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ABSTRACT. In this paper, first, we investigate the construction of com-
pact sets of C* and C(’)C by proving “C*, C(’f — version” of Arzela-Ascoli
theorem, and then introduce new measures of noncompactness on these
spaces. Finally, as an application, we study the existence of entire solu-
tions for a class of the functional integral-differential equations by using
Darbo’s fixed point theorem associated with these new measures of non-
compactness. Further, some examples are presented to show the efficiency
of our results.
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1. Introduction

Compactness results in the spaces LP(R?) (1 < p < 00) and C(K) (the space
of continuous functions over a compact metric space K with values in R) are
often vital for proving existence results of differential, integral and functional
integral equations ( [1,4,15,16,20], for example). A necessary and sufficient con-
dition for a subset of LP(R4) (1 < p < oo) and C(K) to be compact are given
in what are often called the Kolmogorov compactness theorem and the Arzela-
Ascoli theorem, respectively. On the other hand, measures of noncompactness
are very useful tools in functional analysis. They are also used in the studies
of functional equations, ordinary and partial differential equations, fractional
partial differential equations, integral and integral-differential equations, opti-
mal control theory, and in the characterizations of compact operators between
Banach spaces [2,3,5—14,18,19,21,22]. In particular, in recent years, a lot of
authors used the concept of a measure of noncompactness in conjunction with
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the Darbo’s fixed point theorem in order to prove the existence of solutions for
a wide variety of functional integral equations (cf. [3,5,6,8,9, 11,13, 14]).

The paper is organized as follows. In Section 2, we prove a “C* —version” of
Arzela-Ascoli theorem, and then introduce a new measure of noncompactness
in the space C*(£). In Section 3, again we give a “C} — version” of Arzela-
Ascoli theorem, and present a new measure of noncompactness in C¥. Section 4
is devoted to the application of the results obtained to the functional integral-
differential equations. Finally, two examples are provided to illustrate the
efficiency and usefulness of our results.

Here, we recall some basic facts concerning measures of noncompactness,
which is defined axiomatically in terms of some natural conditions. Denote by
R the set of real numbers and put Ry = [0, + o0). Let (E,| - ||) be a real
Banach space with zero element 0. Let B(z,r) denote the closed ball centered
at z with radius 7. The symbol B, stands for the ball B(0,r). For X, a
nonempty subset of E, we denote by X and ConvX the closure and the closed
convex hull of X, respectively. Moreover, let us denote by Mg the family of
nonempty bounded subsets of E and by 91g the subfamily consisting of all
relatively compact subsets of E.

Definition 1.1. ([8]) A mapping p : Mr — R is said to be a measure of
noncompactness in E if it satisfies the following conditions:
1° The family kerp = {X € Mg : u(X) = 0} is nonempty and ker u C
Ng.
2° X CY = pu(X) < u(Y).
3% p(X) = p(X).
4° p(ConvX) = p(X).
5 p(AX + (1 =NY) < (X)) + 1 = N)u(Y) for A € [0,1].
6° If {X,,} is a sequence of closed sets from Mg such that X,,+1 C X,, for
n=1,2,...and if lim pu(X,) =0, then Xo = NS, X,, # 0.
n—oo

The following Darbo’s fixed point theorem will be needed in Section 4.

Theorem 1.2. ([11, Theorem 1]) Let Q be a nonempty, bounded, closed and
convez subset of a Banach space E and let F' : Q — Q) be a continuous mapping
such that there exists a constant k € [0,1) with the property

(1.1) p(FX) < ku(X)

for any nonempty subset X of Q. Then F has a fixed point in the set €.

2. Measure of noncompactness on C*(Q)

In this section, we characterize the compact subsets of C*(Q). Next we
introduce the new measure of noncompactness on C*(Q). Let  is a compact
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subset of R” and k € N, we denote by C*(€2) the space of functions f which
are k times continuously differentiable on €2 with the standard norm

D«
IFllox @ = , masx 10" fl.

where ||D”‘f||u = sup{|D*f(x)| : = € Q} la| = a1 + ...+ a, and D*f =

aq @2
aial aawaz an o f. Now we present “C* —version” of Arzela—Ascoh theorem.
1

Theorem 2.1. Let Q be a compact subset of R™ and k € N. Then F C
Ck () is totally bounded if and only if F* = {D®f : f € F} is bounded and
equicontinuous for all |a| < k.

The proof relies on the following useful observation.

Lemma 2.2. ([17, Lemma 1)) Let X be a metric space. Assume that for every
e > 0, there exists some § > 0, a metric space W, and a mapping ® : X — W
with ®[X] totally bounded, and such that d(z,y) < € whenever x,y € X and
d(®(z),P(y)) < 6. Then X is totally bounded.

Proof. Proof of Theorem 2.1. Assume F* are bounded and equicontinuous for
all |a| < k. Let € > 0. Combining the equicontinuity of F* and compactness
of ., we can find a finite set of points yi1,...,y, € Q with neighborhoods
Uy, ..., U, covering all of €2 so that

[Df(z) = D" f(y;)| <e

whenever f € F, x € U; and |a| < k. Define ® : F — R™HD ({a : |a| <
k} = {517ﬂ25 /837 s 75[}) by

(I)(f) = (f(yl)’ B f(ym)a Dﬁlf(yl)a R Dﬁlf(ym)a R D,Blf(ym))'
By boundedness of F<, the image ®[F] is bounded, and hence totally bounded,
in R™(H1 | Furthermore, if f,g € F with || ®(f) — ®(g)llcr(q) < €, then as any
x € §2, belongs to some Uj;,
|D® f(x) — D%g(x)| <|D*f(x) — D f(x;)| + |D* f(x;) — Dg(x;)]|
+[D%g(x;) — D%g(x)| < 3e,
and so || f — gller) < 3. By Lemma 2.2, F is totally bounded.

For the converse, assume that F is a totally bounded subset of C*(Q). Let
us fix « arbitrarily such that 0 < |a| < k. The existence of a finite e-cover for
F, for any ¢, clearly implies the boundedness of F%.

To prove the equicontinuity of F¢, let x € Q and € > 0 be given. Pick
an e-cover {Uy,..., Uy} of F, and choose g; € U, for j = 1,...,m. Pick a
neighborhood V; of x so that |[D%g;(y) — D%g;(z)| < € whenever y € V}, for
J=1L...om Let V.=Vin.-..0Vy,. If f€Uj, then ||f — gjllcr) < ¢, and
so when y € V,

|D*f(y) = D*f(z)| <|D*f(y) — D*g;(y)| + [D%g;(y) — Dg; ()|
+ |D%gj(z) — D* f(z)] < 3e.
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Now, since () is compact, we have the equicontinuity of F¢. O
Now, we are ready to define a new measure of noncompactness on C*().

Theorem 2.3. Suppose 1 < k < oo and F is a bounded subset of C*(§2). For
fE€F, e>0and a €RYN such that 0 < |a| <k, let
w(f,e) =sup{|D*f(z) = D*f(y)| : 2,y € Q, [lx —yl| <&,0 < [af <k},
w(F,e) =sup{w(f,e): f € F}.
Then wo : Mew(q) —> R given by
(2.1) wo(F) = g%w(f, €)

defines a measure of noncompactness on C*(Q) and moreover, ker(wo) = Nek(q) -

Proof. First we show 1° holds. Take F € M () such that wo(F) = 0. Let us
fix v arbitrarily such that 0 < |a| < k. Let > 0 be arbitrary. Since wo(F) =0,
lim._,ow(F,e) = 0 and thus, there exists 6 > 0 such that w(F,d) < n. This
implies that
ID° f(z) = D* ()] <1

for all f € F and z,y € Q with ||z — y|| < §. Then F* is bounded and
equicontinuous. Thus 1° is satisfied.

2° follows directly from definition of w. We continue by showing that 3°
holds. Suppose that F € Mer (o) and (frm) C F such that f, — f € F in
C* (). By the definition of w(F,¢) we have

D fm () = D fm ()| < w(F )
forallm e N, 0 < |a] < k and z,y € Q with || — y|| < e. Letting m — oo we
get
D f(x) = D f(y)] < w(F,e)

for any 0 < |a] < k and z,y € Q with ||z — y|| < &, and hence

lim w(F,e) < lim w(F,e).

e—0 e—0
This implies that
(2.2) wo(F) < wo(F).

From (2.2) and 2° we get wo(F) = wo(F). Therefore wy satisfies the condition
3° of Definition 1.1.

4° follows directly from [Conv(F)]* = Conv(F*) and is therefore omitted.
The proof of condition 5° can be carried out by using the equality

DYAf+(1—=XNg)=ADYf 4+ (1 - A)D%
for all X € [0,1].

It remains to prove 6°. Suppose that {F,} is a sequence of closed and
nonempty sets of Mg such that 7,11 C Fforn=1,2,--- and lim wo(F,) =
n—oo
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0. Now for any n € N, take f,, € F,, and set G = {f,}.

claim: G is a compact set in C* ().
To prove the claim, we need to verify G is bounded and equicontinuous for
all || < k. Let € > 0 be fixed. Since lim wy(F,) = 0, then there exists N € N
n—oo

such that wo(Fn) < €. Hence, we can find §; > 0 such that
w(Fn,01) < e.
Thus, for all n > N, 0 < |a| < k and ||z — y|| < §; we have
[D fu(@) = D fa(y)] < w(Fn,01) <e.

Also we know that the set {z1,z2,...,2x5} is compact. Hence there exists
d2 > 0 such that
(2.3) D fn(x) = D fu(y)| <€

foralln=1,2,...,N,0<|a| <k and ||x —y|| < d2, which implies that

IDafn(x) - Dafn(?/)' <e

for all n € N and ||z — y|| < min{d;,d2}. Therefore all the hypotheses of
Theorem 2.1 are satisfied. This completes the proof of the claim.

Applying the claim shows that there exists a subsequence {f,,} and fy €
C’“(Q) such that f,,, — fo. Since f, € Fp, Fry1 C F, and Fy, is closed for all
n € N, we get

fO € ﬂ Fn= fooa
n=1
finishing the proof of 6°. Finally, to prove that ker(wp) = Mew (). Suppose
that 7 € New (). Thus, the closure of F in C*(Q) is compact, and by Theorem
2.1, F* is bounded and equicountinious for all |a| < k. Let us fix an arbitrary
e > 0. Since F* is bounded and equicountinious for all |a| < k, so there exists
6 > 0 such that

D f(z) = D" f(y)| <e
forall 0 < |a| <k, f € F and ||z — y|| <. Then for all f € F we have
w(f,0) = sup{| D" f(z) = D*f(y)| : [lx —y|| <o} <e
and
w(F,d) =sup{w(f,d): fe F} <e.
This implies that
(2.4) lim w(F, §) = 0,
6—0

and the condition ker(wp) = Nerk () holds. O
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3. Measure of noncompactness on CF¥

In this section, we characterize the compact subsets of C¥, and then intro-
duce the new measure of noncompactness on C[’f. Let us recall a few auxiliary
facts needed in the sequel of the paper.

Ck={feCFR"): D*f € Cy for |a| <k},

Co={feBCR"): lim f(z)=0},

llz]|—o0
where BC(R"™) is the Banach space of all bounded and continuous functions

on R™ and C§ is a Banach space with || f|cx = Z D% f |-
0<|a| <k
Now, we give and prove “C§ — version” of Arzela-Ascoli theorem.

Theorem 3.1. Let k € N and F be a bounded set in C¥. Then the following
two conditions are equivalent:

(i) .}"%T are equicountinious on By for any T > 0 and

(3.1) lim diamF“(x) =0

llzl| =00

for all |a| < k, where diamF* (x) = sup{|D*f(x) — D%g(x)| : f,g € F}
and }_IOJ%’T denotes the restrictions to By of the functions F<.
(ii) F is totally bounded in C§.
Proof. Assume that F¢ satisfies condition (i). Let € > 0. From (3.1) for ¢ > 0
there exists a T' > 0 such that
diamF*(x) < e for all x € R"\ Br,
and by the equicontinuity of }-I(XBT we can find a finite set of points y1,...,ym €
Br with neighborhoods Uy, ..., U,, covering all of By so that
| D f(x) = D*f(y;)| <e
whenever f € F, x € U; and |a| < k. Define ® : F — R™HD ({a: |a] <
k} = {ﬂ17ﬁ27 637 e 76l}) by
(f) = (fy1)s-- -+ fYm); D7 f (1), -, D7 f(ym)s -, D7 f(ym))-

By boundedness of F<, the image ®[F] is bounded, and hence totally bounded,
in R™(+D | Furthermore, if f, g € F with | ®(f) — ®(g)|lcx < ¢, then since any
x € Br, belongs to some Uj,

|D®f(x) — Dg(x)| <|D*f(x) = D*f(z;)| + |D*f(x;) — D*g(x;)]|
+ |D%g(x;) — D%(x)| < 3e.

On the other hand, for any x € R™ \ Br we have

(3.3) | D% f(x) — D%g(z)| < diamF“(x) < e.

(3.2)
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So from (3.2) and (3.3) we get ||f — gl[cx < 3le. By Lemma 2.2, F is totally
bounded and therefore condition (ii) is satisfied.

Conversely, assume that F satisfies condition (ii). Since F is totally bounded
in CF, hence for any T > 0, F is totally bounded in C¥(Br), and as an
application of Theorem 2.1, }-I%T are equicontinuous on By. On the other

hand, take an arbitrary € > 0. Thus, there exist f1,..., f, € F such that F C
U™, B(fi,e). Since fi € Cf, then there exists a 7' > 0 such that [Df;(z)| < ¢
for all 1 <i < m, o] < k and |z]| > T Hence for each f € F, there is an
1 < i < m such that f belongs to B(f;,¢), and therefore we get
|Df(z)] < [D*f(x) — D fi(x)| + [D* fi(x)]
< 2

for all ||z|| > T and |a| < k, and consequently condition (i) is satisfied. O
The following theorem presents a new measure of noncompactness on C¥.

Theorem 3.2. Suppose 1 < k < 0o and F is a bounded subset of Ck. For
feF,e>0,T>0 and a € R" put
w!'(f,e) = sup{|D*f(x) — D*f(y)| : 2,y € Br, |l — y|| <&,0 < |a| <k},
w'(F,e) =sup{w’(f,e) : f € F},
T Y T
w (.F)—;l_}f%w (_/—'.76)7
w(F) = lim wT(F),
T—0
do(F) = lim diamF*(x).
llzll—o0

Then wy : Dﬁcg — R given by

(3.9 wo(F) = w(F) + max (do(F))

defines a measure of noncompactness on C¥ and moreover, ker(wp) = M.
0 ’ (&f

Proof. The proof 2°, 4° and 5° are obvious. Now, we show that 1° holds. To
do this, take 7 € Mex such that wo(F) = 0. Let us arbitrarily fix an o with
0 <|a| < k. Let n > 0 be arbitrary. Since wo(F) = 0, then

lim lim w? (F,e) = 0.
T—o00 e—0

Thus, there exists § > 0 and 77 > 0 such that w?(F,8) < n for all T > T".
This yields

|Df(z) = D*f(y)l <n
for all f € F and z,y € Br such that ||z — y|| < §. Then Fi5, is bounded
and equicontinuous for all T > 7. On the other hand, since ]:I%T/ is bounded
and equicontinuous, it follows that ‘FI%T is bounded and equicontinuous for all
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T < T'. Using again the fact that wo(F) = 0, we have dn(F) = 0. Hence the
condition (3.1) is valid. Now, by Theorem 3.1 we conclude that 1° holds.
Next, we check that 3° holds. Suppose that F € imcg. Similar to the proof
of Theorem 2.3, we have
(3.5) W(F) = w(F).
Also, since diamF~ = diamF®, we get do(F) = do(F). This implies that
wo(F) = wo(F). Then condition 3° is satisfied.
To prove 6°, suppose that {F,} is a sequence of closed and nonempty sets
of zmcg such that F,41 C F, for n =1,2,..., and lim wy(F,) = 0. For any
n—oo

n € N, take f,, € F, and set G = {f,}. Similar to the proof of Theorem 2.3
we have w! (G) = 0, and therefore we deduce

(3.6) w(G) = lim w?(G) =0.
T—o0
Also, since lim wq(F,) = 0, so we have lim d,(F,) =0 for all 0 < |o| < k.
n— o0 n—00

Let ¢ > 0 and 0 < |a| < k be fixed. There exists an N € N such that
do(Fn) < €. Hence, we can find 77 > 0 such that

diamFg (x) < e,
for all ||z|| > Ty. Thus, for all n,m > N and ||z| > T; we can write

(3.7) |D® f(x) — D frn(2)] < €.

On the other hand, since f, € CF, so we have | lﬁm D*f,(z) = 0 for all
Z||—o0

0 < |a| < k. Hence, there exists To > 0 such that |D®f,(z)| < e for all

lz|| > T2 and n =1,2,..., N. Moreover, we can write

(3:8)  [DYfn(@) = D fin ()] < |D fu(2)] + [D* fin(2)] < 2¢
for all n,m < N and ||z|| > T5. This implies that
(3.9) D fo(x) = D fin(z)] < €

foralln,m € N and ||z|| > T (T = max{T1,T>}). Now, from (3.9) we conclude
that

10 d,(G) =0,
(3.10) onax 9)

and therefore G is a compact set in C§f. Hence there exists a subsequence { fy,, }
and fy € C’(]f such that f,, — fo. Since f, € F,, Fnt1 C Fp and F, is closed
for all n € N we get

fOe mfn:foov
n=1

which finishes the proof of 6°. Since the proof of ker(wg) = Mgy follows the
main lines of the proof of ker(wp) = Mer (), we omit the details. O
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4. Application

In this section, we apply the results of the previous section to study the
solvability of functional integral-differential equations on C(€).

Theorem 4.1. Assume that the following conditions are satisfied:
(i) p,q € CY(Q) such that

(4.1) A := sup{||¢||u 1<i<n}<1.

(i) g: QxR"™ — R is continuous and there exists a continuous function
a: Q2 — Ry and a continuous and nondecreasing function ¢ : Ry —
R, such that

(42) 90,01, )| < ala)G( max fui)

(iii) k: QxQ — R is continuous and has a continuous derivative of order
1 with respect to the first argument.
(iv) There exists a positive solution ro of the inequality

(4.3) Ipllcr ) + Ar + D¢(r) <r
where
D =sup {{ | 15 latdy -2 € 9} { [ Ko lati)dy s € ).
Then the functional integral-differential equation
(4.4)
u(w) = @) + a()ula) + | K)ol ulv),

ou o ou
Q 01

(y)’ Txg(y)’ s

has at least one solution in the space C1().

Proof. We define the operator F': C*(2) — C1(2) by

(4.5)
Fu(z) = ple) +q(x)u(z)+ / ()9 (5 0(0). 5 0)s 5 ) ()

First notice that the continuity of Fu(x) for any u € C*(f2) is obvious. Also,
for any x € Q2 we have

O(Fu) Op O0q

Ou
s (x) = B, (z) + 87( z)u(z) "'Q(m)axi (z)

+/Q ()91, ) o) )y
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and Fu has a continuous derivative. Thus, Fu € C!(Q). Using conditions
(1)-(iv), for arbitrarily fixed = € Q, we have

|Fu(z)| <|p(2)| + |q(z)||u(z)]
ou ou

ou
‘/ z,y)9(y,u ) 5. ()8902() --7W(y))dy’
<l + lallullwlle + DE(luller @)

D)+ | g @) [u(@)] + o(a) 5 o)

+‘/ prs (z,9)g y,u(y)»gfu(y)w..,%(y))dy’

o

&
P
8
=
I

Q;
/‘\

< || IIu || || l[ullu + llallu || ||u+D<(||u||01(m)
Thus, we obtain

[Fullcr) < lIpller @) + Mluller ) + DE(uller )

By considering condition (iv), we infer that F' is a mapping from B,, into B,,.
Now, we show that the map F is continuous. For this, take u € C(Q) and
€ > 0 arbitrarily, and consider v € C*(2) with ||u—v|[c1(q) < €. Then we have

[Fu(z) — Fo(z)] < Jq(@)|lu(z) — v(z)]

+ [ l|o ), ) o)
—g(y,v(y),%(y)w--,ai ))‘dy
< Nallllu = vl + DI(E),
and by similar argument, we have
@) - )| < | )| luto) (o) + ) | g ) - (o)
ok ou ou
+ [ oo ). 5 0 e )
—g(y,v(y),(98;(31)7~--7(98;(y))‘dy

< Au—=v|ci(q) + Di(e)
where

19(5) = Sup{|g(y,U0,U1 s ?u’ﬂ)_g<yav07vla' . '71}71)‘ ‘ye Q,Ui,’l}i € [—7"0,7"0],
|ui — Ui| < E}.
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Since g is continuous on 2 x [—7g, 7o]"*!, then we have ¥(¢) — 0 as ¢ — 0.
Thus F is a continuous operator from C'(Q2) into C1(2). In order to finish
the proof, we only need to verify that condition (1.1) is satisfied. Let U be a
nonempty and bounded subset of C1(£2), and assume that e > 0. Let us choose
u € U and 1,22 € Q with ||z1 — x2|| < e, thus we have

|Fu(z1) — Fu(xs)| =

=|p(@1) + g(@1)u(e)

+/Qk(x1,y)g(y,u(y>,§;<y>,;;;(y),...,f;l@))dy

— (plw2) + alw2)u(z2)
+/Qk(m,y)g(y,u(y)7§7u(y)y%(g),...,%(y))dy)‘
<Ip(x1) — p(w2)| + |q(z1) — q(@2)|[u(z1)] + |g(z2)|[w(r1) — u(z2)]

ou ou ou
+ [ Trtr,9) = blaz, 9ol u0), 5o G0 o)
<w(p,e) + row(q, €) + Mw(u,e) + Upym(Q)w(k, €),

(4.6)

and by a similar argument, we deduce that

-
S‘gfi (21) = gfi(@) + gji (1) — g;i(zg)ﬂu(xl)
A7) el [ o) - g (ea)
+/Q gfi(xl,y) g (z2,y “g Yy u y),%(w,...,%(gj))‘dy
<w(p,e) + row(q,e) + Mw(u, &) + Up,m(Q)w( Ok o),

3wi’

where m is the Lebesgue measure on €2 and

UTQ :SUP{‘gQ/aUOle s ,Un)| ‘Y e Q, |uz‘ < 7“0},
Cd(k 6) :Sup{‘k(xla ) - k(&?g,y)‘ 1Y, T, X2 € Qa ||J?1 —.732” < E}

ok ok
W(ax €)= sup{\ (35173/)—%(@&”iyafflyfzeﬂ,

lz1 —z2| <e,1 <i<n}.
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Since u was an arbitrary element of U in (4.6) and (4.7), so we obtain

w(F(U),e) <w(p,e) +row(g, &) + Aw(U,¢)
ok ok
+ U,,m(Q) max{w(k,e),w(a—ﬁ,s), . ,w(a—xn,s)}.
Now, by the uniform continuity of p, ¢, %’i and %’i on the compact set 2 for
all1 <i¢<n, kand 8872 on the compact set Q x Q for all 1 < ¢ < n, we derive
that w(p,e) — 0, w(g,e) — 0, w(k,e) — 0 and w( 8’“7 g) — 0ase — 0.
Hence, we get '

(4.8) wo(F(U)) < Awo(U),

where A € [0,1). Finally, from (4.8) and applying Theorem 1.2, we conclude
that the functional integral-differential equation (4.4) has at least one solution
in the space C1(Q). a

Now, we provide two examples illustrating the main result contained in
Theorem 4.1 and showing its applicability.

Example 4.2. Consider the following the functional integral-differential equa-
tion

0. SR

t2$ucos ox , 0z
/ / T2 tes t nh (um(u,v)a(u,v)+v g(U,U))dudv.

Eq. (4.9) is a special case of Eq. (4.4) with

—t—2

e t?su cos(v)
t,s) = Vtd t,s) = i
p( 78) b q( 78) P 4 ) t2 es

Q= [0,1] x [0,1], g(u, v, zo, T1,22) = tanh(uzox; + v3x2).

k(t,s,u,v) =

)

It is easy to see that p,q € C1(Q) and A = 16 —. Also, g is continous, and if we
define a(t,s) = ((t) = 1, then condition (ii) holds. Moreover, k is continuous
and has a continuous derivative of order 1 with respect to the first argument,
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and we deduce

sup{/ / le(t, 5, u, v)|a(u, v)dudy - tsGOl}

2su cos(v 1
_bup{ t2+ —|ds:t,s €0, 1]} 3
sup{ E(t, s, u,v)| a(u,v)dudv : t,s € [0,1]

2tsu cos(v)(t? + e®) — 2t(t%su cos(v))
(t2 + 65)2

—sup{

sup {
= sup {

+e).

dudv : t,s € |0, 1]}

tsuv)

a(u,v)dudv : t,s € [0, 1]} =

Zucos(v)(t? + e®) — e* (t2su cos(v)) dudv 1,5 € [0,1]
@+ o)

2 (
Thus, by choosing D < 2, it is easy to see that each number r > 5 satisfies the
inequality in condition (iv), i.e.,

5 9
pllcr o) + Ar + D¢(r) < 2 16 ——r+2<r

Hence, as the number rg we can take 7y = 5. Consequently, all the conditions of
Theorem 4.1 are satisfied. This implies that the functional integral-differential
equation (4.9) has at least one solution which belongs to the space C*(9).

Example 4.3. Consider the following the functional integral-differential equa-
tion

(4.10) z(t) = () +/ ot* s /522! (s) + 323 (s )ds

t+4 1+I‘2( )6ssm(z/(s))
Eq. (4.10) is a special case of Eq. (4.4) with
1 2
t) = t)=——, k(t,s)=e€""°, Q=10,2
PO=0, al)= g kbs) =" =[]

V521 + 3z3

9(8, 20, 71,72, 73) = W'

5
It is easy to see that p,q € C*(Q) and \ = ITh Also, g is continuous, and if

we define a(t) = ¥/7 and ((t) = ¥/t, then condition (ii) holds. Moreover, k is
continuous and has a continuous derivative of order 1 with respect to the first
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argument, and we have

Sup{/: (1, 5)]a(s)ds : t € [0,2]} — Tsup {/02 5 |ds : t [0,2]}
<V/7e,
sup {/02 |%(t,s)|a(s)ds te [0,2]} =V/Tsup {/02 |2tet2_s|ds te [0,2]}
<47,

Thus, by choosing D < 4+/7e?, it is easy to see that each number r > e!©
satisfies the inequality in condition (iv), i.e.,

5
IPllca @ +Ar + DE(r) < or +4¥7et 7 <.

Hence, as the number o we can take ro = . Consequently, all the conditions
of Theorem 4.1 are satisfied. This show that the functional integral-differential
equation (4.10) has at least one solution which belongs to the space C*(Q) .
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