) can be proved similarly.
Consider the following problem

(1)t = Alip_y + My + C? (T — )~ (z,t) € Bg x (0,T),
Up—1(z,t) =0, (z,t) € 0Bg x (0,T),

lin—1,0(2)

anfl(xuo) = oW ’

T € Bpg.

1

For ¢,a;, < 1, we have u,,—1 < M,"7". Then

(1) > Aty + 0" + CI (T — )" (x,t) € Bg x (0,T).
By Lemma 3.1, U,(t) < C, (T —t)~*. So u,_ satisfies the inequality

(Un_1)t < Aty +ul" 3 + CI (T — )" (x,t) € Bg x (0,T).
Using the comparison principle,

Un1 < Ty < MYP=' (2,t) € Bp x (0,T). O
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Lemma 4.3. Assume that the conditions of Theorem 4.1 hold. For the fived
A1 = A1 in Lemma 4.2, there exists some Xy € (0,1/2) such that only u,_3,
Up—go blow up with the initial data in Vo, satisfying A1 = A1 and Ay = M}

Proof. Consider the auxiliary problem

a1
(n)e = Aty + M,, + M, (x,t) € Br x (0,400),
(4.9) Uiy, (2,t) = 0, (z,t) € BR x (0,+00),
U (x,0) = 24p o(z), r € Bgp,
where M is defined in Lemma 4.2, and M,, > [21i,,,0(0)/(1 — Ap)]P".

Assume the initial data of auxiliary problem (4.3) satisfies that w,, o, =
Upn—20/[(1 = A1)A2] with Ay to be determined. For (4.3), there exists some
A, € (0,1/2) such that, if Ay = X}, then T',,_, satisfies the following inequality

21 s Pn
Mn > (M + ann72 + ]\41;)1 In72) :
1—X
We have u, 5 < up—2, and hence T < T, _,. Considering system (4.9) in
[0,T), we have
ipy0(0 a .
an < 2000O) 4 ap B < e
11—
Consequently

(in)¢ > Al + @ + M, (x,t) € Br x (0,T).
By u; < Mll/pl, we obtain that
Un < n < MIP(2,t) € B x (0,T),

We claim that only wu,,_9 and u,_3 blow up simultaneously. By Lemma 3.2,
one can obtain
UMYy < UMy, te(0,T).
Hence, u,,_3 blows up if u,_o blows up. On the other hand, if u,,_3 blows up,
then u,,_o must be the blow-up component. Otherwise, u,,_3 would remain
bounded for p,_3 < 1. O

Lemma 4.4. Assume that the conditions of Theorem 4.1 hold. For the fived
A1 = A in Lemma 4.2, there exists some Ny € (1/2,1) such that only u,, blows
up with the initial data in Vo, where Ay = Ay and Ay = Af.

Proof. Consider the auxiliary problem

()t = Aw, +ubr, (z,t) € Br x (0,1,),
Hn(mvt) = 07 (xvt) € aBR X (Ovzn)7
Hn(xvo) = Un,O(CU) x € Bp

(1=X)(1= X))’
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with g to be determined. Take

M - |:2ﬁn_270(0):|1)n—2
g = | ——
(1—X)
There exists some Aj € (1/2,1) such that, if Ao = A\J, then T, satisfies
2’&/”72,0(0) dn—1 1

+ M, oL, + M, "' T, < M,"5*
1— X\

with M,,_; defined in Lemma 4.2. -
Choose the initial data in Vo with A\; = Ay and Ay = \J, then u,, < u, and
T <T,, and hence

21111—2 O(O) Znii P : 2
T Mo T M T < M
— Al

Consider the auxiliary problem

(’an72)t = A77%72

In—1

+M, o+ M,"{", (x,t) € Br x (0,+00),

n

(4.10) tip_o(z,t) =0, (2,t) € B x (0, +00),
B 2’&%—2 O(m)
. ,0) = ———~, € Bp.
Up—o(,0) =X x R

1

Consider system (4.10) in [0,7T). By Green’s identity, @i, < M, ";*. Then

dn—1

(Un-2)¢ > Aty o + 1"y + M "7, (x,t) € B x (0,T).

n

1/pn_ .
By u,_1 < Mn/_p1 ', u,_o satisfies

In—1

(un—2)i < Auyo +ul" > + M1, (z,t) € Br x (0,7).

So by the comparison principle, u,_o is bounded. For p,_3 < 1, u,_3 is also
bounded. So u,, is the blow-up component. (I

Lemma 4.5. (i) There exists some small R such that the initial data set
in Vg satisfying w,—3, u,—o blowing up simultaneously at time T while
the others remaining bounded is open in L°°-topology.

(ii) The initial data set in Vo such that w, blows up at time T while the
others remain bounded is open in L -topology.

Proof. We only prove (i). Case (ii) can be proved, similarly.
Assume that (uq,us2, - ,uy,) is the blow-up solution of (1.1) with

(’LLL[), U2,0, 7un,0) € lea
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satisfying that wu,_3, u,—2 blow up simultaneously at time 7T while the others
remain bounded. Let
0<26<u;(0,t) <M, j=1,2,---,n—4n—1n.

It suffices to prove that there exists a neighborhood of (u1,0,u2,0," -+ ,un,0) in Vy
such that every solution (41, a2, - - -, 4n), coming from it, satisfies that tn_3, tn—o2
blow up simultaneously in finite time while the others remain bounded. Take
constants

S;> @M +28)P, j=1,2,--- ,n—4,n—1n.

Let (@, U, -+, Up) solve the following system
(@) = Aty + @)’ 4+ af7 (0,1), (x,t) € Br x (0,Tp),
ﬂj(l‘,t) =0, (.%‘,t) € 0Bgr x (O,To),
ﬂj(xao):ﬂj,O(I)v ]:1727 , 1, IEBR
with (12170, 17,270, s ﬂln,O) to be determined in Vo.
Denote
N(u10,u2,0, -, Uno) = {(ﬁl,o,ﬂz,o,“' L lin,0) € Vo
||’a]70(.1’)*u](1}7T760)”00 <£? ]:1727 , 1,
(@1,0, 2,0, »Tn,0)

p= (’&1(177T — 60),’&2(1777_' — 60), s 77:L7,,($,T — 60)),

(€1,0,U2,0, - 1 Uny) € Vl}.
For fixed £ > 0, there exists some €y > 0 such that if
(@10, 2,0, 5 Un,0) € N(U1,0,U2,0, s Un,0)s
then

_ 1 _ 1
fin=3(0.8) < [(pa—z — (0, T)] 75 (Ty — &) 7T,
and Ty satisfies

Mo + TO < 17
1 2"73 1— a Pn—a
Sn—4 2 (2M+ 2§+ Sn—4TO + 7571253 T() dn—3 n—3> )
1 —gn_3an_3

95+1

" pj
S] > (2M+2§+S]TO+SJP_1_+1-1TO> J7 .7: ]-727"' ,’I’L—5,TL—1,’I’L,

dp—2 Pn-3
&4={%;u—m—%>wmﬁ—nwmnWMJI} ,

where 19 = / I'dy < 1 for small R.
Br
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Due to the Green’s identity and the jump relation, if u4,_30(0) > 1, we
obtain
1
Un—3(0,t) < S5 (To — t) "3,

Consider the following problem
dn—3

(Up—a)t = Atip—g + Sp—a + S5 (Ty — t)"=3%=3_ (z,t) € B x (0,Tp),
’l_Ln_4(l’,t) = O, (Z’,t) € 8BR X (O,To),

Up—a(x,0) = Up_a0(z), x € Bg,

where radially symmetric @,—4,0(0) = 2Uy—4,0(0); Un—a,0(z) > Up—a,0(x) in Bp

and
9n—3

Atiy_g0+ Sp—a+ S,"3° Ty 2" >0 in Bg.
1
By Green’s identity, we have u,,—4 < S,",*; consequently,

dn—3

(Un—a)t > Alp—g +ub" )+ +5,73° (Ty — t) " =3%=3_ (x,t) € Bg x (0,Tp).

Then, by the comparison principle, we have

ﬂn—4 S Up—4 S Siépil_4a (Ivt) € BR X (OvT)

Next, consider another system

9n—4
(tUn—5)t = Ally—5+ Sp—s + S,"3", (x,t) € Br x (0,+00),
Up—s5(z,t) =0, (z,t) € 0BR x (0, +00),
ﬂn,5(.’£, 0) = ’lin,g,’o(x), x € Bp,

where radially symmetric @,—5,0(0) = 2Uy,—5,0(0); n—5,0(z) > Up—5,0(x) in Bg
and o

Aan—5,0 + Sn—5 + 5:;1214 > 07 (.’13, t) € BR X (07 T)
We also obtain that

lnos < ln-5 < Sy/%°, (2,t) € Br x (0,Tp).

Similarly, @;, j = n—6,n—7,--- ,1,n,n—1 remain bounded. By the methods
used in Lemma 4.3, we obtain that u,_3 and 4, _o blow up simultaneously at
time 7.

According to the continuity with respect to initial data for bounded solu-
tions, there must exist a neighborhood N;(C Vy) of (u1,0,u2,0, -+ ,Un,0) such
that every solution (4,2, -+ , 1y ), starting from Ny, will enter the set A at
time T — €¢, and then keeps the property that ,_3, 4,_2 blow up simultane-
ously while the others still remain bounded. g
Proof of Theorem 4.1. Lemma 4.2 says that there exists some A\; € (1/2,1) such
that any initial data in V, satisfying Ay = \; develops the non-simultaneous
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blow-up solution with u;, j = 1,2,--- ,n—4,n—1 remaining bounded. We know
from Lemma 4.3 that there exists some A € (0,1/2) such that the solution of
(1.1) with the initial data in Vy satisfying A\; = A\; and Ay = X, blows up
non-simultaneously, where u,_3, u,_2 blow up simultaneously and the others
are bounded. Lemma 4.4 guarantees that there exists some A\ € (1/2,1)
such that u,, blows up alone with the initial data in Vy where Ay = )\ and
A2 = Aj. Clearly, the sets of the initial data in Vg such that only w,_3, u,—o
blow up simultaneously and that u,, blows up alone are all open by Lemma 4.5.
Notice that V5 is connected. So there must exist suitable initial data (suitable
A2 € (M\y, \Y)) such that u,, u,_3 and u,_» blow up simultaneously while the
others remain bounded. The blow-up rates and sets can be obtained by the
methods to establish the ones in Theorem 2.1. O

By the proof of Theorem 4.1, one can check that, if k; = ko = 0, the results
of Theorem 2.4 still holds without the restriction on the radius R.
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