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MONOMIAL IRREDUCIBLE sl,(C)-MODULES

M. SHAHRYARI

Communicated by Freydoon Shahidi

ABSTRACT. In this article, we introduce monomial irreducible rep-
resentations of the special linear Lie algebra s, (C). We will show
that this kind of representations have bases for which the action of
the Chevalley generators of the Lie algebra on the basis elements
can be given by a simple formula.

1. Introduction

Let L be a finite dimensional complex simple Lie algebra with a Car-
tan subalgebra H and the Cartan decomposition

L=H&) L,
red
where ® is the corresponding root system and L, =< x, > is the one
dimensional root space associated with r. We fix a basis

hi,ha, ... Iy

for H. For any functional A € H*, we define a left ideal K in the
universal enveloping algebra $(L). In fact, K) is generated by all x,.,
r € ®T and elements h; —A(h;), for 1 <i <. Now, define the associated
Verma module of A to be the quotient (L)/K). We denote this Verma
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module by M(\). Although M ()) is not irreducible in general, it has a
unique maximal submodule Z(\). So, the quotient L(A) = M (\)/Z())
is irreducible. It is well-known that L(\) is finite dimensional if and
only if A is an integral dominant weight of L, i.e., A(h;) is a non-negative
integer for all 1 < i < [. Also, every finite dimensional irreducible L-
module can be produced by this way. However, it is very hard to extract
useful information concerning L(\) as it is a quotient of a quotient of
the universal enveloping algebra of L.

One of the most important problems concerning representations of
simple Lie algebras, is considered in this article: to find an ordered basis
for L(A), such that one can obtain the matrix representations of elements
of L with respect to this ordered basis. It is trivial that handling with
matrix representations are more flexible than working with L-modules,
especially in practise.

It is the aim of this article to introduce such a suitable basis for L(A).
In the present work we do this for monomial weights of the Lie algebra
sl,(C). Note that every dominant integral weight X is associated with
a partition w. We say that A\ is monomial, iff x., the corresponding
character of 7, is monomial character. In this case, by a paper of the
author and A. Madadi, (see [7]), there is a subgroup G < S,, and a
linear character x of GG, such that

LX) = Vy(G),
where V. (G) is the symmetry class of tensors associated with G and x
over V.= C", (see [7]).

The symmetry class of tensors V, (G) has an orthonormal basis, con-
sisting of decomposable symmetrized tensors. To describe this basis, we
need to introduce some notations. Let I']" be the set of all m-tuples of
integers & = (a1, ...,apm,) with 1 < a; < n. The permutation group G
acts on I'7" and so we can perform a set of representatives of orbits of
this action, say A. Let

A={aeA:G, Ckery},

where G, is the stablizer subgroup of a. Now, it is well-known that
V4 (G) has an orthonormal basis, say

E={la):acA}

such that |a”) = x(o~!)|a), for all ¢ € G. This is just the basis we
need, because for Chevalley generators of sl,(C), we will prove that

H;.|a) = pala),
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Xila) = bira,x(0, (@ —e)).
r=1

For details and notations, see Section 3.

In this article, we first give a brief review of the theory of symmetry
classes of tensors. Then, we will show any irreducible representations
of sl,(C) can be constructed as a symmetry class of tensors over the
standard sl,,(C)-module. Finally, we define monomial weights and we
give a basis for the corresponding monomial modules, as well as a com-
pact formula concerning the action of Chevalley generators on the basis
elements. The last section of this paper consists of some interesting
examples.

The reader interested in the subject of symmetry classes of tensors
will find a detailed introduction in [3] and [9]. For Lie algebras and their
representations, one can see [1], [3] or [4]. For character theory of finite
groups, see [5], and for representations of the symmetric group, see [2],

[6] or [10].

2. Symmetry classes of tensors

In this section, we are going to review the notion of a symmetry class
of tensors. The reader interested in the subject, can find a detailed
introduction in [8] or [9].

Let V' be an n-dimensional complex inner product space and G be a
subgroup of the full symmetric group S,,. Let V®™ denote the tensor
product of m copies of V' and for any o € G, define the permutation
operator

P, vem 5 yem

by
Pr(v1 @2 ® - @ Um) = Vp-1(1) ® Up—1(2) @ * * + ® Vg1 (1y)-

Suppose x is a complex irreducible character of G and define the sym-

metrizer
x(1
5= X5 T xio)r
oceG
The symmetry class of tensors associated with G and x is the image of
Sy and it is denoted by V, (G). So,

Vi(G) = S (VE™).
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For example, if we let G = S, and xy = ¢, the alternating character,
then we get A"V, the m-th Grassman space over V and if G = S,,, and
x = 1, the principal character, then we obtain V(M) the m-th symmetric
power of V', as symmetry classes of tensors.

Several monographs and articles have been published on symmetry
classes of tensors during last decade, see for example [8] and [9].

Let vy, ..., vy be arbitrary vectors in V and define the decomposable
symmetrized tensor

VL kU Kk Uy = Sy (V1 QU2 ® - @ Upy).

Let {e1,...,e,} be a basis of V and suppose I'" is the set of all
m-tuples of integers a = (ai,...,apm,) with 1 < a; < n. For a =
(a1, ...,qm) € T we use the notation e} for decomposable sym-
metrized tensor eq, * - - - *eq,,. It is clear that V. (G) is generated by all
e a € I'. We define an action of G on I'' by

o = (O‘a—l(l)) ceey Oéo.—l(m)),

for any 0 € G and a € I']". Given two elements «, 8 € I'", we say that
«a ~ (3 if and only if o and S lie in the same orbit. Suppose A is a set of
representatives of orbits of this action and let GG, denote the stablizer
subgroup of . Define

Q={a el [, la.] # 0},

where [, | denotes the inner product of characters (see [5]). It is well
known that e, # 0, if and only if a € Q, see for example [9]. Suppose
A =ANKQ. For any a € A, we have the cyclic subspace

Vi=(ew : c€G).

It is proved that we have the direct sum decomposition

VX(G) = Z Vot:

erA

see [9] for a proof. It is also proved that
so i=dim V7 = x(D)[x, laal,

and in particular, if y is linear (a character with degree one), then s, = 1
and so the set

{e} : ae A}
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is an orthogonal basis of V) (G). Also, in the case of linear character x,
we have e’ = x(o71)ek. In the general case, let o € A and suppose

€roty Coony vy Cooy
is a basis of VJ, with o1 = 1. Let
Ay ={a,a%%,...,a%}.
Then, we define A = |J acA Aa. It is clear that
ACACQ,

and the set
{e, : aecA}
is a basis of V,(G). Finally, we remind a formula for the dimension of

symmetry classes. We have

dim Vy(G) = ’Tg) > x(o)m),
oeG

where ¢(o) denotes the number of disjoint cycles (including cycles of
length one) in cycle decomposition of o.

Remark 2.1. Sometimes using the simple notation |a) instead of e,
makes it more flexible to work with decomposable symmetrized tensors.
In the forthcoming sections, we will use this kind of notation.

3. Symmetry classes as sl,(C)-modules

In this section, we define a Lie module structure on V, (G), so let L
be a complex Lie algebra and suppose V' is an L-module. For any = € L,
define

D(x): yemn _y yom
by

D(x)(vl®v2®“‘®vm)IZU1®--'®$vi®-~-®vm.
i=1
We know that D(x)S, = S,D(z) and so V,(G) is invariant under
D(z). Suppose
D*(z) = D(z) L, (@),
where the down arrow denotes restriction.
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Definition 3.1. Define an action of Lie algebra L on V,(G) by

(v %k Uy) = DF(x) (v % % vy
m
:Zvl*"'*xvi*"'*vm.
i=1

Then, V,(G) becomes an L-module. In what follows, we will assume
that L = sl,,(C) and V = C", the standard module for L. In [7], we
studied irreducible constituents of V) (G) as well as their multiplicities.
To give a summery of our results, it is necessary to introduce some
notations.

A Cartan subalgebra for L is

H = {diag(ay,as,...,an): a1 +az+ -+ a, =0}

For any 1 <i < n, define a linear functional

wi - H—C
by
Nl(h) = @i,
where h = diag(ay,as,...,a,), so we have
p1+pe+ o+ =0
and hence p1, p2, ..., in—1 is a basis for H*.
Now, let A1, Ao, ..., An_1 be the fundamental weights corresponding

to H. It is easy to see that for any & ,
Ak = p1+ po + -+ plge
Let o € I']'. We define a composition of m by m(a) = (m1, ma, ..., my,),
where m; is the multiplicity of 7 in «. Suppose
Mo = flay + Hag + T+ Hay, -
So, we have
Mo = M1 +maopta + -+ + My Ly
Also, we can see that
pa = (M1 —ma) A1 + (ma —m3z)Aa + - - + (M — mp)Ap_1.

In [7], we proved that (1, = pg, if and only if m(a) = m(8). So, for any
a € I'", we introduce a partition 7 = A(«) which is just the multiplicity
composition m(«a) with a descending arrangement of entries. Hence, we
can define pu; = uo and this is well defined by the above observation. In
fact, for any partition 7 of m, with height at most n, we can find a € A,
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such that 7 = A\(«), so we can perform p,. Now, we are ready to restate
the main result of [7].

Theorem 3.2. .
Vi (G) = Z L ) XWXl
=m
where X is the corresponding character of m and [ , | denotes the inner

product of characters in G.

As an special case, we let G = S, and x = x». We denote the
corresponding symmetry class by V;(S,,). We have

Vi (Sm) = L(Nﬂ)xw(l)-

Note that this last equality, affords a new method of constructing all the
irreducible s, (C)-modules, namely, let A = p; be any integral dominant
weight of s[,,(C). As in [9], we have

where V(S,,) is defined as follows. Let
F: Sm — GLXr(l)((C)

be the corresponding representation of x., with F(o) = [a;;(0)]. We
introduce the partial symmetrizer S by,

i x(1)
SX = W Z aii(0'>Po—.
O'ESm
Now, V(S,,) is precisely the image of Si. So, we have
L(X) = V7(Sm),

for all 1 < i < x,(1). One of the most important consequences of this
construction is the following dimension formula, which is much simpler
than the one due to Weyl.

Corollary 3.3. Let L(\) be an irreducible s, (C)-module with highest
weight X\ = pr, itn which 7 is a partition of some integer m. Then,
: 1 clo
dim L(A) = — Z X (o)),

m:
O’GSm
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4. Monomial weights

In this section, we fix the following notations. We denote by FE;;, the
n X n matrix with (7, j)-entry equal to 1 and all other entries equal to
0. Then, we let Hz = E“ - Ei+1,i+1 and Xz = Ei,i+17 for 1 S ) S n — 1.
Also, we let Y; = XZ-T . These are clearly the Chevalley generators of
sl,(C). As in Section 2, we assume that ej,es,..., e, is the standard
basis of V' = C". A simple computation on decomposable symmetrized
tensors e}, shows that for any i,we have

* ES
H;.e} = pa(H;)el,
m
* *
Xi.e, = g 0it 1,00 Coeps
r=1

where €, is the m-tuple whose entries are zero except the r-th entry
which is equal to 1. Note that a similar equation can be written for Y;.
From now on, we will denote e, by the simpler notation |a), so we have

Hi.lo) = pa(Hi)la)
Xila) = birra,la—e).
r=1

These equations describe the action of generators of sl,,(C) on the basis
elements |a); o € A.

But, in general a@ — ¢, does not belong to A, and so we must express
| — €,) as a linear combination of basis elements. This is a very hard
problem at this time, except in the case of linear characters. In other
words, if x is linear, then we can write |« —¢,) in terms of basis elements.
To do this, we first note that we have A = A and there is a permutation
o, € G such that

(a—e€.)7" €A,

except for the case | — ¢,) = 0. Hence, we have

’O‘ - 67"> = X(O-r)‘(a - €T)UT>7

and the final result does not depend on the way we select o,.. Hence, we
have

Xila) = birtax(00) (@ = &) 7).

r=1
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Note that, if the permutation o, does not exist, then automatically
o — €,) = 0.

Now, the question is this: for which groups G < S, and linear charac-
ters x, the symmetry class V. (G) is an irreducible sl,,(C)-module? The
answer comes from Theorem 3.2; the symmetry class is irreducible, if
and only if Y (induced character) is irreducible. Let x> = x,, for
some partition 7 of m. Then, obviously x, is a monomial character of
Sm. If we let A = pr, then we call A\, a monomial integral dominant
weight of sl,(C). In the next section, we will give some interesting ex-
amples of this kind of weights. At this stage, we summarize the results
of the recent section in the following theorem.

Theorem 4.1. Let A = p, be a monomial integral dominant weight of
sl,(C). Then, there is a subgroup G < Sy, and a linear character x of
G, such that

L(A) = Vy(G).
Further, L(\) has an orthonormal basis
E={la):a e A}
such that
Hi.la) = pa(Hi)|a)
Xilo) = birra,x(00)|(a = €)7),
r=1

where o, is any element of G with the property

(a— €))7 € A.
5. Examples

In this final section, we give some examples of monomial sl,(C)-
modules. The first two examples are well-known.

Example 5.1. Let m = [1™] be the alternating partition. We know that
Xx = € 18 linear and so it is monomial. We have X\ = X\, and hence
LX) = NV is the corresponding fundamental module. In this case
A = Qm.n, the set of all strictly increasing sequences. Let o € Qun,
such that o = i+ 1. Suppose q; denotes the number of terms a; with
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1<j<r—1anda; >i+ 1. Now, it is clear that o, is equal to a
product of q; transpositions and so we have

Xila) = bit10,(-1)%|( — &)7)
r=1

= (_1)q151,m1+1(a)|1 + ]‘ - Z>’
where |i + 1 — i) is precisely | — €.) after increasing re-arrangement

of its entries.

Example 5.2. Now, let m1 = [m], the trivial partition. Then, x. = 1
and so it is monomial. We have X = mA; and L(\) = V™). In this
case A = Gpn, the set of all increasing sequences. If o € G,y and
ar = 1+ 1, then after a re-arrangement of its entries, a — €, becomes
an element of Gy, p,. We denote this new element by (o — er)mc. So, we
have

Xida) =3 il — &)™),
r=1

Example 5.3. Letm = 3 and m = [2,1]. Then, We have A = 2p1+p2 =
A1+ Ao. Also, the character x. has degree 3 and it is monomial. Let
G=<(123)>

and w be a primitive third root of unity. The subgroup G has a character
X with values 1, w and w?, such that

ng = Xn-

Suppose
Ay = {(a1,2,03) : a1 < az,as},
Ay = {(a1, 9, 03) 1 a1 = ag < ag}.
Then, we have A = Ay U Ag. Also, we have o € Q if and only if
G =1, because ker y = 1. So, we have
Q= {(a1,02,03) : a1 # @, a1 # az}.
Hence, A = Ay U Ay, where
Ag = {(al,ag,ag) L = Qg § 043}.
Now, it is easy to check that each of the following implications are true:
1) If oy =i+ 1, then oy = 1.
2) Ifag=1+1 and o € Ay, then o9 = 1.
3) Ifag =i+ 1 and a € Ag, then o9 = (1 2 3).
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4) Ifag =i+ 1, a € Ay and a3 = a1 + 1, then o3 = (1 3 2).

5) Ifas=1i+1, a € Ay and as > a1 + 1, then o3 = 1.

6) Ifaz3 =i+ 1, a € Ay and a3 = a1 + 1, then the corresponding
term is zero.

) Ifag=1i+1, a € Ay and az > a1 + 1, then 03 = 1.

In what follows, we denote the tensor |a) by |1, ag, as). Summarizing
all the above facts, we have
1) If o € Ay and ag = aq + 1, then

Xilag,az,03) = Oip1,ai|l01 — 1,02, 03) + 0t 1,a,]01, 2 — 1, 03)
+ dit1.05w? |1, o1, a2).
2) If a € Ay and as > a1 + 1, then
Xilog, a9, 03) = Oip1,00|01 — 1,02, 3) + 0ig1 00wl a2 — 1, a3)
+ 5’i+1,a3|a17a27a3 - 1>
3) If o € Ay and a3 = a1 + 1, then
Xl'.|Oél,OéQ,Oé3> = 5i+1,a1|051 — 1,0(2,0(3> + 6i+1’a2w|a1 — 1,0(3,0(1>.
4) If o € Ay and a3 > aq + 1, then
Xilog,ag,03) = Oip1,aq|01 — 1,09, 03) + 0ig 10wl — 1, a3, 01)
+  Oit1,a]01, a2, 3 — 1).

Example 5.4. For m = 4, there are 3 non-linear monomial characters.
In this example, we study the partition m = [3,1]. It is easy to see that

G=((12),(13)(24)),

which is isomorphic to the dihedral group of order 8. Its conjugacy
classes are as follows,

K =1

Ky = {(12),(34)}

K3 ={(12)(34)}

Ky ={(13)(24),(14)(23)}

Ks ={1324),(1423)}.

Suppose x is the linear character of G with values 1,1,1,—1,—1, re-
spectively on K1, ..., Ks. One can see that

XS4 = X=-
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As in the previous example, we can determine A and A; for A, we have
A={ac Ffl cop < ag, a3 < ag,aq1 < asl
Let
Ay ={a:ar <ag,a3 < g, a1 < ag, {ar, s} # {as, aa}},
Ay ={a:a; =a3 < az < ayl,
Ag ={a:0 <ag,a1 < az=ay},
A4 = {a:a1:a2<a3:a4}.
Hence, we have
A:A1UA2UA3UA4.
Now, for all « € A, we can compute X;.|a) easily. For ezample,
X5.12,2,3,3) = |2,2,2,3) +(2,2,3,2)
12,2,2,3) +x((3 4))[2,2,2,3)
= 2/2,2,2,3).

Similarly,

X3.1,4,4,4) = [1,3,4,4) + [1,4,3,4) + [1,4,4,3)
= |1,4,3,4) +2|1,4,3,4).

Example 5.5. Using GAP program, we see that in the case m =5 and
m = [3,1,1], the character x, is monomial. The corresponding weight
is X = 2X\1 + A3. The subgroup G is a non-abelian group of order 20,
generated by (1 2 3 4 5) and (2 3 5 4). The character x, has values
1,i,—i,—1,1. As in the previous examples, one can compute A and
determine the required bastis.
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