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INHOMOGENEOUS TWO-PARAMETER ABSTRACT
CAUCHY PROBLEM

M. KHANEHGIR*, M. JANFADA AND A. NIKNAM

ABSTRACT. We use the semigroup theory to study the inhomoge-
neous two-parameter abstract Cauchy problem 2-IACP

aru(ty,t2) = Hiu(ty, t2) + f(t1,t2)

1=1,2 tiE[O,ai)

U(0,0) = up, up € X,
where X is a Banach space, H; : D(H;) C X —» X,i=1,2,is a
densely-defined closed linear operator and f : [0,a1) X [0,a2) = X
is a continuous function (a1,a2 > 0). We discuss the existence and
uniqueness of solution of 2-IACP. In fact, we claim that if (H; , H>)
is the generator of a Co-two-parameter semigroup {W (¢1 ,¢2) }+, t.>0,
then 2-TACP with some conditions has a unique solution.

1. Introduction

Let X be a Banach space, B(X) is the Banach space of all bounded
linear operators on X and IR} = {(t1,t2,...,tn) : t; >0, i =1,2,...,n}.
By an n-parameter semigroup of operators we mean a homomorphism
W: (IR",+) — B(X) for which W (0) = I and denote it by (X, R}, W).
Let now {e;}™, be the standard basis of IR". Trivially for s€R", the
component u;(s) = W (se;) of W defines a one-parameter semigroup of
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operators, 1 = 1,2,...,n. Also for each integers 0 < 4,5 < n, the n-
parameter semigroup property implies that, u;(s)u;(s") = u;(s")ui(s).
The n-parameter semigroup (X, IR}, W) is called strongly (respectively,
uniformly) continuous if for each 7 = 1,2, ..., n, the one-parameter com-
ponents u;(s) = W(se;) are strongly (respectively, uniformly) contin-
uous. One can prove that the n-parameter semigroup (X, R, W) is

strongly continuous if and only if limtemn o W(t)r = x, for all zeX,
4 g

and it is uniformly continuous if and only if lim W(t) = I.
tEle,t—)O

Consider an n-parameter semigroup of operators (X, R}, W) and let
H;,i =1,2,...,n, be the infinitesimal generator of the component semi-
group {u;(t)}4>0 of W, i =1,2,...,n. We shall think of (H;, Hy, ..., Hy)
as the infinitesimal generator of (X, R",W).

N-parameter semigroups of operators introduced by Hille in 1944 and
one can see some of their properties in [3]. For some new results in the
theory of n-parameter semigroups and their applications one can see [4]
and [5].

If W is a Cy-n-parameter semigroup of operators then by the Hille-Yosida
theorem, H;, i+ = 1,2, ...,n, is a closed and densely defined operator.
Let D(H;) C X be the domain of H;, i = 1,2,...,n. For z€X; =
N, D(H;) we define || [1=| = || + Y0, || Hiz | -

In [1] one can see that if (X, R", W) is a Cyp-n-parameter semigroup of
operators with the infinitesimal generator (Hy, Hs, ..., H,) then
(a) Thereis M > 1 and w;€IR, i = 1,2,...,n, such that ||W(t1,t2,....t,)||
< MeXi=1ti%i So |W (ty, ..., t,)|| is bounded in any compact subset of
n .
=+
(b) f zeD(H;), so does W (t)z, for each te IR}, and H;W (t)x = W (t)H;x,
1=1,2,...,n;
(c) X1 ==, D(H;) is a dense subspace of X and moreover (X1, |.||1)
is a Banach space;
(d) For each integers 1 < 4,5 < n,D(H;H;)(\D(H;) € D(H;H;) and
for every = € D(HZH]) ﬂD(HZ), HiHjl‘ = HjHiJ?.

Also we have the Hille-Yosida theorem for n-parameter semigroups as
follows ([4]):

(Hy, ..., Hy,) is the infinitesimal generator of a Cy-n-parameter semigroup
{W () hemy satistying || W(ty, .., 1) |< MoeXi=1 % for some My > 1
and w; >0, =1,...,n, if and only if

(a) H; is a closed densely defined operator, 7 = 1,...,n, and
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RN, H)R(\ H;) = RO\ H)R(N, Hj), for all A > w; , X' > w; and
integers 1 < 1,5 < n,
(b) For each i =1, ...,n, [w;,00) C p(H;) and there is M > 1 such that

| RO\, Hy)F ||< ﬁ , i=1,..,n, and ReX > w;.

Now we introduce n-ACP and its solution ([4]).

Suppose that X is a Banach space, H; are closed linear operators from
D(H;) C X into X and a; > 0, ¢ = 1,2,....,n. Then a continuous
X-valued function u:[0,a1] X ... x [0,a,] — Xwith continuous partial

derivatives which satisfies the following n-parameter abstract Cauchy
problem n-ACP

(b1, 2, ey iy ooy tn) = Hiu(ty, ..o ty)
(1.1) i=1,2,.,n €0, a]
u(0) =uo  uo € iz D(H)
is called a solution of the initial value problem (1.1).

It is proved ([4, Theorem. 2.1]) that if (Hy, Ha,..., H,) is the infinites-
imal generator of a Cy-n-parameter semigroup (X, IR", W), then (1.1)
has the unique solution wu(ty,to,...,t,) = W(t1,te,....,tn)ug for each
ug € iz, D(H;), where (t1,t2,....t5) € [0,a1] X ... X [0, ay],

For convenience we denote by I, the positive two-cell [0,a;] x [0, ag]
where a = (a;,a2) € IR%. So one can see that for a closed linear opera-
tor A: D(A) C X — X, the two-parameter initial value problem

(1 2) %u(tl,h) — %u(tl,h) = A’u,(tl,tg) (tl,tQ) el,
’ u(0) =z z € D(A),

doesn’t have a unique solution for each z € D(A) in both I, and I, (this
can be proved in a similar way as in the proof of Theorem 2.5 of [4]). The
initial value problem (1.2) can have a solution, for example if (Hy, Hs)
is the generator of a Co-two-parameter semigroup {W (¢, t2)}4; t,>0 and
A = Hy— Hy then obviously u(t1,t2) = W (t1,t2)z is a solution of (1.2) in
any positive two-cell I, and for the initial value x € ﬂ?:1 D(H;) = D(A).

In this paper we intend to study the inhomogeneous two-parameter ab-
stract Cauchy problem 2-TACP
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%U(thb) = Hu(ti,t2) + f(t1,t2)
(1.3) t; € [0, ai), ;= 1,2,
w(0,0) = ug, ug € N2z, D(H;),

where H; : D(H;) C X — X, i = 1,2, is a densely-defined closed lin-
ear operator and f :[0,a;) x [0,a2) — X is a continuous function and
ai,ae > 0.

By a (classical) solution of 2-IACP we mean a continuous X-valued func-
tion u : [0,a1) X [0,a2) — X having continuous partial derivatives such
that u(ty,t2) € Noz; D(H;) for all (t1,t2) € (0,a1) x (0,a2) and u satis-
fies 2-TACP. In the next section we study conditions under which 2-TACP
has a unique solution.

We end this section with the definition of the Bochner line integral
that we use in the next section. Suppose that M (z,y) and N(z,y) are
continuous functions of two variables from the open disk B in IR? to a
Banach space X and suppose also that C is a curve in B with parametric
equations

T = f(t)
a<t<b

y =g(t)

Such that f,g have continuous first derivative on [a,b]. In this case
Bochner line integral M (z,y)dz + N (z,y)dy on C which is defined by

}éM(m, y)dz + N(z,y)dy
b
/fMU@%MﬂVWY+NU@%MﬂMWWﬁ

Also it is easily proved that if %—]‘;(x, y) and %—Z(m, y) are continuous in B
and there exists a function ¢ such that Vo(z,y) = M(z,y)i+ N(z,y)j ,
where i and j are the unit vectors of axes X and Y, respectively, and
C is a sectionally smooth curve (it means f(t) and g(t) are differen-
tiable functions except probably in the finite points) in B from the point
(z1,y1) to point (z2,y2), then the Bochner line integral

}éM(m, y)dz + N(z,y)dy
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is independent of the path C and

ﬁM(m,y)dm + N(z,y)dy = ¢(v2,y2) — ¢(x1,y1)-

2. Inhomogeneous two-parameter abstract Cauchy problem

Consider 2-IACP as we mentioned before.
Let {W (t1,t2)}4,,t,>0 be the Cp-two-parameter semigroup generated by
(Hq, H2) and let u(ty,t2) be a solution of 2-TACP. Then the X-valued
function of two-variables g(s1,s2) = W (t1 — s1,t2 — $2)u(s1, $2) has par-
tial derivatives for 0 < s1 < t1 , 0 < s9 < to and for i=1,2, we have

g—i = —H;W(ty — s1,t2 — s2)u(s1, s2)
+W (t1 — s1,t2 — s2)Hyu(s1, s2)
+W (t1 — s1,t2 — s2) f(s1, 52)
= W(t1 - 81,t2 — SQ)f(Sl,SQ).

So one obtains

(2.1) dg = W(t1 — 81,12 — 32)f(81, 82)(d81 + dSQ).

If 2-TACP has a solution and the Bochner line integral of the above
assertion from the point (0,0) to point (¢1,t2) exists (for example if
f(t,to) € LY(0,a1,X) for each ty € [0,az2), and f(to,t) € L*(0, a9, X)
for each ty € [0,a1) ), then this Bochner line integral is independent
of the path that connecting these two points to each other. So by line
integrating of two-sided of the assertion (2.1) from (0,0) to (¢1,%2) it
yields to

(t1,t2)

(2.2) u(tl,tQ) = W(tl’tZ)uo—i_]{ ) W(tl—sl,tg—SQ)f(Sl,82)(d31+d82).
0,0

This proves the uniqueness of the solution. Now we introduced a path
that we use in the Bochner line integral

(t1,t2)
’U(tl,tg) = fi ) W(tl — 81,t2 — 82)f(81,32)(d81 + d82).
0,0
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This path contains two line segments

81:t1
SQZt OStStQ.

We calculate the Bochner line integral v(#1,%2) on this special path and
denote it by V(t1,t2), so we have
t1 to
(2.3) Vti,te) = [ W(ti —t,t2)f(t,0)dt + [ W(0,t2 — 1) f(t1, t)dt.
0 0
Now if V(t1,t2) exists then for every up € X the 2-TACP has at most
one solution and if it has a solution, then V(¢1,%2) = v(t1,%2) and the
solution of 2-IACP is given by (2.2). It is natural to consider the right-
hand side of (2.3) as a generalized solution of 2-IACP even if it has
not partial derivatives relative to t; or t9, and does not strictly satisfy
the equation in the sence of (classical) solution. We therefore give the
following definition:

Definition 2.1. Let (Hy, H3) be the infinitesimal generator of a Cj-
two-parameter semigroup {W(¢1,2)}¢, 1,>0. Let ug € X and f(t1,t) €
L'(0,a2; X) and f(t,t3) € L'(0,a1;X) for each t; € [0,a1) and t, €
[0,a2). The continuous function

t1 2]
w(ty,ta) = W(ty,t2)ug + W (t1 —t,t2) f(t,0)dt + W(0,ty —t) f(t1,t)dt
0 0

is called the mild solution of the 2-IACP.

We will be interested in imposing further conditions on f so that for
ug € ﬂ?zl D(H;), the mild solution becomes a (classical) one.
Now we show that the continuity of f, in general is not sufficient to en-
sure the existence of solutions of 2-TACP for ug € ﬂ?zl D(H;). Indeed,
let (Hy, Hy) be the infinitesimal generator of a Cp-two-parameter semi-
group {W(t1,t2)}¢, 1,>0 and let € X be such that W (t1,2)x does not
belong to D(H;) for any t1,to > 0. Let f(s1,s2) = W(s1,s2)x. Then
f(s1,s2) is continuous for s1,ss > 0 . Consider the following 2-IACP

(2 4) { aitiu(tl’tZ) = Hiu(tlatZ) + W(tl,tQ)l‘ 7 = ]_’ 2

u(0,0) = 0.
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We claim that (2.4) has no solution even though u(0,0) =0 € ﬂ?zl D(H;).
Indeed, the mild solution of (2.4) is

(t1,t2)

U(tl, tg) = % W(tl—sl, t2—82)W(81, SQ).’L‘(dSl-i-dSz) = (t1 +t2)W(t1, t2)l‘.
(0,0)

But (t1 + t2)W(t1,t2)x does not have partial derivative relative to ¢;

for t; > 0 and therefore u(t1,t2) cannot be the solution of (2.4).

Thus in order to prove the existence of solutions of 2-IACP we have to
require more than just the continuity of f. In the following theorem we
state a general criterion for the existence of solutions of 2-IACP. In fact
we prove that if ug € ﬂ?zl D(H;) and f has some conditions then

t1 to

U(tl,tg) = W(tl,tg)UO + W(tl - t,tg)f(t,())dt + W(O,tg - t)f(tl,t)dt
0 0

is a solution of 2-TACP. Our technique for proving theorem 2.2 is based
on Pazy’s technique for the one-parameter case [6].

Theorem 2.2. Let (Hy, Hy) be the infinitesimal generator of a Coy-
two-parameter semigroup {W(t1,t2)}s, 1,>0 and let f be a continuous
function on [0,a1) x [0,a2) such that f(ty,t) € L'(0,a9;X) for each
l1 € [070’1) and f(tatQ) € Ll(oval;X) fOT‘ each lo € [0,&2), rang(f) c
ﬂ?le(Hi) and f has continuous partial derivatives and satisfies the
following partial differential equation

S f1,2) = e f(1,2) = (= o) (11, 1).
Let
V(tl,tQ) = " W(tl — t,tQ)f(t, O)dt + ? W(O,tQ — t)f(tl,t)dt
0 0

Jor 0 <ty <ap, 0< 1 <as.

Then 2-IACP has a (classical) solution u on [0,a1) X [0,a2) for every
ug € ﬂ?zl D(H;) if one of the following conditions is satisfied:

(i) V(t1,t2) has continuous partial derivatives on (0,a1) % (0, a2).

(il) V(t1,ta) € 2o, D(H;) for 0 <ty < ay , 0 <ty < ag and H,V (t1, t2)
and HyV (t1,t2) are continuous on (0,a1) % (0,a2).

If 2-TACP has a (classical) solution u on [0,a1) x [0,a2) for some ug €
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ﬂ?zl D(H;), then V (t1,t2) = v(t1,t2) satisfies both (i) and (ii).

Proof. If 2-TACP has a solution u for some ug € ﬂ?:1 D(H;), then this
solution is given by (2.2). Consequently v(t1,t2) = u(ty,t2) —W (t1, t2)ug
has partial derivatives for t; > 0 and t5 > 0 and we have

U(tl,tg) = U

(tl,tg) - W(tl,tQ)Hiu(), 7 = 1,2
ot;

at;
Obviously the above derivatives are continuous on (0, a1) % (0, az). There-
fore (i) is satisfied. Also if uy € ﬂ?zl D(H;), then W (t1,t2)ug €
ﬂ?:l D(H;) for ty,ts > 0 and therefore v(t1,t2) = u(ty,to)—W (t1,t2)up €
N:_, D(H;) for t1,t, > 0 and

Hiv(ti,t2) = Hyu(tr,t2) — HiW (1, 12)uo
= Bitiu(tlatZ) - f(tlat2) - W(t1,t2)Hiu0

is continuous on (0,a1) x (0,a2). Thus (ii) also is satisfied.

Now we show that if V' (¢1,%2) satisfies one of the conditions (i) or (ii),
then u(ty,to) = W(t1, t2)ug + V (t1, t2) is the unique solution of 2-TACP.
For V' (t1,t2) we have

W(h;LU)flv(tl, tQ) — V(t1+h,t2}27V(t1,t2)

2.5 —1 t“*" W(t, + h —t,£2) f(,0)dt
—L 2 W (0,8 — t) f(t1 + Ry t)dt

+3 o W(hytz — ) f (11, t)dt
By the continuity of f the second term on the right-hand side of (2.5)
tends to W (0,%2)f(t1,0) when h tends to zero. Also by adding

to

1
£ [ W0, — ) f (b, )t
0

to the last term of the right-hand side of (2.5), and letting h goes to zero
we obtain

H\V(ty,t2) = 2=V (t,t2) — W(0,2) f(£1,0)
— [ W(0,t2 — t) 5L (11, t)dt
+f H W (0,ty —t)f(t,t)dt.
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So we have

H1V(t1,t2) — Bith(tl,Ib) = _W(07t2)f(t170)

o WOt = )[H f(t1,1) = B (11, D).
Now we show that the right-hand side of (2.6) is equal to —f(tl, t2).

(2.6)

W (0, 82) f (t1,0) — [ W (0,8 — £)[H f (t1,2) — (tl, t)d]
= W(0,t2) £ (t1,0) — [y W (0,2 — t)[Haf (t1,t) — L (t1,t)dH]

= W(0,t2) f (t1,0) — [y? HoW (0,2 — £) f (t1,t) — W (0,2 — t) 3L (1, )dt
= W(0,%2) f(t1,0) Jrf1t2 VLD £ (41, ¢)dt + W (0, 8 — ¢) LU0 g

= W(0,82) f(t1,0) + f(t1,t2) — W(0,t2) f(£1,0) = f(t1,t2).

So we obtain

(2.7) H\V(t1,ta) = 2=V (tr,12) — f(t1, ta).
On the other hand it is easy to verify that for A > 0 the identity
W (0,h)—1 _ V(ti,t2+h)=V(t1,t2)
(2.8) Vi) "
— 4 [P W0, + B — t) f(t1, t)dt
holds.

By the continuity of f it is clear that the second term on the right-hand
side of (2.8) has the limit f(¢1,¢2) as h — 0. So we have

(2.9) HyV (t1,ta) = 2=V (t,12) — f (b1, ta).
If V(t1,t2) has continuous partial derivatives on (0,a1) % (0,a3), then
it follows from (2.7) and (2.9) that V(ty,t2) € Nie; D(H;) for 0 <
t1 < a1, 0 <ty < ay and since V(0,0) = 0 it follows that u(ty,t2) =
W (t1,t2)ug + V (t1,t2) is the solution of 2-TACP for ug € (;_, D(H;).
If V(ti,t2) € i, D(H;) then it follows from (2.4) and (2.7) that
V(t1,t2) has partial derivatives from the right at ¢; and t5 and the
right partial derivative g—ZV(tl,tg), i = 1,2, of V satisfies the equa-
tion WV(tl,tg) = HiV(tl,tQ) + f(tl,tg) Since WV(tl,tg) 1= 1,2,
is continuous, V' (t1,%2) has continuous partial derivatives at ¢; and to
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and %V(tl,h) = HiV(tl,tg) + f(tl,tg). Since V(0,0) =0, u(tl,tg) =
W (t1,t2)ug 4+ V (t1,ts) is the solution of 2-TACP for ug € (i, D(H;)
and the proof is complete.

O

Now we can obtain f(¢,t) from two-parameter initial value problem
(1.2). As we mentioned two-parameter initial value problem (1.2) doesn’t
have a unique solution for each z € ﬂ?zl D(H;) in both positive two-cells
I, and I, so f(t1,19) is not unique for each = € ﬂ?zl D(H;) in both pos-
itive two-cells I, and I,. For example, assume that ug € ﬂ?zl D(H;)
and f(t1,t2) = W(t1,t2)ug. By these assumptions, the conditions of
Theorem 2.2 hold and ’U(tl,tg) = (tl + tQ)W(tl,tQ)UU. So u(tl,tg) =
(t1 + to + 1)W (1, t2)up becomes a classical solution of 2-TACP.
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