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PARA-KÄHLER TANGENT BUNDLES OF CONSTANT
PARA-HOLOMORPHIC SECTIONAL CURVATURE
S. L. DRUŢĂ-ROMANIUC

Communicated by Jost-Hinrich Eschenburg
Abstract. We characterize the natural diagonal almost product
(locally product) structures on the tangent bundle of a Riemannian
manifold. We obtain the conditions under which the tangent bundle
endowed with the determined structure and with a metric of natural
diagonal lift type is a Riemannian almost product (locally product)
manifold, or an (almost) para-Hermitian manifold. We find the
natural diagonal (almost) para-Kählerian structures on the tangent
bundle, and we study the conditions under which they have constant
para-holomorphic sectional curvature.

1. Introduction
The natural fiber bundles over manifolds, and in particular the tangent and cotangent bundles endowed with various structures of natural
lift type, were studied in papers such as [1, 10, 11] [16]-[18], [23]-[32],
[35].
Roughly speaking, a natural operator is a fibred manifold mapping,
which is invariant with respect to the group of local diffeomorphisms of
the base manifold. The results from [16]-[18] allowed the extension of
the Sasaki metric, which is very rigid in certain senses, to the metrics
of natural lift type, leading to interesting geometric structures and to
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interesting relations with some problems in Lagrangian and Hamiltonian
mechanics (e.g. see [7]).
On the other hand, authors like Bejan, Cruceanu, Heydari, Ianus,
Ishihara, Mihai, Nicolau, Oproiu, Ornea, Papaghiuc, Peyghan, Yano,
considered almost product structures and almost para-Hermitian structures (called also almost hyperbolic Hermitian structures) on the tangent
and cotangent bundles.
The study of the Riemannian almost product manifolds was initiated
in 1965 by K. Yano (see [36]). A classification of these manifolds with
respect to the covariant derivative of the almost product structure, was
made by Naveira in 1983. In [26] he obtained 36 classes of almost product
manifolds. In 1992 Staikova and Gribachev realized a classification of
the Riemannian almost product manifolds, for which the trace of the
almost product structure vanishes (see [34]). The basic class is that of
the almost product manifolds with nonintegrable structure, studied for
example in the recent paper [19].
Bejan made a classification of the almost para-Hermitian manifolds.
In 1988 she obtained 36 classes, up to duality, and the characterizations
of some of them (see [3]). In 1991 Gadea and Muñoz Masqué gave a
classification à la Gray-Hervella (see [13]). They obtained 136 classes,
up to duality. One of the most studied classes of (almost) para-Hermitian
manifolds is the class of (almost) para-Kähler manifolds (e.g., see [2]),
characterized by the vanishing condition for the exterior differential of
the associated 2-form.
In the present paper we obtain the almost product structures P of
natural diagonal lift type on the tangent bundle T M of a Riemannian
manifold M . Then we determine the conditions under which the tangent
bundle endowed with a natural diagonal almost product structure, and
with a natural diagonal lifted metric G is a Riemannian almost product
(locally product) manifold, or an (almost) para-Hermitian manifold. We
characterize the natural diagonal (almost) para-Kahler structures on the
tangent bundle.
The analogue notion for the holomorphic sectional curvature of a
Kahler manifold is the para-holomorphic sectional curvature of a paraKahler manifold, introduced by M. Prvanovic in the paper [33], in 1971,
and studied by Gadea and Montesinos Amilibia in 1989 ( see [12]).
Prvanovic introduced the para-holomorphic projective curvature tensor,
or H-projectiv curvature tensor, and she obtained the explicit expression
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of the curvature tensor field for spaces with constant para-holomorphic
sectional curvature.
The final purpose of the present paper is to obtain the conditions
under which the determined para-Kahler structures have constant paraholomorphic sectional curvature.
The manifolds, tensor fields and other geometric objects considered
in this paper are assumed to be differentiable of class C ∞ (i.e., smooth).
The Einstein summation convention is used throughout this paper, the
range of the indices h, i, j, k, l, m, r, being always {1, . . . , n}.
2. Preliminary results
Let (M, g) be a smooth n-dimensional Riemannian manifold and denote its tangent bundle by τ : T M → M . The total space T M has
a structure of a 2n-dimensional smooth manifold, induced from the
smooth manifold structure of M . This structure is obtained by using local charts on T M induced from the usual local charts on M . If
(U, ϕ) = (U, x1 , . . . , xn ) is a local chart on M , then the corresponding induced local chart on T M is (τ −1 (U ), Φ) = (τ −1 (U ), x1 , . . . , xn ,
y 1 , . . . , y n ), where the local coordinates xi , y j , i, j = 1, . . . , n, are defined
as follows. The first n local coordinates of a tangent vector y ∈ τ −1 (U )
are the local coordinates in the local chart (U, ϕ) of its base point, i.e.,
xi = xi ◦ τ , by an abuse of notation. The last n local coordinates
y j , j = 1, . . . , n, of y ∈ τ −1 (U ) are the vector space coordinates of y
with respect to the natural basis in Tτ (y) M defined by the local chart
(U, ϕ). Due to this special structure of differentiable manifold for T M ,
it is possible to introduce the concept of M -tensor field on it (see [22]),
called by Miron and his collaborators distinguished tensor field or dtensor field (e.g., see [7], [21]).
˙ the Levi Civita connection of the Riemannian metric g
Denote by ∇
on M . Then we have the direct sum decomposition
(2.1)

T T M = V T M ⊕ HT M

of the tangent bundle to T M into the vertical distribution V T M =
˙ (see [37]). The
Ker τ∗ and the horizontal distribution HT M defined by ∇
∂
∂
−1
set of vector fields { ∂y1 , . . . , ∂yn } on τ (U ) defines a local frame field
for V T M , and for HT M we have the local frame field { δxδ 1 , . . . , δxδn },
∂
h ∂
where δxδ i = ∂x
Γh0i = y k Γhki , and Γhki (x) are the Christoffel
i − Γ0i ∂y h ,
symbols of g.
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The set { δxδ i , ∂y∂ j }i,j=1,n , denoted also by {δi , ∂j }i,j=1,n defines a local
frame on T M , adapted to the direct sum decomposition (2.1).
Extensive literature for the Finsler geometry, namely the study of
some classes of Finsler connections, may be found in a few recent papers,
such as [6] and [7].
Consider the energy density of the tangent vector y with respect to
the Riemannian metric g
1
1
1
(2.2)
t = kyk2 = gτ (y) (y, y) = gik (x)y i y k , y ∈ τ −1 (U ).
2
2
2
Obviously, we have t ∈ [0, ∞) for all y ∈ T M .
We shall use the following lemma, which may be proved easily.
Lemma 2.1. If n > 1 and u, v are smooth functions on T M such that
ugij + vg0i g0j = 0, or uδij + vy j g0i = 0,
on the domain of any induced local chart on T M , then u = 0, v = 0.
We used the notation g0i = y h ghi .
3. Natural diagonal almost product structures on the tangent
bundle
In the sequel we shall find the almost product structures on the tangent bundle, obtained as natural diagonal lifts of the metric from the
base manifold.
An almost product structure J on a differentiable manifold M is a
(1, 1)- tensor field on M such that J 2 = I. The pair (M, J) is called an
almost product manifold.
An almost paracomplex manifold is an almost product manifold (M, J),
such that the two eigenbundles associated to the two eigenvalues +1 and
−1 of J, respectively, have the same rank. Equivalently, a splitting of
the tangent bundle T M into the Whitney sum of two subbundles T ± M
of the same fiber dimension is called almost paracomplex structure on
M.
˙ on the base manifold M , the verConsidering a linear connection ∇
V
tical lift X and the horizontal lift X H of a vector field X ∈ T01 (M )
to the tangent bundle T M , one can define the simplest almost product
structures on T M by the relations
(3.1)

P (X H ) = −X H , P (X V ) = X V ,

(3.2)

Q(X H ) = X V , Q(X V ) = X H .
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˙ has vanishing curvature,
P is a paracomplex structure if and only if ∇
˙ has both vanishing torsion
while Q is paracomplex if and only if ∇
and curvature. These structures have been extended to the case of a
nonlinear connection, and to the specific case of a nonlinear connection
defined by a Finsler, Lagrange or Hamilton structure.
Using the adapted frame {δi , ∂j }i,j=1,n to T M , we define a natural
diagonal lift of the metric g on the base manifold to the tangent bundle
by the relations:
(3.3)

P δi = P 1ji ∂j , P ∂i = P 2ji δj ,

where the M -tensor fields involved as coefficients have the forms
(3.4)

P αij = aα (t)δij + bα (t)y j g0i , ∀α = 1, 2,

aα , bα , being smooth functions of the energy density t, for α = 1, 2.
The invariant expression of the defined structure is

P XyH = a1 (t)XyV + b1 (t)gτ (y) (X, y)yyV ,
(3.5)
V
H
H
P Xy = a2 (t)Xy + b2 (t)gτ (y) (X, y)yy ,

∀X ∈ T01 (T M ), ∀y ∈ T M .
Example 3.1. When a1 (t) = a2 (t) = 1, and b1 (t), b2 (t) vanish, we have
the structure given by (3.2).
Next we shall find the conditions under which the above (1, 1)-tensor
field P is an almost product structure on the tangent bundle. Using the
relation (3.3), the condition P 2 = I, from the definition of the almost
product structure, becomes
P 1ji P 2il = δlj , P 2ji P 1il = δlj ,
which due to (3.4) may be written in the form
(a1 a2 − 1)δlj + [b1 (a2 + 2tb2 ) + a1 b2 ]y j g0l = 0.
Taking Lemma 2.1 into account, we have that the coefficients from
the above expression must vanish simultanously. The first coefficient
vanishes if and only if a1 = a12 .
Multiplying the second coefficient by 2t and then adding the first
coefficient we obtain (a1 + 2tb1 )(a2 + 2tb2 ) − 1, which is equal to zero if
1
and only if a1 + 2tb1 = a2 +2tb
.
2
Now we may state the following result.
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Theorem 3.2. The natural tensor field P of type (1, 1) on T M , defined
by the relations (3.3) or (3.5), is an almost product structure on T M , if
and only if the coefficients are related by
1
1
(3.6)
a1 =
, a1 + 2tb1 =
.
a2
a2 + 2tb2
Remark 3.3. When we consider b1 = b2 = 0 and some particular values
of a1 and a2 such that a1 a2 = 1, we obtain the almost product structures
studied in [14], [31] and [32].
In the following theorem we characterize the locally product structures
of natural diagonal lift type on the tangent bundle.
Theorem 3.4. The almost product structure P of natural diagonal lift
type on the tangent bundle of an n(> 2)-dimensional connected Riemannian manifold (M, g) is integrable (i.e., P is a locally product structure on T M ) if and only if (M, g) has constant sectional curvature c,
and the coefficients b1 , b2 have the forms:
(3.7)

b1 =

a1 a01 + c
a1 a02 − a22 c
,
b
=
.
2
a1 − 2ta01
a1 + 2cta2

Proof. The integrability of an almost product structure P on T M is
characterized by the vanishing condition for its Nijenhuis tensor field
NP defined by
NP (X, Y ) = [P X, P Y ] − P [P X, Y ] − P [X, P Y ] + P 2 [X, Y ],
for all vector fields X and Y on T M .
When both arguments are vertical generators, the Nijenhuis tensor
field has the form
m
h
m
l
NP (∂i , ∂j ) = [P 1hm (∂j P 2m
i − ∂i P 2j ) − Rim0ml P 2i P 2j ]∂h ,

which after replacing the values of the M -tensor fields P 1ji and P 2ji from
(3.4) becomes
(3.8)

a1 (a02 − b2 )(δih g0j − δjh g0i ) − a22 Rimh0ij
+a2 b2 (Rimh0j0 g0i − Rimh0i0 g0j ) = 0.

Since the curvature of the base manifold does not depend on y, we differentiate with respect to y k in (3.8). Taking the value of this derivative
in y = 0, we get
(3.9)

h
Rkij
= c(δih gkj − δjh gki ),
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where
a1 (0) 0
(a (0) − b2 (0)),
a22 (0) 2
which is a function depending only on x1 , ..., xn . According to Schur’s
theorem, c must be a constant when n > 2 and M is connected.
Replacing the expression (3.9) of the curvature, the relation (3.8)
becomes
c=

(3.10)

(a1 a02 − a1 b2 − a22 c − 2ta2 b2 c)(δih gkj − δjh gki ) = 0.

By solving the above equation with respect to b2 , we obtain the second
relation in (3.7).
Now, from the vanishing conditions of the Nijenhuis tensor field computed for horizontal arguments,
NP (δi , δj ) = (P 1li ∂l P 1hj − P 1lj ∂l P 1hi − Rimh0ij )∂h ,
we obtain
(a1 a01 − a1 b1 + c + 2a01 b1 t)(δjh g0i − δih g0j ) = 0,
which is true if and only if b1 has the expression from (3.7) presented in
the theorem.
The components NP (δi , ∂j ) = −NP (∂j , δi ) of the Nijenhuis tensor
field have the expression
l
l
h
m
h
h
(P 1m
i ∂m P 2j + P 2l ∂j P 1i + P 2j P 2m Rim0il )δh ,

which after the computations becomes
(a01 a2 + a1 b2 + a22 c + 2a2 b2 ct)δjh g0i + (a1 a02 + a2 b1 − a22 c + 2ta02 b1 )δih g0j
+(a2 b01 + a01 b2 + 3b1 b2 + a1 b02 − a2 b2 c + 2tb01 b2 + 2tb1 b02 )g0i g0j y h .
+(a2 b1 + a1 b2 + 2b1 b2 t)gij y h ,
and it is easy to prove that it vanishes if and only if b1 and b2 have the
expressions (3.7).
Since all the components of the Nijenhuis tensor field vanish under
the same conditions, it follows that the almost product structure P on
T M is integrable.

Example 3.5. If b1 = b2 = 0, and a2 = a11 = a(L2 ), where L2 = 2t,
the relation (3.10) takes the form 2a0 = −ca3 . Using the notations of
A. Heydary and E. Peyghan, and denoting by k the quantity −c, the
characterization of the first locally product structure constructed in [14,
Theorem 3.3] is proved. In an analogous way, we can obtain the other
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locally product structures in the mentioned paper, and some structures
in [31] and [32].
√
Remark 3.6. Taking a1 = a12 = 2t, b1 = b2 = 0, the relation (3.8)
becomes
1
h
]y k = 0,
− [(δih gkj − δjh gki ) + Rkij
2t
which is satisfied if and only if the base manifold has constant sectional
curvature −1, and since all the other components of the Nijenhuis tensor
vanish, [31, Theorem 12] is proved.
4. Riemannian almost product and almost para-Hermitian
structures of natural diagonal lift type on T M
A lot of papers were dedicated to the almost product and almost
para-Hermitian structures on the tangent and cotangent bundles (see
[4, 5, 8, 9, 14, 15, 20, 31, 32, 36]).
A Riemannian manifold (M, g), endowed with an almost product
structure J, satisfying the relation
(4.1)

g(JX, JY ) = εg(X, Y ), ∀X, Y ∈ T01 (M ),

is called Riemannian almost product manifold if ε = 1, or almost paraHermitian manifold (called also almost hyperbolic Hermitian structures)
if ε = −1.
In this section we shall find the conditions under which the tangent
bundle T M , endowed with an almost product structure P and with a
metric G, both of them being natural diagonal lifts of the metric from
the base manifold, is a Riemannian almost product manifold, or a paraHermitian manifold.
In [27] V. Oproiu defined the semi-Riemannian metric G of natural
diagonal lift type on T M by the relations:

H
H

G(Xy , Yy ) = c1 (t)gτ (y) (X, Y ) + d1 (t)gτ (y) (X, y)gτ (y) (Y, y),
V
V
(4.2) G(Xy , Yy ) = c2 (t)gτ (y) (X, Y ) + d2 (t)gτ (y) (X, y)gτ (y) (Y, y),


G(XyV , YyH ) = 0,

∀X, Y ∈ T01 (T M ), ∀y ∈ T M, where cα , dα , α = 1, 2 are four smooth
functions of the energy density on T M .
The conditions for G to be nondegenerate are assured if
c1 c2 6= 0, (c1 + 2td1 )(c2 + 2td2 ) 6= 0.
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The metric G is positively defined if
c1 + 2td1 > 0,

c2 + 2td2 > 0.

The symmetric matrix of type 2n × 2n
(1)

G
(4.3) ij
0

0
(2)
Gij

!


=

c1 (t)gij + d1 (t)g0i g0j
0


0
,
c2 (t)gij + d2 (t)g0i g0j

associated to the metric G in the adapted frame {δj , ∂i }i,j=1,n , has the
inverse
kl
H(1)
0

0
kl
H(2)

!


=

p1 (t)g kl + q1 (t)y k y l
0


0
,
p2 (t)g kl + q2 (t)y k y l

where g kl are the entries of the inverse matrix of (gij )i,j=1,n , and p1 , q1 ,
p2 , q2 , are some real smooth functions of the energy density. More
precisely, they may be expressed as rational functions of c1 , d1 , c2 , d2 :
(4.4) p1 =

1
d2
1
d1
, q2 = −
.
, p2 = , q1 = −
c1
c2
c1 (c1 + 2td1 )
c2 (c2 + 2td2 )

Now we may prove the characterization theorem for the Riemannian
almost product (locally product), or (almost) para-Hermitian tangent
bundles of natural diagonal lift type.
Theorem 4.1. The tangent bundle of a Riemannian manifold M , endowed with the natural diagonal metric G and with the almost product
structure P characterized in Theorem 3.2, is a Riemannian almost product manifold, or an almost para-Hermitian manifold if and only if the
coefficients of G and P satisfy the following proportionality relations
(4.5)

c2
c1 + 2td1
c2 + 2td2
c1
= ε = λ,
=ε
= λ + 2tµ,
a1
a2
a1 + 2tb1
a2 + 2tb2

where ε takes the corresponding values from definition (4.1), and the
proportionality coefficients λ > 0 and λ + 2tµ > 0 are some functions
depending on the energy density t.
If moreover, the conditions in the statements of Theorem 3.4 hold,
then (T M, G, P ) is a Riemannian locally product manifold for ε = 1, or
a para-Hermitian manifold for ε = −1.
Proof. The relation (4.1) has the following forms in the adapted frame
{δj , ∂i }i,j=1,n :
(4.6) G(P δi , P δj ) = εG(δi , δj ), G(P ∂i , P ∂j ) = εG(∂i , ∂j ), G(P ∂i , P δj ) = 0.
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Taking (3.3) and (4.3) into account, the relations (4.6) become
(−εc1 +a21 c2 )gij +[−εd1 +a21 d2 +2b1 c2 (a1 +tb1 )+4tb1 d2 (a1 +tb1 )]g0i g0j = 0,
(a22 c1 −εc2 )gij +[−εd2 +a22 d1 +2b2 c1 (a2 +tb2 )+4tb2 d1 (a2 +tb2 )]g0i g0j = 0.
Using Lemma 2.1, we have that the coefficients of gij and g0i g0j from
the above expressions are equal to zero. Since the first relation in (3.6)
must be satisfied, we get, by imposing the vanishing conditions for the
coefficients of gij , the first relation in (4.5).
Then, multiplying by 2t the coefficients of g0i g0j and adding the corresponding coefficients of gij we obtain the relations
(4.7)

−ε(c1 + 2td1 ) + (a1 + 2tb1 )2 (c2 + 2td2 ) = 0,
(a2 + 2tb2 )2 (c1 + 2tb1 ) − ε(c2 + 2td2 ) = 0,

which due to the second relation in (3.6) lead to the second relation in
(4.5) presented in the theorem.

Example 4.2. When ε = −1, λ = 1, and a1 = a2 = 1, it follows from
(4.5) that c1 = −c2 = 1. If the other parameters from the definitions of
P and G are zero, we get the almost para-Hermitian structure studied
in [8].
√
Remark 4.3. In the case when ε = −1, λ = 1, a1 = a12 = 2t, c1 =
−2, c2 = 1t , and the other coefficients involved in the definitions (3.5)
and (4.2) vanish, Theorem 4.1 reduces to [31, Theorem 16]. Next, by
using Remark (3.6), the results in [31, Theorem 18] are proved.
5. Natural diagonal almost para-Kähler structures on the
tangent bundle
In this section we shall study a special class of almost para-Hermitian
structures on the tangent bundles, characterized by the vanishing condition of the exterior differential of the associated 2-form Ω. This structures are called almost para-Kähler structures.
The 2-form Ω associated to the almost para-Hermitian structure (G, P )
on the tangent bundle is given by the relation
Ω(X, Y ) = G(X, P Y ), ∀X, Y ∈ T01 (T M ).
Computing the exterior differential of Ω, we may prove the following
characterization theorem:
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Theorem 5.1. The natural diagonal almost para-Hermitian structure
(G, P ) on T M is almost para-Kählerian if and only if
µ = λ0 .
Proof. Expressing Ω with respect to the local adapted frame on T M , we
have
Ω(δi , δj ) = Ω(∂i , ∂j ) = 0,

(1)

Ω(δi , ∂j ) = Gih P 2hj ,

(2)

Ω(∂j , δi ) = Gjh P 1hi .

Moreover, replacing the involved M -tensor fields by their values given
in (3.4) and (4.3), and taking into account that all the conditions for
(T M, G, P ) to be an almost para-Hermitian structure (see Theorem 4.1),
we obtain
Ω(δi , ∂j ) = −Ω(∂j , δi ) = λgij + µg0i g0j ,
so the associated 2-form Ω has the expression
(5.1)

Ω = (λgij + µg0i g0j )dxi ∧ Dy j ,

where Dy i = dy i + Γi0h dxh is the absolute differential of y i .
Now, let us compute the differential of Ω:
dΩ = (dλgij + λdgij + dµg0i g0j + µdg0i g0j + µg0i dg0j ) ∧ dxi ∧ Dy j
−(λgij + µg0i g0j )dxi ∧ dDy j .
We first calculate the expressions of dλ, dµ, dg0i and dDy i :
dλ = λ0 g0h Dy h ,

dµ = µ0 g0h Dy h , dg0i = ghi Dy h + g0h Γhik dxk ,
1 h
dxi ∧ dxk + Γhik Dy i ∧ dxk .
dDy h = R0ik
2
Replacing these relations in the expression of dΩ, using the properties of the external product, the symmetry of gij , Γhik and the Bianchi
identities, we get
1
dΩ = (µ − λ0 )(gij g0k − g0i gjk )Dy k ∧ Dy i ∧ dxj .
2
Now we can conclude that dΩ = 0 if and only if µ = λ0 , hence the
theorem is proved.

Remark 5.2. The almost para-Kählerian structures of natural diagonal
lift type on T M depend on three essential coefficients a1 , b1 , λ, which
must satisfy the supplementary conditions a1 > 0, a1 + 2tb1 > 0, λ >
0, λ + 2tµ > 0.
Taking theorems 3.2, 3.4 and 5.1 into account, the following result is
proved.
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Theorem 5.3. A natural diagonal almost para-Hermitian structure (G, P )
on T M is para-Kählerian if and only if the almost product structure P
is integrable (see Theorem 3.4) and µ = λ0 .
Remark 5.4. The natural diagonal para-Kählerian structures on T M
depend on two essential coefficients a1 , λ, which must satisfy the supplementary conditions a1 > 0, a1 + 2tb1 > 0, λ > 0, λ + 2tλ0 > 0, with b1
given by (3.7).

6. Natural diagonal para-Kähler tangent bundles of constant
para-holomorphic sectional curvature
The aim of this section is to obtain the conditions under which the
para-Kahler structures determined in the previous section have constant
para-holomorphic sectional curvature.
Let us recall some results from [27], using the notations from the
present paper.
Theorem 6.1. ([27]) The Levi-Civita connection ∇ of the natural diagonal lifted metric G on the tangent bundle of the Riemannian manifold
(M, g) has the following expression with respect to the local adapted frame
{δi , ∂j }i,j=1,...,n
(
∇∂i ∂j = Qhij ∂h , ∇δ i∂j = Γhij ∂h + Pjih δh ,
h
∇∂i δj = Pijh δh , ∇δi δj = Γhij δh + Sij
∂h ,
˙ on
where Γhij are the Christoffel symbols of the Levi-Civita connection ∇
the base manifold, and the M -tensor fields appearing as coefficients in
the above expressions are given as

(6.1)


(2)
(2)
(2)
1
kh
h


Qij = 2 (∂i Gjk + ∂j Gik − ∂k Gij )H(2) ,
(1)
l G(2) )H kh ,
Pijh = 12 (∂i Gjk + R0jk
li
(1)


S h = − 1 (∂ G(2) + Rl G(2) )H kh ,
ij

2

k

ij

0ij

lk

(2)

h being the components of the curvature tensor field of ∇.
˙
Rkij
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The components of the curvature tensor field K of the connection ∇
with respect to the adapted frame {δi , ∂j }i,j=1,...,n are
l
l
h
l
h
K(δi , δj )δk = (Plih Sjk
− Pljh Sik
+ Rkij
+ R0ij
Plk
)δh ,
l
l h
l
h
K(δi , δj )∂k = (Pkj
Silh − Pki
Sjl + R0ij
Qhlk + Rkij
)∂h ,
h
h
l
l
K(∂i , ∂j )δk = (∂i Pjk
− ∂j Pik
+ Pjk
Pilh − Pik
Pjlh )δh ,

K(∂i , ∂j )∂k = (∂i Qhjk − ∂j Qhik + Qljk Qhil − Qlik Qhjl )∂h ,
h
l
l h
˙ j Rr G(2) H (1) )∂h ,
K(∂i , δj )δk = (∂i Sjk
+ Sjk
Qhil − Pik
Sjl − ∇
0ik rl
hl
h
l
K(∂i , δj )∂k = (∂i Pkj
+ Pkj
Pilh − Qlik Pljh )δh .

Notice that, in the case of the obtained para-Kähler manifold (T M, G,
P ), due to the integrability condition of P , the base manifold (M, g) has
˙ h = 0, and the above formulas
constant sectional curvature, so ∇R
kij
become simpler.
h by their values given in TheReplacing the M -tensor fields Pijh , Qhij , Sij
orem 6.1, and taking into account that all the conditions for (T M, G, P )
to be a para-Kahler manifold (see Theorem 5.3), the components of the
corresponding curvature tensor field will have some expressions of the
form
(6.2) α1 δih gjk + α2 δjh gik + α3 δkh gij + α4 δkh g0i g0j + α5 δjh g0i g0k + α6 δih g0j g0k
+ α7 gjk g0i y h + α8 gik g0j y h + α9 gij g0k y h + α10 g0i g0j g0k y h = 0,

where the coefficients α1 , . . . , α10 are some quite complicated smooth
functions on T M , depending on the parameters a1 , λ, their derivatives
of orders 1, 2 and 3, the energy density, and the constant sectional curvature c of the base manifold. We mention that in a few components of
K some of this ten coefficients vanish.
The curvature tensor field corresponding to a para-Kälerian manifold of constant para-holomorphic sectional curvature, k, was independently defined in [12] and [33]. In the case of the para-Käler manifold
(T M, G, P ) it is given by the formula:
k
[G(Y, Z)X − G(X, Z)Y + G(Y, P Z)P X
4
− G(X, P Z)P Y − 2G(X, P Y )P Z], ∀X, Y, Z ∈ T01 (T M ).

K0 (X, Y )Z =
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The curvature of the natural diagonal para-Kähler manifold (T M, G, P )
of constant para-holomorphic sectional curvature has the following components with respect to the adapted frame {δi , ∂j }i,j=1,...,n :
k (1) h
(1)
(Gjk δi − Gik δjh )δh ,
4
k (1) h
(1)
K0 (δi , δj )∂k = (Gjl P 1i − Gil P 1hj )P 2lk ∂h ,
4
k (2)
(2)
K0 (∂i , ∂j )δk = (Gjl P 2hi − Gil P 2hj )P 1lk δh ,
4
k (2)
(2)
K0 (∂i , ∂j )∂k = (Gjk δih − Gik δjh )∂h ,
4
k (1) h
(2)
K0 (∂i , δj )δk = [Gjk δi − Gil (P 1lk P 1hj − 2P 1lj P 1hk )]∂h ,
4
k
(2)
(2)
(1)
K0 (∂i , δj )∂k = (−Gik δjh + Gjl P 2lk P 2hi − 2Gil P 1lj P 2hk )δh .
4
Next we have to study the vanishing conditions for the components of
the difference K − K0 . In this study the following generic result similar
to Lemma 2.1 is useful.
K0 (δi , δj )δk =

Lemma 6.2. If α1 , . . . , α10 are smooth functions on T M such that
α1 δih gjk + α2 δjh gik + α3 δkh gij + α4 δkh g0i g0j + α5 δjh g0i g0k + α6 δih g0j g0k
+ α7 gjk g0i y h + α8 gik g0j y h + α9 gij g0k y h + α10 g0i g0j g0k y h = 0,

then α1 = · · · = α10 = 0.
Now we may prove the characterization theorem for the para-Kähler
tangent bundles of natural diagonal lift type, which have constant paraholomorphic sectional curvature.
Theorem 6.3. The natural diagonal para-Kählerian manifold (T M, G,
P ) is of constant para-holomorphic sectional curvature k, if and only if
the base manifold M is flat, the coefficient c1 involved in the definition
of G is a constant C, the coefficient a1 of P satisfies the differential
equation
(6.3)

a001 =

4a01 2 (a1 − a01 t)
,
a1 (a1 − 2a01 t)

and the proportionality factor λ is expressed by
C
(6.4)
λ= .
a1
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Moreover, the para-Kählerian manifold (T M, G, P ) cannot have nonzero
constant para-holomorphic sectional curvature.
Proof. Computing the difference K − K0 with respect to the adapted
frame {δi , ∂j }i,j=1,...,n , we remark that all its components are combinations of the form (6.2).
Analyzing the vanishing problem of the mentioned difference, we
choose the component (K − K0 )(∂i , δj )∂k . Since in its final expression
there appear two terms with shorter expressions, using Lemma (6.2), we
have that all the coefficients, which are some quite complicated functions
depending on a1 , λ, their first three order derivatives, the energy density, and the constant sectional curvature c of the base manifold, must
vanish. The coefficient of the term containing gik δjh is zero if and only
if the derivative of the proportionality factor λ has the expression
(6.5)

λ0 = λ

a1 k(a1 − 2ta01 )λ − a21 a01 − 2c(a1 − ta01 )
.
a1 (a21 + 2ct)

Taking (6.5) into account and imposing the vanishing conditions for
the coefficients of gjk δih and gik δjh , we obtain the equations
−4a1 c + a21 kλ − 2ckλt = 0,
4a1 c − 3a21 kλ + 6ckλt − 4a1 k 2 λ2 t = 0.
1c
Replacing the value k = λ(a4a
2 −2ct) , obtained from the first equation
1
above, into the second one, we have that
(6.6)

−

8a1 c(a21 + 2ct)2
= 0.
(a21 − 2ct)2

There are three cases under which this relation is true.
If a1 = 0 the structure is no more an almost product one, so this
case is not valid. Moreover, the case a21 = −2ct may be discussed only
when the base manifold is of negative constant sectional curvature. This
situation reduces to a1 c = 0. Hence, the equality (6.6) is true only in the
case when the base manifold is flat, i.e., c = 0, and the constant paraholomorphic sectional curvature of the para-Kähler manifold (T M, G, P )
also becomes zero.
Replacing the values c = k = 0 into the expression (6.5), we obtain
the differential equation
λ0
a0
= − 1,
λ
a1
which has the solution given by (6.4).
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Substituting the value (6.4) of λ into the condition (4.5) for the manifold (T M, G, P ) to be para-Hermitian, we obtain that ac11 = aC1 , so the
coefficient c1 involved in the definition of the metric G is a constant.
Next, replacing the expression (6.4) of λ, and taking into account that
c = k = 0, by using the RICCI package from Mathematica, we get that
all the components of K − K0 become zero, except (K − K0 )(∂i , ∂j )∂k ,
which has the final form
a1 a001 (a1 − 2a01 t) + 4a01 2 (a01 t − a1 ) h 1 h
(δ g0j − δjh g0i )g0k
2
a1 − 2a01 t
a21 i
+

i
1
h
(g
g
−
g
g
)y
∂h .
0i
0j
jk
ik
(a1 − 2a01 t)2

The above expression vanishes if and only if the relation (6.3) presented in the theorem is satisfied.
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[17] I. Kolář, P. Michor and J. Slovak, Natural Operations in Differential Geometry,
Springer-Verlag, Berlin, 1993.
[18] O. Kowalski and M. Sekizawa, Natural transformations of Riemannian metrics
on manifolds to metrics on tangent bundles - a classification, Bull. Tokyo Gakugei
Univ. 40 (1988), no. 4, 1–29.
[19] D. Mekerov, On Riemannian almost product manifolds with nonintegrable structure, J. Geom. 89 (2008), no. 1-2, 119–129.
[20] I. Mihai and C. Nicolau, Almost product structures on the tangent bundle of an
almost paracontact manifold, Demonstratio Math. 15 (1982), no. 4, 1045–1058.
[21] R. Miron and M. Anastasiei, The Geometry of Lagrange Space, Theory and
Application, Kluwer Academic Publishers Group, Dordrecht, 1994.
[22] K. P. Mok, E. M. Patterson and Y. C. Wong, Structure of symmetric tensors of
type (0,2) and tensors of type (1, 1) on the tangent bundle, Trans. Amer. Math.
Soc. 234 (1977) 253–278.
[23] M. I. Munteanu, Cheeger Gromoll type metrics on the tangent bundle, Sci. Ann.
Univ. Agric. Sci. Vet. Med. 49 (2006), no. 2, 257–268.
[24] M. I. Munteanu, Old and new structures on the tangent bundle, Geometry,
Integrability and Quantization, 264–278, Softex, Sofia, 2007.
[25] M. I. Munteanu, Some aspects on the geometry of the tangent bundles and
tangent sphere bundles of a Riemannian manifold, Mediterr. J. Math. 5 (2008),
no. 1, 43–59.
[26] A. M. Naveira, A classification of Riemannian almost product manifolds, Rend.
Mat. (7) 3 (1983), no. 3, 577–592.
[27] V. Oproiu, Some new geometric structures on the tangent bundles, Publ. Math.
Debrecen 55 (1999), no. 3-4, 261–281.

972
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