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CONVERGENCE THEOREMS OF AN IMPLICIT
ITERATION PROCESS FOR ASYMPTOTICALLY
PSEUDO-CONTRACTIVE MAPPINGS
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ABSTRACT. The purpose of this paper is to study the strong con-
vergence of an implicit iteration process with errors to a common
fixed point for a finite family of asymptotically pseudocontractive
mappings and nonexpansive mappings in normed linear spaces. The
results in this paper improve and extend the corresponding results
of Xu and Ori, Zhou and Chang, Sun, Yang and Yu in some aspects.

1. Introduction and Preliminaries

Throughout this paper we assume that F is an arbitrary real Banach
space and E* denotes the dual space of . The normalized duality map
J: E — 2F" is defined by

Jo = {u* € B : (z,u*) = ||z|% |Ju]| = =]},

where (-, -) denotes the generalized duality pairing between elements of
E and E*. If E* is strictly convex, then J is single-valued.
We first recall some definitions and conclusions.

Definition 1.1. Let T': D(T) C E — E be a mapping.
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(1) T is said to be asymptotically nonexpansive (see, e.g., [5]) if there
exists a sequence {ky} C [1,00), limy, 00 ky = 1 such that

[T"z = T"y[| < knllz —yll, Va, ye D(T), n=1;

(2) T is said to be asymptotically pseudo-contractive (see, e.g., [10])
with sequence {k,} C [0,00), if and only if lim, o k, = 1, for
alln> 1, z, y € D(T) and there ezists j(x —y) € J(x —y) such
that

TPz — Ty, j(x —y)) < knllz — ||

(3) T is said to be strictly asymptotically pseudo-contractive with
sequence {kn} C [0,00), if and only if lim, o0 ky, = k € (0,1),
foralln>1, x, y € D(T) and there ezists j(x —y) € J(z —y)
such that

(T"z =Ty, j(@ —y)) < kallz = ylI*;
(4) T is said to be asymptotically nonexpansive in the intermediat
sense (see, e.g., [1]) if
limsup{ sup ([[T"z —=T"y| - [lz —y[)} <0.
n—oo  zyeD(T)
(5) T is called uniformly L-Lipschitzian (see, e.g., [4]) if there exists
a constant L > 0 such that

|T"% — Tl < L — yll, for all 2,y € D(T), n>1.

It is easy to see that every asymptotically nonexpansive mapping is
uniformly L-Lipschitzian and every asymptotically nonexpansive map-
ping is asymptotically pseudo-contractive. Rhoades [9] constructed an
example to show that the class of asymptotically pseudo-contractive
mappings properly contains the class of asymptotically nonexpansive
mappings. It is clear that an asymptotically nonexpansive mapping is
asymptotically nonexpansive in the intermediate sense if the domain of
T is bounded. But the converse is not true.

Example 1.2. Let E = R = (—o00,00) with the usual norm. Take
K =[0,1] and define T : K — K by

0 ifx =0,
1 .
Te—159 ifx =1,
S P S SV N VN I
3n+1 3n+1 = 3 3n+1 3n /s
1 -p 1 1 1 1
= st ) <e<g
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for allm > 0. Then F(T) = {0} and T is not continuous at x = 1. We
can verify that

1
Tqrggx, z € K.

Thus T? is continuous in K and T*K C [0,37"] for alln > 1. Then for
any x € K, there exists j(x —0) € J(x — 0) satisfying

1
(T"z =T"0,j(z = 0)) =T"z -z < gllwll2 < [J|f?

for alln > 1. That is, T s asymptotically pseudo-contractive mapping
with sequence {k,} = 1. It follows that
limsupsup{||T* — T"y| — |lz — y| : z,y € K} < limsup3™™" = 0.

n—oo n—o0

That is, T is also asymptotically nonexpansive in the intermediate sense.

Let K be a nonempty closed convex subset of E and {T;}}¥, be a finite
family of nonexpansive mappings from K into itself (i.e., ||T;z — Tiy|| <
|l — y| for z,y € K and i = 1,2,...,N). In 2001, Xu and Ori [14]
introduced the following implicit iteration process. For an arbitrary
zg € K and {an}02, C [0,1], the sequence {z,}7>; is generated as
follows:
z1 = (1 —o1)zo + anThan,
z9 = (1 — ag)z1 + alhay,

ry = (1 —-an)zy-1 +anTyzy,
rN+1 = (1 —anpizny +aypTien4,

The scheme is expressed in its compact form by
(1.1) Ty = (1 — an)Tn-1 + anTy( mod N)Tn, 1 > 1.

Using this iteration, they proved that the sequence {x,, } converges weakly
to a common fixed point of a finite family of nonexpansive mappings
{T;}Y, in a Hilbert space under certain conditions. Since then, con-
struction of fixed points for nonexpansive mappings and strictly pseudo-
contractive mappings and some other mappings via the implicit iterative
algorithm has been extensively investigated by many authors (see, e.g.,
[2,6,7,8,12,14, 15, 16, 17, 18] and the references cited therein). An im-
plicit process is generally desirable when no explicit scheme is available.
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Such a process is generally used as a “tool” to establish the convergence
of an explicit scheme.

In 2006, Chang et al. [2] introduced another implicit iteration process
with error. In the sense of [2], the implicit iteration process with errors
for a finite family of asymptotically nonexpansive mappings {T;}; is
generated from an arbitrary zo € K by
(1.2) T = app—1+ (1 — a”)Tz’]ES)L)x” + U, VYn>1,
where n = (k — 1)N +4,i = i(n) € {1,2,--- ,N},k = k(n) > 1is a
positive integer and k(n) — oo, as n — 0o. {a,} is a suitable sequence
in [0,1] and {u,} C K is such that > 7, [Jus|| < co. They extended
the results of [14] from Hilbert spaces to more general uniformly con-
vex Banach spaces and from nonexpansive mappings to asymptotically
nonexpansive mappings.

It is clear that if K is a nonempty convex subset of E and {u,} C K
such that > 07 [Jup|| < oo, then the implicit iterative sequence with
errors in the sense of [2] need not be well defined, i.e., {z,}72 may fail
to be in K. More precisely, the conditions imposed on the error terms
are not compatible with the randomness of the occurrence of errors.

As a generalization of [2], Yang and Hu [15] proposed another implicit
iteration process which appears to be more satisfactory as follows:

(13) Tp = QpTp—1 + an—;]zs‘)b)xn + Ynn, Vn >1,

where {an}, {Bn}, {7} C[0,1], and apn+ By +79m = 1. {u,} is bounded
in K.

Recently, Yang [16] introduced composite implicit iteration process
with errors for a finite family of asymptotically demicontractive map-
pings defined as follows:

Ty = OpTn—1 + BnT: n + Ynln,
(1.4) { 1+ 8 i(n) ¥ 7

Yn = OnTp + )\nTik(n)xn + TnUn, Yn >1,

n)

where n = (k —1)N +14, i = i(n) € {1,2,...,N}, k =k(n) > 1is a
positive integer and k(n) — oo asn — 0o. {an}, {Bn}, { M}, {M}, {0n},
{mn} are sequences in [0, 1] such that o, + B + 7 =1 =3, + A\ + ™
and {u,}, {v,} are bounded sequences in K. The results of [16] improve
and extend the corresponding results of [15] and others.

Since for each n > 1, it can be written as n = (k — 1)N + i, where
i=1i(n) € {1,2,...,N}, k = Ek(n) > 1is a positive integer and k(n) —
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oo as n — 0o. Hence, (1.3) can be expressed in the following form:
(1'5) Tn = (1 — Op — ’Yn)xn—l + OlnT:(Ln)xn + Ynln, Vn2>1,

where {a,}, {v»} C [0,1] with a,, + v, < 1, and {u,} is a bounded
sequence in K.

It is much more interesting and important for one to establish strong
convergence theorems without compactness assumptions on the mapping
considered or on its domain. The aim of this paper is to prove the strong
convergence theorems using the modified implicit iteration process with
errors for a finite family of asymptotically pseudo-contractive mappings
and nonexpansive mappings in a real normed linear space. The results
in this paper improve and extend the corresponding results of Xu and
Ori, Zhou and Chang, Sun, Yang and Yu in some aspects.

In what follows we shall use the following results:

Lemma 1.3. Let E be a normed linear space, then for all x,y € E and
for all j(z +y) € J(x +y), the following inequality holds:

lz +yl1? < [l + 20y, 5 (@ + y))-

Lemma 1.4. (see [13, Lemma 1]) Let {an}, {bn},{cn} be sequences of
nonnegative real numbers satisfying the inequality
pt1 < (1+Cn)an+bna n > 1.
If 5700 1 by < 00 and Y 07 | ¢p < 00, then
(1) limp—yo0 ap, ewists;
(ii) In particular, if {an} has a subsequence {an,} converging to 0,
then lim,, o ay, = 0.

The following lemma appears useful for the proof of the main result.

Lemma 1.5. Let ¢ : [0,00) — [0,00) be a strictly increasing func-
tion with ¢(0) = 0 and let {pn},{\n}, {tn}, {cn} be nonnegative real
sequences such that Y >" ;A\, = 00, liMy oo ttn = 0, Y 07 ¢, < 00.
Suppose that

(1.6) p?z—i—l < p?z = A@(Pnt1) + Anptn +Cny m > 1

Then pn, — 0 as n — 0.

Proof. The proof follows from the following two claims.
Claim 1. liminf,, o p, = 0.

Suppose on the contrary that liminf, .o pn, = 0 > 0. Then there
exists some positive integer Ny such that p, > § > 0 for all n > Np.
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Since ¢(t) is strictly increasing and § > 0, ¢(pn+1) > ¢(6) > 0 for all
n > Ny. Also, since limy, o tn, = 0, there exists a positive integer
N; > Ny such that p, < ¢(6)/2 for all n > N;. Then, it follows from
(1.6) that for all n > Ny

1
Pt < Ph— Mnd(0) + 5Aad(8) + cn

1

Hence, for any n > Ny,

n n n
%¢(5) DoM<k — Pt D <ot Y
J=N1 J=N1 Jj=N1
This implies that > 2 ; A\, < oo, which is contradiction. Thus, § = 0,
ie., liminf,, o pn = 0.

Claim 2. lim,_, p, = 0.

Suppose, on the contrary that limsup,,_,., pn = b > 0. Then there
exists a subsequence {p;,} of {p,} such that lim; .. p, = b. Thus
there exists a positive integer k£ such that p,, > b/2 for all n; > ny.
Since ¢(t) is strictly increasing, ¢(pn;) > ¢(b/2) for all n; > ny. Note
that lim,, o0 1y, = 0, without loss of generality, we have p,, < ¢(b/2) for
all n > ny. It follows from (1.6) that

Priir < Pny = An;3(0/2) + An; $(b/2) + cn,
= P%j + Cn;

for all n; > ng. This with Lemma 1.4(i) implies that lim;_,o pp; ex-
ists. Since liminf, ,o p, = 0, it follows from Lemma 1.4(ii) that we

have lim;_, pn; = 0, which is a contradiction with & > 0. Thus
limsup,, oo pn = 0. Therefore lim,_,o pp, = 0. This completes the
proof. O

Lemma 1.6. Let E be a real normed linear space, and K be a nonempty
convex subset of E. Let T; : K — K (i = 1,2,...,N) be a finite
family of asymptotically nonexpansive in the intermediate sense and
asymptotically pseudo-contractive mapping with {ky,} C [1,00) such
that lim,_,oc ky, = 1, where k, = maxi<;<n{kin}. Assume that F =
ﬂf\il F(T;) # 0 denotes the set of common fized points of {Tl}f\il Let
{zn} be the sequence defined by (1.5). Suppose that {uy} is bounded in
K and that {an}, {7} are sequences in [0,1] satisfying the following
conditions:
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(1) Yope1 Y <00, Do an(kn — 1) < oo;

(i) D0 ap =00, limy oo, =0.
Then {zy}, {TPxn}Y, are bounded in K.
Proof. Since F = (X, F(T;) # 0. If we denote M = sup{|ju, —p|| : n >
1}, for any given p € F, then M < oco. Since for each i = 1,2,..., N,
T; : K — K is an asymptotically pseudo-contractive mappings with
{kin} C [1,00) such that lim,_,~ ky, = 1, then we have
(L7 (e =17y 5@ = y)) < kinllz = yl)* < kallz — y]?,
foralln > 1, z,y € K. It follows from Lemma 1.4, (1.5) and (1.7) that

|zn — p”2 = (1 —an—m)(@n-1—p) + an(l"T, —p)
+ Yn(un — p), j(Tn — p))

= (I—an—7){(Tn-1—Dp,j(Tn —p))
+ an(T" Ty — p, j(zn — D))
+Yn(tun — p,j(Tn — p))
(1 = an)llzn-1 = pllllen — pll + anknllzn — p|*
(1.8) + My ||zn — pll
If ||z, — p|| = O for infinitely many n, then {x,} is bounded. If
|xr, — p|| > 0, it follows from (1.8) that we have
(19) (1= ankn)llon — pll < (1= an)llans —pll + M.

Noticing o, — 0, k,, — 1 asn — oo, we have lim,, oo (1—ap k) =1 > 0.
Without loss of generality, we assume that (1 — ayky,) > 0 for all n > 1.
Therefore, from (1.9), we obtain that

IN

| I < Lo an | I+
Ty — — |1 — —_—
n =PI = 1—anky " L=p 1—ankn7n
an(kn — 1) M
1.10 = 1+ —= - —_ Vn > 1.
(1.10) < L p—— |Zn—1 p||+1_ankn’7n, n >

By virtue of lim;,_, o0 (1 — apk,) = 1 > 1/2, there exists a positive integer
ng such that (1 —aypk,) > 1/2 for all n > ng. It follows from (1.10) that

(L11)  flan — pll < [1+ 200 (ke — D] len—s — pll + 2M,

for all n > ng. Taking a,, = ||[zp—1 — ||, bn = 2M~p, ¢n = 2ap(k, — 1)
in Lemma 1.4, we know that {||,, — p||} is bounded. Therefore, {z,} is
bounded in K.
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On the other hand, we have

1T zn —pll = (T %0 — pll = 20 = pll) + lzn — pl|
(1.12) < sup ([T — T y|| — [lo — yll) + D1,
x,yc

where ||z, —p|| < D;. By the asymptotically nonexpansiveness of T;(i =
1,2,...,N) in the intermediate sense, i.e.,
limsup{ sup ([|7"z —Ti'y| — |z —yl})} < 0.
n—oo  zyeK
There exists a positive integer ng such that sup, ,cx (|| T7'z — Ty —
|z —y|) <1foralln>ngandi=1,2,...,N, so from (1.12), we get

1T w0 — pll <14 Dr
foralln >ngand ¢ =1,2,..., N. Setting

My = max {|[Tiay —pll. [TP22 —pll.... | T2y —pll. 1+ D1}

we have
| T2, —p|| < My, n>1,andi=1,2,...,N.

Noticing ||T7'xy|| < || 1@, — p|| + ||p||, we get {T]*x,} is bounded in K
for i =1,2,...,N. This completes the proof. O

2. Main Results

Theorem 2.1. Let E be a real normed linear space, and K be a nonempty
convex subset of E. Let T; : K — K (i = 1,2,...,N) be a finite
family of asymptotically nonexpansive in the intermediate sense and
asymptotically pseudo-contractive mappings with {kin} C [1,00) such
that lim,_,oc ky, = 1, where k, = maxi<;<n{kin}. Assume that F =
ﬂf\il F(T;) # 0 denotes the set of common fized points of {Tl}f\il Let
{zn} be the sequence defined by (1.5). Suppose that {uy} is bounded in
K and that {on}, {7} are sequences in [0,1] satisfying the following
conditions:

(1) >0 <00, D20ty am(kn — 1) < o0

(i) D0 an =00, limpy e =0.
Assume that there exists a strictly increasing function ¢ : [0,00) —
[0,00), ¢(0) =0 such that

1) s (T = P @0 = p)) = nllan =l
+é(|lzn — pl)} <0



Convergence theorems of implicit iteration process 707

forp € F and i = 1,2,...,N. Then {x,} converges strongly to a
common fized point p of {T;}Y,.

Proof. 1t follows from Lemma 1.4 and (1.5) that
[ _pH2 = [(@n-1—p) — an(zn-1 — T;'zn) + yn(un — xn—1)||2

< zp-1 - p||2 =20 (@p—1 — T2y, j(2n — p))
+ 2V U — Tp_1, j(Tn — D))

= |lzn-1 - PH2 + 20, (T} Tr, — p, j (@0 — D))
— 20 (xn — P, j(Tn — ) + 2(xn — Tn_1, (20 — p))
+ 290 (un — -1, j(Tn — p))

= ln—1 = pl? + 200 (T}'xy — p, j(2n — p))
= 2ap[en — plI* + 205 (T @0 — 201, j (20 — P))
+ 2(an + DY {un — Tp—1, j(Tn — p))

< zn-1 - p”2 + 20, (T} Tn, — p, j(¥n — D))
—2ay ||z — pl|* + 200 | TP @0 — 2 [ll|2n — pl|
(22) + 4y llun = Tn-1lll|zn — p|l-
Notice that
20, (T %y — P, § (20 — ) = 20ndy + 2000 [En |20 — pl|?
(2.3) =((|zn = pll)];

where d,, = (T'xy, — p, j (20 — D)) — knllzn — )| + ¢(||z0 —p||). Tt follows
from (2.2) and (2.3) that we have

|Zn _pH2 < w1 — p”2 + 20 (dp, + DQO‘H) —20n,9(||zn — pl|) + €n
(2.4) < wn—1 = pl* = and(|zn — pll) + 2an(dp + D) + €n,

where e, = D*[2ay,(k, — 1) + 47,] and D = max{sup,>1{|lz. — pll},
supp1 {[lun — @n-1l[}}, max{sup,>{[lzn—1 — T{'xn[}i1, }. From condi-
tion (i), we have that > 7, e, < co. It follows from (2.4) and Lemma
1.5 that ||z, — p|| — 0 as n — oco. This completes the proof. O

It follows from Theorem 2.1 that we have the following result.

Corollary 2.2. Let E be a real normed linear space, and K be anonempty
bounded convex subset of E. LetT; : K — K (i =1,2,...,N) be a finite
family of asymptotically nonexpansive mappings with {ky,} C [1,00)
such that imy, o0 ky, = 1, where k, = maxj<j<n{kin}. Assume that
F =X, F(T;) # 0 denotes the set of common fized points of {T;}N ;.
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Let {x,} be the sequence defined by (1.5). Suppose that {c,}, {yn} are
sequences in [0, 1] satisfying the following conditions:

(i> 220:1 Yn < 00, Z’?],Ozl Oén(kn - 1) < 005

(i) Y02 ap =00, limp_yeo, =0.
Assume that there exists a strictly increasing function ¢ : [0,00) —
[0,00), ¢(0) =0 such that

limsup {(T{"an — p, j (@0 — p)) = knllzn — p? + ¢(llzn —p[)} <0
n—o0o
forp € Fand i = 1,2,...,N. Then {x,} converges strongly to a
common fized point p of {T;}Y ;.

Proof. Since Tj; is an asymptotically nonexpansive mapping with {k,} C
[1,00) such that lim, o kn, = 1, we have

limsup{ sup (||7'z — T}'y|| — ||l — y||)}

n—oo gz, ye K
< limsup [(k, — 1)diam(K)] = 0,
n—oo
where diam(K) = sup, ¢ || —y|| < co. This implies that every asymp-
totically nonexpansive mapping is asymptotically nonexpansive in the
intermediate sense. Since every asymptotically nonexpansive mapping is
asymptotically pseudo-contractive mapping. The conclusion now follows
easily from Theorem 2.1. ]

If 4, = 0 in (1.5) for all n > 1, similar to prove Theorem 2.1, we have
the following result.

Theorem 2.3. Let E be a real normed linear space, and K be a
nonempty convex subset of E. Let T; : K — K (i = 1,2,...,N) be a
finite family of asymptotically nonexpansive in the intermediate sense
and asymptotically pseudo-contractive mappings with {ki,} C [1,00)
such that lim,_ oo ky, = 1, where ky, = maxj<j<n{kin}. Assume that
F =X, F(T;) # 0 denotes the set of common fized points of {T;}N ;.
Let {z,,} be the sequence defined by

(2.5) T = (1 —ap)Tn_1+ anT'z,, n>1

Suppose that {ay,} is a sequence in [0, 1] satisfying the following condi-
tions:
(1) S0 an(kn—1) <oo; (it) Y00 an=00, limy o a,=0.
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Assume that there exists a strictly increasing function ¢ : [0,00) —
[0,00), ¢(0) = 0 such that

limsup {(I]"zy — p, j(@n = p)) = knllzn = plI* + ¢(llzn — pl)} <0

n—oo

forp € F and i = 1,2,...,N. Then {x,} converges strongly to a
common fized point p of {T;}Y,.

It follows from Theorem 2.3 that we have the following result.

Corollary 2.4. Let E be a real normed linear space, and K be a
nonempty bounded convex subset of E. LetT; : K — K (i=1,2,...,N)
be a finite family of asymptotically nonexpansive mappings with {ky,} C
[1,00) such that lim, o ky, = 1, where k, = maxi<;<n{kin}. Assume
that F = ﬂf\;l F(T;) # (0 denotes the set of common fized points of
{T;}YN,. Let {z,} be the sequence defined by (2.5). Suppose that {a,}
is a sequence in [0, 1] satisfying the following conditions:

(i) D02 an(kn—1) <oo; (i) Y07 o =00, limp ooy, =0.
Assume that there exists a strictly increasing function ¢ : [0,00) —

[0,00), ¢(0) = 0 such that
lim sup {(T}"zn = p, j(2n = ) = kull2n - pl* + ¢(llzn —p[)} <0

forp € F and i = 1,2,...,N. Then {x,} converges strongly to a
common fized point p of {T;}Y,.

Since each nonexpansive mapping from K into K is an asymptotically
nonexpansive mapping from K — K with k, = 1, Vn > 1 from Corollary
2.2, we have the following result.

Theorem 2.5. Let E be a real normed linear space, and K be a
nonempty convexr subset of E. LetT; : K — K (i = 1,2,...,N) be a
finite family of nonexpansive mappings. Assume that F = ﬂf\il F(T;) #
() denotes the set of common fized points of {T;}¥,. Let {an}, {1} C
0,1] be such that Y 07, ay = 00, limy o0y = 0 and > 07 | 4 < 00.
For arbitrary xo € K, let {x,,} be iteratively defined by

(2.6) xn=(1—an—7m)Tn-1+ anTiTn + Yy, Vn>1.

Suppose that there exists a strictly increasing function ¢ : [0,00) —
[0,00), ¢(0) =0 such that

limsup {(Tizn —p, j(@n = p)) = on = pl* + ¢(l2n —p[)} <0

n—oo

forp € F. Then {x,} converges strongly top € F.
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If v, =0, ¥n > 1, from Theorem 2.5, we have the following result.

Corollary 2.6. Let E be a real normed linear space, and K be a
nonempty convex subset of E. Let T; : K — K (i = 1,2,...,N) be a
finite family of nonexpansive mappings. Assume that F = ﬂfil F(T;) #
() denotes the set of common fived points of {T;}.,. Let {ay} C [0,1]
be such that E;io:l an = 00, limy oo ay = 0. For arbitrary xg € K, let
{zn} be iteratively defined by

(2.7) Tn =1 —ap)rp_1+ a iz, Vn>1.

Suppose that there exists a strictly increasing function ¢ : [0,00) —

[0,00), ¢(0) = 0 such that
limsup {(Tizy — p, j(2n = p)) — 20 = p|* + ¢(llzn — pl)} <0

n—oo

forp e F. Then {x,} converges strongly to p € F'.

Remark 2.7. (1) Corollary 2.6 gives an affirmative answer to the
following open question raised by Xu and Ori [14]: "It is unclear what
assumptions on the mappings {T1,Ts,...,Tny} and/or the parameters
{an} are sufficient to guarantee the strong convergence of the sequence
{zn} defined by (2.7).”

(2) Lemma 1.6 shows that the sequence of iterates {x,} defined by
(1.5) is bounded so that the boundedness assumption imposed on K in
Theorem 3.3 of Sun [12] is not necessary. Theorem 2.1 improves and
generalizes Theorem 3.3 of Sun [12] to the case of implicit iteration
process with errors for a finite family of asymptotically nonexpansive
mappings. Theorem 2.1 extends the main results of [2, 8, 12, 17, 18]
from real uniformly convex Banach space to arbitrary real normed linear
space.

(8) We delete the key condition in [18, Theorem 1] : there exists a
constant L > 0 such that for any i, j € {T1,Ts,..., TN}, i # J,

1Tz = Ti'yl < Lllz —yll, Yn>1, Va,yekK.

We now give a nontrivial example which illustrates Theorem 2.1 for
=0 (n>1).

Example 2.8. Let E = R = (—00,+00) with the usual norm. Take
K=[0,1]andT;: K - K (1=1,2,3,4) defined by

_J0 ifx=1 _J0 ifx=1
Tlx_{xp ifx € 0,1), Tﬂ_{x/?) ifz € 0,1),
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D S pL_J0 da=1
T /4 ifxeo,), Y as ifzeo 1),

Then, it is obvious that each {Ti}le s a discontinuous mapping with
unique common fived point x = 0. And T{'x = z/2", T3z = x/3",
Thx = x/4", TPz = x/5". Thus {T;}}_, is asymptotically nonexpansive
mapping in the intermediate sense and asymptotically pseudocontractive
mapping with k, = 1 for all n > 1. Additionally, {T;}}_, also satisfies
the condition (2.1) with sequence k, = 1 and ¢(t) = t2/2 for t > 0.

Setting o, = 1/(n+1). 1t is easy to see that the control conditions
(i) and (ii) in Theorem 2.1 are satisfied.

If xg = 1/2. It follows from (1.5) that x1 = (1—1/2)/2+(1/2)Thz1 =
1/4 + x1/4. Thus, x1 = 1/3. And 2o = (1 — 1/3)z1 + (1/3)Tixy =
2/9 + x2/33, then we get x9 = 3/13. It follows from

z3 = (1—1/9z2 + (1/4)T5ws = (3/4) - (3/13) + (1/4) - (23/4)
that we obtain w3 = 192/1105. And from
x4 = (1—1/5)z3+ (1/5)Tizs = (4/5) - (192/1105)
+(1/4) - (wa/5%),
we get x4 ~ 0.139049. From
x5 = (1 —1/6)z4 + (1/6)T7 x5 = (5/6) - 0.139049
+(1/6) - (25/2°),
we have x5 ~ 0.116481. From
x5 = (1—1/T)as + (1/7)T9xs = (6/7) - 0.116481
+(1/7) - (26/3°),

we have xg ~ 0.098700. And so on. Therefore, we have that
T < T < o KTy < -+, and limy, oo ,, = 0.
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