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CONSTRUCTION OF COMPACTLY SUPPORTED
NONSEPARABLE ORTHOGONAL WAVELETS OF L%(R")

Y. SHOUZHI* AND X. YANMEI

Communicated by Fereidoun Ghahramani

ABSTRACT. We present a method for the construction of nonsepa-
rable and compactly supported orthogonal wavelet bases of L? (R™),
n > 2. The orthogonal wavelets are associated with dilation ma-
trix 31,,, where I, is the identity matrix of order n. An example is
given to illustrate how to use our method to construct nonseparable
orthogonal wavelet bases.

1. Introduction

In recent years, multivariate nonseparable wavelets have attracted the
interest of many mathematicians. The details can be seen in [1]-[3] and
[9]-[11]. Although separable wavelet bases have a lot of advantages, they
have a number of drawbacks. They are so special that they have very
little design freedom, and separability imposes an unnecessary product
structure on the plane which is artificial for natural images. One way to
avoid this is through the construction of nonseparable wavelets.

Nonseparable wavelet bases have enough degrees of freedom to con-
struct bases having several properties simultaneously such as orthogonal-
ity, symmetry and compact support. The theory and the design of 1-D
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compactly supported wavelet bases are well understood. Although the
theory and analysis of multivariate wavelet bases have been extensively
studied, the design of n-D compactly supported nonseparable orthogonal
wavelet basis is still a challenging problem. As we know, the construction
of nonseparable wavelets with dilation matrix 21, is possible (see [5]-[8]).
In [5], the author has given a brief description of a fairly general method
for constructing compactly nonseparable and orthonormal wavelet bases
of L2(R™). In [6] and [7], the author has studied the construction of non-
separable biorthogonal and orthogonal wavelets of L?(R™) respectively,
for n > 2. Currently, it also turns out that many researchers proceed to
study the nonseparable wavelets with dilation matrix M, specially the
matrix M satisfying M2 = 21 (see [2], [10]-[11]). Such dilation matrices
make the MRA involve a unique wavelet which is easy to construct from
the scaling function.

Here, based on [6] and [7], we use a set of matrices D;, i =1,--- ;n—1,
satisfying some conditions to give the construction of n-D nonseparable
orthogonal wavelets, and give a proof that the constructed orthogonal
wavelets are nonseparable. Finally, we give an example.

2. Design of n-D low-pass orthogonal wavelet filters

In this section, we first provide the reader with some definitions to
be used frequently in our work. In the following, we denote the point
(w1, wa, - ,wy) € R¥, mp = (m,m,---,m) € R*, and Dy by the identity
matrix I,,. Finally, if D € Z™*™ is a square matrix, then D(w) denotes
the product D - w”.

Definition 2.1. A ladder of closed subspaces {V;}jcz of L?(R") is called
a multiresolution analysis (MRA) if the following conditions hold:

(i)V; C Vjqq for j € Z;

(ii) ﬂjeZ V; = {0}, Ujez V; = L*(R");

(i) f(z) € V; <= f(32) € Vjsu;

(iv) there exists a function ¢(x) in Vg such that the set {¢(z—k) }rezn
is a Riesz basis for Vj.

Definition 2.2. A matrix D € Z"*™ is said to be a dilation matrix if
all its singular values o;,7 = 1,--- ,n, are larger than 1 in modulus.
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Definition 2.3. Define a set E,, = {0, %77, %ﬂ}” and let n; be an element
of Ep; if nl = %Wn —n; and n? = %ﬂ'n — ni, then n} and n? are said to
be symmetric of 7; in E,. A subset A of E, is said to be symmetric if
Vni €A, 3n! € Amod (27Z™), and n? € A mod (27rZ"), where 5! and
n? are symmetric of 7; in A.

Definition 2.4. An n-D wavelet filter H, (w1, ,wy,) is said to be
separable if H,,(-) can be written in the following form:

k
Hy (w1, ,wp) = Hmi(ailwl + -+ Qinwn),
=1

for some integer 1 < k < n. Here, m;(+) are some 1-D wavelet filters and
(ait, -+ aimn) € Z".

Using the properties of MRA, we conclude that the scaling function
®(x) has to satisfy the following dilation equation,

(2.1) O(x) = > ap®(3z—k).

kezn

By taking the Fourier transform on both sides of (2.1), we get
~ e w
(2.2 ) = [[ (5
=

where Ho(w) = 37" Y aze”™*“. To construct compactly supported n-
kezn
D orthogonal scaling functions, we need to construct n-D trigonometric

polynomials H,,(w) satisfying the following condition,

2 4
(2.3) \Hn(w)\2+\Hn(w+§7rn)\2+|Hn(w+§7rn)12 =1, Yw e R".

The construction is given by the following lemma.

Lemma 2.5. Let Hi(w) and G1(w), G (w) be a 1-D low-pass and two
high-pass orthogonal filters. Define the n-D filter H, (w1, - ,wy) by the
following iterative process: Y2 < k < n, choose an integer 1 < f, < k—1
such that
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Ppq(wi,- ywp—1) = Hp_1(3wi, -+ ,3wi—1)

2 2
Qr—1(wi, - wrp—1) = Hp_1(3wi + 37 Bwp—1 + o)

3
4 4
Rp_1(wi, -+ ywg—1) = Hi—1(3wr + 3T Wk-1 gﬂ)
Hiy(wy, - wi) = Peoi(wi, - wp—1)He (Wh—gp1, -+ Wk)
FQr—1(w1, -+, wi—1)Gry (Wr—gy 1157 > Wk)
FRy_1 (w1, wk—1)Gy, (W1, s WE)s
where Gy(wi, -+ ,wy) and G;(wl, -+ wy) satisfy the following equation,
(2.4) MM* = I,
Hg(w) Hg(w + %71’[) He(w + %7‘(’[)
= | Guw) Golw+3m) Gilw+3m) |, Yw € RE. Then,
Gy(w) Gyw+3m) Gy(w+3m)
. 1. Moreover, Hy(wi, -+ ,wy) satisfies the condition

Proof. The proof is carried out by induction. First, we check the re-
sult for £ = 2. In this case, fo = 1, Pi(w1) = H1(3w1), Q1(w1) =
Hi(3wi + 2m), and Ry(w1) = Hi(3w; + 3m). Since Hy(0) = 1, and
Hl( ), G1(w), G (w) satisfy the orthogonal condition (2.4), then Gy (0) =
1(0) = 0. Hence, Hy(0, 0) = 1. Since Py(w1) = Pi(wy + 37) = Pi(wy +
), ( 1) = Qi(wr + 37) = Qi(w1 + 37), Ri(w1) = Ry(w1 + 37) =
(w1 + 37), we get

;UOJH; Q

2 2 4 4
| Ha (w1, w2)[* + [Ha(wr1 + gMwz + gﬂ)\Q + [Haz (w1 + gMwz + 377)\2

2 4
= |Py(w1)P[|Hi(w2) > + [Hi (w2 + gﬂ)!z + [H1 (w2 + §7r>|2]

+|Q1(W1)\2HG1(W2)|2 + |G1 (w2 + ;W”z + |G (w2 + %W”z]

/ / 2 ! 4
H R (@) PG (@2) P + [Gr(wa + 3m)F + |G (wz + 5[]
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+Pi(w1)Q1(w1) [Hi(w2)G1(w2) + Hi(wa + gﬂ)Gi(wz i gﬂ)
4
3

LG (s + )] + Pulwn) Br(wn)[Hi (w2) G (w2)

3
2 ; 2 4 7

+H; (w2 + =) 1(w2+77r)+H1(w2+§7r)G1(w2+ )]

2

3 3
Q1 (1) Pr(01) G (w2) Fa(w2) + Ga(wr + 2 ) B (e + 27)
+G1 (w2 + gﬂ')H (wo + ;17'()] + Q1(w1) Ry (w1)[G1(w2) G (we)
+Ch (wn + gw)a (ws + §7r) +Gilwat gw) gw)]

+Ry (1) Pr(w1)[G) (w2) Hi(w2) + Gy (w2 + ;mmwz N ;W)

G (wn + 5B + 5]+ B (wn) @ (1)[G ()G (02)
4

+G/1(W2 + %W)a(w2 + gﬂ) + Gll(w2 + %W)a(WQ + §7T)]
= |P(w1)]? + |Q1(w1)|? + |Ri(w1)|* + P(w1)Q1(w1) - 0
+P; (wﬁE(u&) -0+ Ql(w1)?( ) 0+ Q1(w1)R1(w1) 0
(w

+R1(w1)Pr(w1) - 0+ Ry(w1)Q1(wi) - 0

4
= |H1(3w1)|2+|H1(3w1+ )|2+|H1(3w1+3 m* = 1.

+H; (WQ +

ll(wz +

Next, we assume that the lemma holds for all 2 < ¢ < k < n. For 2 <
¢ < k, we have Hy(0,---,0) = 1, and G¢(0,---,0) = G,(0,---,0) = 0.
Since {11 < k, then
Hjy1(0,--+,0)
= Pk’(ov T 70)H€k+1(07 Tt 70) + Qk(07 Tt 70)G£k+1 (07 e 70)
+R (0, ,0)Gy, . (0, ,0) = 1.

The induction hypothesis also implies that for 2 < ¢ < k, Hy, Gy, G/e
satisfy the equation (2.4). Next, we check the result for k£ 4+ 1. For the
sake of simplicity, we let Py(-) denote Py(w1,- -+ ,wk), Pr(-+ %Trk) denote
Py(wy + %ﬂ', coe Wi+ %7‘(‘), and Pg(-+ %Wk) denote Py (w; + %ﬂ', coe L wi
%77). Similarly, Qk, Rg, Hi+1 and ngH, Glzl€+1 will be denoted as follows.
Since Py(-) = Pe(- + 2m) = Pu(- + 3mk), Qr(-) = Qr(- + 3mk) = Qu(- +

3mi), Ri() = Ri(- + 3m1) = Ri(- + 3mg), then by using the induction
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hypothesis, we get

2 4
|Hi1 () + [Heg (- + gﬂkﬂ)\z + [Hya (- + g?rkﬂ)!z

2 4
= ‘Pk()‘Q [‘H5k+1(')’2 —+ ’H€k+1(‘ + gﬂ-fk+1)‘2 + |H5k+1(' + §W€k+1)’2:|

2 4
QRO (G OF + |Gy -+ 570, + |Gy -+ 5700,

/ / 2 / 4
HRLO)2 (G, OF +1Gh,, 4 50+ (Cry, (4 570,

— - - 2
+Pk:Qk‘() [sz+1G£k+1 () + ka-q-lek-&-l(' + §W£k+l)

| . —
+ka+1G1k+1 ( + gﬂ-fkﬂ)] + PkRk(') [HékﬂGekH(')

- 2 - 4
+H€k+1Gék,+1 ( + gﬂ-ﬂk-u) + H€k+1G£k+1(' + g £k+1):|

_ - 2
+QkPk‘(') [GZkHHZkH () + GZkHHZkH ( + gﬂ-ekJrl)

4 J— 7
+G€k+1H5k+1 ( + gﬂfkﬂ)] + QkRk() |:G€k+1G€k+1 ()

2 — 4
(' + §W€k+1) + G€k+1GZk+1(' + §W£k+1 ):|

_ ;o P 2
+Rkpk(> |:G€k+1Hek+1 () + G€k+1Hek+1 ( + gﬂ—flwrl)

e 4 — PR
+G€k+1Hék+1 ( + §7WIH1)] + Rka’() |:G€k+1G€k+1 ()

P 2 ;o — 4
+G£k+1G£k+1 ( + gﬂfkﬂ) + Gﬂk+1GKk+1 ( + gﬁfkﬂ)}
1Pe()1* + 1Qe (D> + [Ri()?

2 4
= |Hp(3)]* + [Hi(3- +§7rk:)!2 + |Hy(3 - +§7Tk:)|2 =1

+Gfk+1 G,

L1

Then, the induction hypothesis holds for k + 1. Hence, we get |H,,(-)|? +
|Hp (- + 2m0) 2 4 |Ho (- + 3m0) 2 = 1. O

It is well known that to design a compactly supported orthogonal wavelet
basis of L2(R™), it is necessary to construct one low-pass filter H, and
3" — 1 high-pass filters H;, ¢ = 1,---,3"™ — 1. Consequently, a set of
special matrices is required for the design of H.
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For ¢ =1,---,n — 1, we consider a set of n — 1 matrices D; € Z"*"
satisfying the following three conditions:

(c1) Vnj € Ey3 77]1- € E, and 77]2 € E, such that D;(n;) = Di(njl)
mod (27Z"), and D;(n;) = Di(n]z) mod (27Z"™), where 77]1 = 2m, —
Uiz 77]2 = %Wn —7Nj-

(ca)  Ifny #mj, ny #nj and ny # 03, then Di(n;) # Di(n;) mod
(2mZ™).

(c3) IfF;=D;D;_1---Di(FE,) mod (2rZ"), then F; is a symmetric
subset of E,; i.e., Vn € F;, n' € F;, n? € F.

By Lemma 2.5, we prove the following theorem providing us with n-D
low-pass orthogonal wavelet filters.

Theorem 2.6. Let H, (w1, ,wy) be the n-D filter of Lemma 2.1. Let
D1,Do,--- , D, 1 be the dilation matrices that satisfy the above three
conditions (c1), (c2) and (c3). Define an n-D filter Ho by

n—1
(2.5) Ho(wr, -+ swa) = [ Ha(De+ - Dolwrs- - wn)).
k=0

Then, Ho(0,---,0) = 1. Moreover, Hy satisfies the following orthogo-
nality condition,
3n—1
(2.6) > [How+m)P =1, Ywe R",
i=0

where 13, © = 0,---,3™ — 1 are the different points of the set F, =
{0, %71', %ﬂ'}".

Proof. Since H,(0,---,0) = 1, then Hy(0,---,0) =

n—1
kH Hn<Dk-~D0(0,--- ,0)) = 1. We first let 772-1 = M3n-144, 17Z~2 =
=0

No.gn—114,1 =0, , 3771 — 1. Since Dy (n;) = Dl(nil) mod (27Z™), and
D1 (n;) = D1(n?) mod (272"), Vn; € E,, we conclude that
31

> [Ho(w+m)P?

1=0

3"—1 n—1 9
= > [Ha(w+m0) 2 T] [Ho(Die- Dafw + ) |
=0 k=1
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3n-1l-1
> (| H(w +m)2 + [ Halw + 1) + [ Ho(w + )2

i=

n—1 9
x IT | Ha (e Datw + 1)
k=1
3"l -1n— 9
= H‘ ( D1(w+771)>‘ .
=0 k=1

Again, we let DI(n;) = Di(n3n-244), D3(n;) = Di(np.3n-2,;), where
Di(n;) and D%(m) are symmetric of Dq(n;), i = 0,---,3""2 — 1. Then
Ds[Dy(m:)] = Da[Di(m:)] mod (2n2"), and Da[D1(n;)] = D2[D3 (1))
mod (2nZ™), Vn; € E,, obtaining

3n—l_1n-1
Z H‘H (Dk Dl(w‘H%))‘
=0 k=1
3n 1 -1 2
= ’H (Dl W"i‘nz)‘ H‘Hn(Dk D2D1w+771)>‘
=0
3n—2-1 9
= Z [‘Hn(Dl(w+nl))’ +‘Hn<D w""ﬁz)’
=0

sl (ot 0) [ T |t (9 i)

3n—2_1p—1 2
- ¥ H‘Hn<Dk---D1(w+77¢))‘
i=0 k=2
_ “Hn([Dnl“‘Dl](w‘FnO)‘ + |Ha (Dot Do) |

+‘Hn<[Dn—1"'D1]2(w+770)>‘ 1,

where [D,,_1--- D1]'(n;) and [Dy,_1 - - - D1]%(n;) are symmetric of
[Dy—1---Di](n;). Hence, (2.6) holds. O

Theorem 2.7. The wavelet filters Ho(wi,w2) given by Theorem 2.6 are
nonseparable.
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Proof. According to Theorem 2.6,
(2.7) Ho(w1,wa) = Ha(wr,w2)Ha (Dl(w17w2)>,

where Ha(wi,ws) is defined as given in given in Lemma 2.5. To show
that Ho(w1,w2) is nonseparable, we only need to check that Ha(wi,ws)
is nonseparable. By Lemma 2.5, we get

(2.8) 5 4
Hy (w1, w2)=H;(3w1)H, (WQ)+H1(3W1+§7T)G1(W2)+H1 (3w1—|—§7r)G1 (wa),

where Hi(w;) is a 1-D orthogonal filter. We assume that Ha(wq,ws) is
separable.

First case: we prove that
(2.9) Hy(wi,w2) = mi(a1iwi + ajawe)me(agiwi + agews)

is not possible, where m1(-), ma(-) are two 1-D orthogonal filters,
(a11,a12), (a21,a2) € Z2.

Next we discuss the following nine cases:
(i) a11 + a12 = 0 mod (3) and a9y + aze = 1 mod (3). Since

2 2 4 4
(2.10) |H2(w1, W2)|2+‘HQ(W1+§7T, WQ+§7T)‘2+|H2(W1+§7T, WQ+§7T)|2 =1.
for the sake of simplicity, we let m1(A) denote mq(ajjwi+aiows), ma(B)
denote mg(agiwi + azaws). Then, by substituting (2.9) into (2.10), we
get
2 2 2 2

ma(A)2ma(B) + |ma[A + Sr(an + aw)]|
2
—
3

4
X ’m2[B + §7T(G21 + az)]

(a1 + as2)] ‘2 + ‘ml [A+ %W(all + a12)] ‘2

X‘mz[B—f— 3

‘2
= (AP [Ima(B)P + pma(B + Zm)? + ma(B + 31|

3 3
= |mi(A))?-1=1, Y(w1,ws) € R?,

which is a contradiction. The same result holds in the following cases:
(ii) a11 + aig = 0 mod (3) and as1 + ase = 2 mod (3);
(iii) a11 + a12 = 1 mod (3) and ag; + age = 0 mod (3);
(iv) a11 + a12 = 2 mod (3) and ag; + aze = 0 mod (3);
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(v) a11 + a12 = 0 mod (3) and ag; + age = 0 mod (3).

Next, we consider the case:
(vi) a11 + a12 = 1 mod (3) and ag; + aze = 1 mod (3). Similarly, by
substituting (2.9) into (2.10), we get
2 2 2 2
M (A)Pma(B)? + [ma[A+ r(an +ar2)]

X ‘WQ[B + gﬂ(azl + a22)]‘2 + ‘m1[A + %W(an + a12)]‘2
X ‘m2[B + %W(am + a22)]‘2
= I ()P ma(B) + s (A + Sm)PFlma (B + )P
L= I (A ~ s (A4 )P~ fma (B — ma(B + )

= |mi(A)P[Ima(B) + ma(B + §7T)|2 -1

Hom (Bl (A +ma (4 + Sl ~ 1]
= (At omPllm (B + o)~ 1

2 2
+|my (B + gﬂ)|2[|m1(A + gw)\Z —1]+1
= 1.

Since |m1(A + %7?)\2, |m1(B + %ﬂ)|2 < 1, by the previous equality, we
get [my(A+ 2m)[2 = |my(B + 3m)|*> = 1, which is a contradiction. The
same result holds in the following three cases:

(vii) a1 + ai2 = 1 mod (3) and ag; + aze = 2 mod (3);

(viii) @11 + a12 = 2 mod (3) and ag; + age = 1 mod (3);

(viiii) a11 + a12 = 2 mod (3) and a9y + aze = 2 mod (3).

Hence, we have proved that (2.9) not to be possible.
Second case: we prove that
(211) Hg(wl,WQ) = mo(alwl + agwg)

is not possible either, where mg(-) is a 1-D orthogonal wavelet filter.
Next, we discuss the following three cases:
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(i) a1 + a2 = 0 mod (3). By substituting (2.11) into (2.10), we get
Imo|?(a1w1 + asws) = 1/3,¥(w1,ws) € R? , which is a contradiction with

(ii) a1 + a2 = 1 mod (3). First, we assume that a; = 1 mod (3) and
az = 0 mod (3). According to (2.11) and (2.8), we get Hy(3m,0) =
mo(%ﬂal) =0, Hg(%ﬂ', %7‘(’) = mo(%ﬂa1/+ %71’&2) = G/l(%ﬂ'), and
Hy(%m, %71) = mo(3may + %ﬂ'ag) = Gl(%ﬂ'). On the other hand, since
az = 0 mod (3), we obtain mg(3ra;) = mo(3mas + 3waz) = mo(3mar +
%ﬂ'ag). Hence, we get G/l(%ﬂ') = Gi(%ﬂ) = 0, which is a contradiction
with G} (0) = 0. Second, we assume that a; = 0 mod (3) and ag = 1 mod
(3). According to (2.11) and (2.8), we get Ha(3m,0) = mo(37a1) = 1,
HQ(%?T,O) = mo(%ﬂal) = 1. Since a3 = 0 mod (3), we get mg(%w) =
mo(3m) = 1, which is a contradiction with mg(0) = 1.

(iii) a1 + a2 = 2 mod (3). The proof is similar to (ii). Collecting
everything together, we conclude that Hs(wi,ws) is nonseparable. Fur-
thermore, Ho(w1,ws2) is also nonseparable. O

Similarly, the previous proof can be easily extended to the n-D case.
Then, we get the following corollary.

Corollary 2.8. The wavelet filters Ho(w1, -+ ,wn) given by Theorem
2.6 are nonseparable.

3. Design of n-D high-pass orthogonal wavelet filters

As we have previously mentioned, the construction of the 3™ — 1
mother wavelets W%, i = 1,---,3" — 1, requires the construction of
3" — 1, n-D high-pass filters H;, ¢ = 1,--- ;3™ — 1. These high-pass
filters together with the previously defined filters Hy have to satisfy the
equations,

3n—1
(1) Y Hiw+n)Hy(w+mn) =0y, V0<ii <3"—1, weR",
j=0

where 7, 7 = 0,---,3" — 1, are the different points of the set E, =
{0, %71’, %7‘(}”.
In our case, a solution to (3.1) is given by the following theorem.
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Theorem 3.1. Let Hy(w) = Hp (w1, ,wy), where w € R™, and Hy(+)
is the wavelet filter as specified in Lemma 2.5. Let D1, Dsy,--- ,D,_1 be
the dilation matrices that satisfy the three conditions (c1), (c2) and (c3).
If H; is the filter defined by:

753.2) Hi(w) =

3

— &t 1—¢&t
kGO(Dk N DQ(A))"‘W]C

, 1
[a;HO(Dk - Dow)+

Go(Dy - - Dow) |,
g \/§ 0 k 0 }

x>

where Gy, Gz) together with Hy satisfy the following equation,

Hy(w) Ho(w+ %71'“) Hy(w + %wn)
Gp(w) G9(w + §7Tn) Gg)((x) + gﬂn)
Golw) Golw+ 3m,) Golw+ 3m)
Ho(w) Hy(w+ 2m,) Ho(w+ %7['”) *
x| Go(w) Go(w+35m) Go(w+ 37m0) = I3,
Go(w) Goylw+ 2mn) Golw + 3T0)

(eb,€%, -+ ,€%)iz1,.. an_1 are the different points of {0,1}"\(0,--- ,0).
Then, H;, i =1,---,3" — 1, is a solution of (3.1).

Proof. First, we consider two integers i,i € {1,-+-,3™ — 1} such that
i # 4 and prove that

3"—1
Z Hi(w +nj)H; (w+n4) =0.
=0

Since i # z'/, then there exists 0 < ¢ < n — 1 such that E}; = EZ, V<
k</?¢{—1and 62 #* Eg. We assume that Eé =1, 55 = 0. We first study
the case where 0 < ¢ < n — 1. By using the factorization technique in
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the proof of Theorem 2.6, we get
3n—1
> Hilw + ) Hy (w +15)
§=0

371 ,
. 1—¢ 1—¢&t ’

= Y |ehHo(w +m5) + —=2Go(w + ;) + —=2Gp(w + 1)

— [ V2 V2 }

1-— 8i/7,
+#GO <Dk s DO(W + nj))]
311

= Y {[66H0(W+nj)+1_\/§()GO(W+nj)+l

Jj=0

x[eb Ho(w + ;) + —="Co

ro. 1
+|ebHo(w + nj) +

X
o
=
/N
S
El
N
=N
&
+
S
=
+

XGO(Dk -+ Do(w + Uj)) + 1_781%;0(171@ -+ Do(w "’773’))}

V2

X [5ZFO<DI€ -+ Do(w + 77j)> + \/gk CTO(Dkz +++ Do(w + 77;'))
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1;jq@%mmw+wﬂ

) 3nl- 1:[ [5kHo(Dk Do(w—l—nj)) +
=0

_l’_

7
]._Ek

V2

( - Do w+m)) +1_\/§§€G6(Dk'“DO(W+77j)>}
"Ho(D

( -+ Do w+m)) 41 \_/gz%(Dk~'-Do(w+nj))

et

1-
V2

+ F(Dk Do(w—km)ﬂ

3n—t_1np—1

= Z H [E%H{)(Dk...D()(w +77j>> + 1\_/52

j=0 k=t

\_/;;GE)(Dk"‘DO(W‘Fnj))}

i
1_€k}

V2

xGo(Dk -+ Do(w +7]j)> + !

x[EZE(Dk"'DO(W+nj)) + G70<Dk"'Do(W+nj))

ARG (e Dyt )]

V2

. jZO_I{Ho([Dg---Donw)) [5G (1D Dl +)
4G (D Dol +1) | + Ho ([P Dol +1)
>{gaﬂ0 Do+ 1)) + Gy (1D D'+ )]
(1D w+m)L@G4ww~mﬁw+m0+j§
%Gy (1De- Do (w + 1)) | } ﬁ [z Ho (Dy -+ Do(w + 1))

h=t+1

+1\_/§kGo(Dk;“'D0(w+77j)) + 1_\/§ZGE(D,€ "'Do(w+ﬁj)>]
[T (e D+ ) + LG (D1 Dute )

i
1_€/€

a2

Go(Di++ Dow+ny) | =0,
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where [Dy - -+ Do]*(n;) and [Dy - - - Do)]?(n;) are symmetric of
[D¢---Do)(n;), £=0,---,n — 2. For the second case where £ =n — 1,
one can easily check that

3n—1

Z Hi(w +nj)Hy (w + ;)

= Ho([Dn_l -+ Dol(w + 770)) L}iGO([Dn_l -+ Dol(w + 770))

1 =
+72G0([Dn—1 -+ Do) (w + 770))} + HO([Dn—l -+ Dol (w + T]o))
1
X [7 0<[Dn—1 (w+mo) )
1 =
+ 2G0([DN—1' Hw +mo )] +Ho< "'DO]Q(W‘H?O))
1
X [7 0<[Dn—1 (w+mno )
1 =
5o (IDacr - Do+ m) | = 0.
Finally, the case i = ' has a proof similar to that of Theorem 2.6 and
3n—1 _
we conclude that ZO Hi(w+n;)Hi(w+n;) = 1. O
j=

Remark 3.2. It is well known that condition (3.1) does not ensure that
H;, i =1,---,3" — 1, generate an orthogonal wavelet basis of LQ(R’f).
In fact, we need to study the stability of the wavelet functions L

generated by H;. The stability of \11; ;. can be similarly established as in
[7].

4. An example

Example. Let Hi(w) = £(1+ 2+ 2%), 2 =¢™, w € R. According to

[4], Hy(w) generates an orthogonal Haar scaling function ¢ with scale=3.

Then, we have Y |¢p(w + 27k)|?> = 1. Hence, the translates of ¢ are
keZ

stable. Furthermore, Hj(w) also satisfies the condition,

2 4
[H(@)? + | Hy(w + 5m)P + [+ 5m)° = 1, Yw € R,
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Let Hy(wi,w2) be the 2-D filter given by Ha(wi,w2) = Hi(wi). It is
easy to see that Hy(w,ws) satisfies the condition (2.3). Consequently,
2 1
-1 1
satisfies the three conditions (c1), (c2) and (c3). Hence, by applying
Theorem 2.6, we conclude that the 2-D wavelet filter Hy given by

Ho(wi,w2) = H2(w17w2)H2<D1(w1,w2)>
= Hl(W1)H1(2wl +u)2)

1 . . 1 . .
[ e o) [ et o]

1
= §(1 + a4 22+ 020+ 2a3n+atn+atnt+ 20

we consider the matrix Dy = > It is easy to check that D,

2

+2’16222)
satisfies the orthogonality condition (2.6), where z; = e7™1, 2o = e~2,
Note that if ® denotes the scaling function generated by Hg, then ac-

cording to [7], we conclude that the translates of ® are stable and H)
generates a stable orthogonal wavelet basis of L?(R?).
Furthermore, let Gi(w) = —% + ?z - %z{ Gll(w) = —% +
%zQ, z = e~ be the corresponding high-pass filters of Hj(w) (see
[4]). We can check that Hj,Gy,G satisfy the equation (2.4). Let
Ga(wi,wz) and G;(wl,wg) be the 2-D filters given by Ga(wi,ws) =
G1(w1) and Glz(wl,wg) = Gll (w1), respectively. Then, it is easy to see
that Ho(wi,ws), Ga(wi,ws) and Gy(wi,ws) satisfy the equation (2.4).
According to Theorem 3.1, the corresponding high-pass filters H; ¢ =
1,---,8, are obtained via (3.2). Since the translates of ® are stable, we
conclude that the \I/; .. form a stable orthogonal wavelet basis of L?(R?).
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