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CONSTRUCTION OF A CLASS OF TRIVARIATE
NONSEPARABLE COMPACTLY SUPPORTED
WAVELETS WITH SPECIAL DILATION MATRIX

L. LAN*, C. ZHENGXING AND H. YONGDONG

Communicated by Mehdi Radjabalipour

ABSTRACT. We present a method for the construction of com-

1 0 -1
pactly supported ( 1 1 0 ) -wavelets under a mild condition.
1 0 1

Wavelets inherit the symmetry of the corresponding scaling func-
tion and satisfies the vanishing moment condition originating in the
symbols of the scaling function. As an application, an example is
provided.

1. Introduction

Multivariate nonseparable wavelets have attracted the interest of many
researchers. Although separable wavelet bases have a lot of advantages,
they have a number of drawbacks. They are so special that they have
very little design freedom. Furthermore, separability imposes an un-
necessary product structure on the plane which is artificial for natural
images. One way to avoid this is through the construction of nonsep-
arable wavelets. Nonseparable wavelet basis offers the hope of a more
isotropic analysis, see [1]- [6]. Numerical experiment with decomposition
and reconstruction procedure using nonseparable wavelets reveals more
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feature in the high-frequency band than does by a separable wavelet,
see [7]. Therefore, nonseparable wavelets were used in pattern recog-
nition, texture analysis and edge detection. Note that the design of
nonseparable orthogonal wavelets is still a challenging problem and only
a few references have dealt with this subject, see [1-4] and [8-14]. In one
dimension, it is well known that, there exists no compactly supported,
symmetric or antisymmetric and orthogonal real-valued wavelet except
for the Haar wavelet, see [3]. But it is not the case if orthogonality is
replaced by Riesz basis. Chui and Wang present a method to construct
a compactly supported Riesz basis and wavelets with symmetric or an-
tisymmetric, see [15]. Their method depends on the determination of
zeros of polynomials, which is not easy in higher dimension. Based on [5]
and [8], it is a natural and interesting problem to construct a nonsepa-
rable compactly supported Riesz basis and wavelets with symmetry or
antisymmetry in L?(R3).

The structure of this paper is as follows. In section 2, the basic
concept is introduced. In section 3, we give the construction of trivariate
nonseparable compactly supported orthogonal wavelets, and discuss the
symmetry and vanishing moment of wavelets. Finally, an example is
also given to demonstrate the general theory.

2. Basic Concept

Throughout this paper, let Z and R be the set of integers and real
numbers, respectively. Furthermore, R3 will be the Euclidean three-
dimensional space and Z? the set of 3-tuple integers. Also M is always

1 0 -1
referred to the matrix M = 1 1 0 , M~T denotes the transpose
1 0 1

~

of the matrix M~!. The Fourier transform of f is defined by f(£) =
Jrs f(x)em™%dx for f € L*(R?). Let L*(R®) and ¢*(Z?) denote {f :
Jre [f(x)[dx < 0o} and {sm : >,,czs |sm|? < 0o} and respectively.

Definition 2.1. Let {Vi}rez be a sequence of the closed subspaces in
L?(R3) satisfying

1) Vi C Vk—i—bk eZ;

2) closa(re)(Ugez Vi) = L*(R?);

3% ﬂkez Vi, = {0}

(
E
(4) f(-) € Vj if and only if f(M-) € Vji1,j € Z;
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(5) There exists a function ¢(-) € Vo such that {¢(- —n) : n € Z3} is
a Riesz basis of V.
Then {{Vi}rez,d(-)} is said to be a multiresolution analysis (MRA)
related to M of L*(R3), ¢(-) is a corresponding scaling function. Since
Vo C Vi, ¢ satisfies some M -refinement equation

(2.1) $() = V2D hap(M - —n),

nez3

where {hy}pezs is called the mask. Implementing of the Fourier trans-
form (2.1), we have

and
(2.2) Ho() = 5= ) hpe™™

which is said to be a symbol of ¢.

Definition 2.2. A real-valued measurable function f defined on R3 is
said to be symmetric (antisymmetric) about % € R® if f(x) = f(xo —
x)(f(x) = —f(x0 — x)).

Let W; denote the orthogonal complement of V; in V1 for j € Z. If
we can find a 1 such that {1(- — k) : k € Z3} is a Riesz basis for Wy,
then it is easy to check that.{@/}j’k :j € Z:k € Z3) is a Riesz basis
for L?(R?), where ¢, x(-) = 234)(M? - —k) for any function ¢ defined on
R? and j € Z,k € Z3. In particular, when {¢(- — k) : k € Z3} is an
orthonormal basis for Vj, and

w() — \/5 Z (_1)n1+n2+n3m¢(M . _n).
nezs

It is easy to prove that {u(- — k) : k € Z3} is an orthonormal basis for
Wo, and that {1 : j € Z : k € Z3} is an orthonormal basis for L*(R3).

3. Main Results

In this section, under the assumptions that some trivariate polynomial
has no zeros, we obtain a general approach to construct compactly sup-
ported M-wavelets, which inherits the symmetry of the corresponding
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scaling function and satisfies the vanishing moment condition originat-
ing in the symbols of the scaling function. Our main results can be
stated as follows.

Theorem 3.1. Assume that ¢ is a scaling function of an MRA {V;}cz
satisfying (2.1), its symbol Hy defined as in (2.2) is a Laurent polyno-
mial, and Wy is the orthogonal complement of Vi in V1. Define

9n = (—1)m+n2+n3<¢1,(1,0,0)T7m ®)
forn € Z3, and

$()= V3 S gud(M - —n).
neZ3
Then

(1) () € Wo;
(2) {(- —n) :n € Z3} is a Riesz basis for Wy if and only if

Z < Z (_1)ll+l2+l3hl.gMn+(1,0,O)Tl) e~

nc€Z3 \1cZ3

has no zeros in [—m, 3.

Proof. First, we prove (1).
For m € Z3, it is obvious that

(W), (- —m)) =
P e IR M ORI O IR ORI O)E

neZz3

Let n — Mm = (1,0,0)T — 7. We have

Z (_1)1+3m1+m2—ﬁ1—ﬁ2—ﬁ3

Z
(@1, 7-mm (), B())(P1,1,0,07—7 () &)
— _ Z (_1)ﬁ1+7~12+ﬁ3

nezs
(D17 2am () PN (D1,01,0,0)7 =5 () ()
= —((-),6(- —m)).
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Hence, (¢(-), ¢(- —m)) = 0. So, ¢ € W.

Next, we divide the argument into three steps to prove (2).

(i) {¢(- —n) : n € Z3} is a Riesz basis for Wy if and only if
{4p(- —=n),¢(- —n) : n € Z3} is a Riesz basis for V7.

The necessity is obvious, we only need to prove sufficiency. Suppose
{4p(- —n),¢(- —n) : n € Z3} is a Riesz basis for V. Let

Wo=1{Y_ cath(-—n):ce*(Z%)}.

neZz3

In the following, we prove that Wy = Wg. Since ¥ € Wy, and Wy
is invariant under integer shifts, then Wy C Wy. Since Wy C Vi, for
f € Wy, we have

FO =Y et =n)+ D dud(- = n),cn, dn € 1X(Z2).

neZ3 neZz3

Define ¢(-) = % It is easy to check that {qz~5( —n):n €

nez3

Z3} is the dual of {¢(- —n) : n € Z3}. It follows that
0= (f,¢(- —m)) = dp, for meZ

Thus .
FO) = enth(-—n) € Wy

nez3

and Wy C W(). Combining above results, we obtain

Wo=Wo=1{Y cath(- —n):ce*(Z%}.
nez3
Then {¢(- —n) :n € Z3} is a Riesz basis for W.
(i) Let §() = V2 3 (—1y 0 #sh o oo (M - —n). Then
nez3
{¢(- —n),¥(- —n) : n € Z3} is a Riesz basis for V.

Define ¢o(-) = ¢(M-), ¢1(-) = ¢(M - —(1,0,0)T). Since {¢(- —n) :n €
Z3} is a Riesz basis for Vy, {¢(M - —n) : n € Z3} is a Riesz basis for V3.
Hence, {¢o(- —n), ¢1(- — n) : n € Z3} is a Riesz basis for Vj. It is easy
to check that

¢() = V2 Z hamoo(- — n) + V2 Z Pint(1,0,0)7P1(- — 1),

nez3 nez3
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D() = V2 Z h,0,07—mn®o(- —n) — V2 Z h_nnd1(- —n),

neZ3 neZ3
and
V2 S hae ™ V2 Y th+(1,0,o)T6_m£
det nezd nez>
V2'Y Fgoroame ™ V2 Y Tiame
TL€Z3 n€z3

= —2[|Ho(M~TE)]> + [Ho(M "€ + (m, —m, —m) ")’ # 0
for ¢ € R3, where the last inequality is due to the fact that {¢(- — n) :
n € Z3} is a Riesz basis for V. Therefore, {¢(- — n),¥(- —n) : n € Z3}

is a Riesz basis for V.
(iii) {#(- —n),¥(- —n) : n € Z3} is a Riesz basis for V; if and only if

Z ( Z (=) hyga s 100 —)e "
neZ3 1eZ3

has no zeros in [—7, 7]3.

Since {#(- —n) : n € Z3} is a Riesz basis for Vj for £ € R3, we obtain
that

S S huranhy e

n€Z3 \ leZ3
= |[Ho(M~T&)[? + [Ho(M~T¢ + (m, —m, —m)T) | # 0.
Let

> (Y gemmhi)e ™
A(f) _ n€Z3 1eZ3 _ __
> (X hignmhy)e—mE

neZ3 1eZ3
> (X (=) Ftsg g o o amhi)e”™E

neZ3 leZ3
B(g) = - <z - . )
> (2 hiammhi)e=ime
n€Z3 1eZ3

E(ﬁ) = _e_ingO(f + (m, -, _W)T)a Hy(§) = \2 Z gne_mf‘

neZz3

It is easy to check that
Hy(M™"¢) = A(©)Ho(M™"¢) + BEOHI(M ™€)
Multiplying with $(M ~T¢), we have

~

$(€) = A(©)(€) + B(E)W(€),
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where ) is defined as in (ii). Using (ii), we deduce that {¢(-—n), ¥ (-—n) :
n € Z3} is a Riesz basis for V1 if and only if B(¢) # 0 for ¢ € R3, and
equivalently,

Z (Z (—1)l1+l2+l?’thMn+(1,0,0)T—l)€7m'£ #0

neZ3 leZ3
for ¢ € [—, n]3. Hence, (iii) holds.
Combining (iii) with (i), we deduce (2). O

Remark 3.2. [t is obvious that {g,} is finitely supported, and thus, 1
18 compactly supported.

Theorem 3.3. Under the assumptions of Theorem 3.1, suppose ¢ is a
real-valued, and h,, € R for n € Z3.

( ) Ifgb is symmetric about x = (0,0,0)T, then ¢ is symmetric about

=(3,0,5)";

(2) Ifgb s symmetric about x = (2,0, 0)7, then v is symmetric about

= (3,0,0)";

3) If(b is symmetric about x = (0, %, 0)7, then ¢ is symmetric about

= (3,0,—3)";

( ) Ifqﬁ is symmetric about x = (0,0, )T then 1 s antisymmetric
about x = (1, —1, —%)T;

(5) If ¢ is symmetric about x = (%, %, 0)7, then v is symmetric about

%7 -1, 71)T’.

(6) If ¢ is symmetric about © = (
about © = (1, —%, -7

(7) If ¢ is symmetric about x = (0, %, %)T, then v is antisymmetric
about x = (1, —%, —%)T;

(8) If ¢ is symmetric about x = (4,3, 3)T, then 1 is antisymmetric
about x = (1,—1,—-1)7.

v =
1

5,0, %)T, then v is antisymmetric

Proof. We only need to prove (1) under the condition that ¢ is symmetric
about x = (0,0,0)7, and the other parts can be proved analogously.
Suppose ¢ is symmetric about 2 = (0,0,0)”, then

(D1,0—1,00)7: ) = (D1,1,00)T—n>®), N E VAR
It follows that
In = 9(2,0,00T—n> T € Z3a
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which is equivalent to Hy(€) = e~ Hy(—¢€), where Hy () = Z n
n€Z3
e~"¢. So we have

~

h(—€) = elETE)y(e),

which implies that v is symmetric about x = (%, 0,1 ). O

Remark 3.4. A compactly supported M -refinable function ¢ must be a
M -refinable function (i.e., 2-refinable), and satisfy 5(5) %0 fora.e. &€
R3. If ¢ is real-valued and symmetric about 5, then c € Z3. For any ¢
compactly supported, M -refinable, real-valued and symmetric about some
c € Z3, one may take a reasonable integer shift so that the shifted version
is symmetm’c about x = (0,0,0)T, or z = (%,O,O)T, orx = (0, %,O)T, or

= (0,0, ) , orx = (%,5,0) , orx = (%,0,%)T, or r = (O,;,%)T,
or x = (% % %)T, and preserve other properties. So the assumption of
Theorem 3.3 on ¢ is reasonable.

Theorem 3.5. Under the assumptions of Theorem 3.1, suppose

52

Ho(¢) = <1 — 61 sin 62 By sin? 2= — (1 — 6 — o) sin? %) L)

for some positive integer N and some Laurent polynomial

L(€),0<01,09,600 4+ 60, < 1. Then

/ x%p(x)dx =0
R3

for |a| < N — 1, where |a| = |aq| + \agl + |az| for a = (a1, 00,a3) €
Z3,0; > 0, x© = x]"x5%x5? forx € R3.
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Proof. Since 1 Vj, we have

0 =

Z O(- + 27n) (- + 2mn)

neZz3

> H(M (-4 2nk)) Ho(M (- + 27k))|o(M 7 (- + 2mk)) |

k=MT11cZ3

+ > {H (M~ (- 4 2rk))Ho(M~-T(- + 27k))
k=MTI1+(1,0,0)T 1€Z3
|S(M T (- 4 2k)) [P}
S H (M4 2nl)Ho(M-T - +2al)|g(M T - 42nl) [
lez3
+ Z {Hl(M_T 427l + (m, =, —m)T)
lez3

Ho(M~T 2l + (m, —m, —m)T) - |§(M " 42l +(, -, _”)T)’Q}
> H(M T Hy (M TG - 42w P

A A= (M (=7, —m) ) 2Hy (M T - +(r, —m, —m)T)

where Hi(-) = 25 3 gae™™, F(-) = Ho() 3 |(- + 2l)[2.

neZ3 1eZ3

It follows that

and consequently,

3 <(;‘> DU (0) DL (0) =

0<i<a
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for o] < N—1, where 0 <! < ameans that 0 < [; < o, =1,2,3, (7) =
(?11) (01‘22) (?33), and D'f(xq,x2,73) = % for I = (Iy,ls,13),a =
(a1, as,a3) € Z3.
When |a| =0, a = (0,0,0). It follows from (3.1) that
H,(0)F(0) = —H,((w, =70, =) ) F (7, =7, —7)T) = 0.

Since ¢ has stable integer shifts, which leads to |Ho(¢)|> + |Ho(€ +
(7, —m,—m)1)|? # 0, and Ho((w, —7,—m)T) = 0, we have F(0) # 0
Hence

H,(0) = 0.
When |a] = 1, = (1,0,0), or « = (0,1,0), or « = (0,0,1). For
a = (0,0,1), it follows (3.1) that D%V H,(0)F(0) = 0, which implies
DY (0) = 0.
Analogously,
DL H,(0) = 0,
and
DAY [y (0) = 0.
Assume that D*H;(0) = 0 for |a| < s < N — 1, then, for any a with
la] =s+1< N —1, using (3.1), we have
D*Hi(0)F(0) =— > (?) D'H\((z, —m, —m) D) D E (7, =, —m) ).
0<I<a
Therefore,
(3.2) DYH{(0) =0, |a] <N —1.
Since P(¢) = Hy(M~TE)G(MTE), define
— & — —& — &+
n= (77177727773)T: (51 522 €37€27 gl 252 53)T
Hy(€) = Hi(M 7€), G(€) = (M%),
Then 12(5) = Hi(n)G(§) = H2(§)G(&). Hence, for |af < N — 1, we have
~ o _
sy o= Y (§)rmepeo.

0<i<a

?
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It is easy to check that, for any [ with |I| < N — 1, D'Hy(£) can be
represented as a linear combination of D%Hi(n) with |s| = |l|. Since
n =0 for £ = 0, it follows from (3.2) and (3.3), we have

D'Hy(0) =0, |I|<N—1.
This together with (3.3) yields that
D*%(0) =0, |o| <N —1.
Therefore,
Jrs x*Y(x)dx =0, |a|] <N -1 O
Analogously, we have

Theorem 3.6. Under the assumptions of Theorem 3.1, suppose

14601678 + 0ge7%2 + (1 — 0y — Op)e %3\ N
() = (PO e R U Z BT g

for some positive integer N and Laurent polynomial L(§), 0 < 01,609,601+
0o < 1. Then

x*Y(x)dx =0, |a| <N -1,
R3
where a = (a1, a2, a3) € Z3,a > 0.

Remark 3.7. For Theorem 3.5 and 3.6, the parameters 61 and 6y can
be choose adaptively in [0,1] according to the actual needs.

Corollary 3.8. Under the assumptions of Theorem 3.1, suppose

Hy(¢) = [1 — %(sin2 %1 + sin? %2 + sin? %)]Nﬁ(ﬁ)

for some positive integer N and some Laurent polynomial L£(§). Then

/ x%p(x)dx =0

R3

for o] < N —1, where |a| = |ai| + |ao| + |az| for o = (o, a2,a3) €
Z3,a; > 0, x¥ = 20125225 for x € R3.

Corollary 3.9. Under the assumptions of Theorem 3.1, for j =1,2,3,
suppose that

1+ e %

Ho(&) = (——5—)"£;(9)

for some positive integer N and some Laurent polynomial L£;(§). Then

/ z5p(x)dx = 0,
R3
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for0<a< N -—1.

Remark 3.10. The assumptions on Hy in Corollary 3.8 and 3.9 s
reasonable, which can be seen in [6].

1 0 0 1 2m2 k‘g
Theorem 3.11. Suppose P =| k1 1 0 |,P=| 01 la |,
ll 2m1 1 0 0 1

Py = P(l, k), where k;+1; are even numbers, ki, l;,m; € Z, i=1, 2, P(Lk)
is the elementary matrixz obtained from the identity matrix by interchang-
ing the lth and kth rows. Let

M = (P,P,P3)"'MP,P,P;.

Then
(1) M3 = 2I;
3
(2) > M;j is even numbers, j =1,2,3.
i=1

Furthermore, trivariate nonseparable compactly supported wavelets with
dilation matrix M can be constructed by our method, and wavelets in-
herits the symmetry of the corresponding scaling function and satisfies
the vanishing moment condition originating in the symbols of the scaling
function.

Remark 3.12. Using matriz multiplication and matriz properties and
the proof of Theorem 3.1, 3.3 and 3.5, it is easy to prove Theorem 3.11.

4. Numerical example

In this section, we give an example to demonstrate the general theory
of section 3.

Example 4.1. Let
(1= |z + 22 — 23])(1 — |22 + 23]) (1 — |22]), |22| < 1,

N |§C2 + xg‘ <1,
o) = 1 — 23] < 1,
0 otherwise.
V; = span{¢;r : k € Z3} for je'Z.
Then

(1) {V;}jez is an MRA related to M with ¢(x) being a corresponding
scaling function.
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(2) Let Wy be the orthogonal complement of Vi in Vi. Define

Y(-) = V2 Z (—1)n1+n2+n3<¢1,(1,0,0)T—m¢>¢(M -—n).

nez3
Then {(- —n) : n € Z3} is a Riesz basis for Wy, and v is symmetric
about x = (%, 0, %)T, and

- P(x)dx = /RS z19(x)dx = 0.

Proof. (1) By computation, we obtain that

~ e—i(4§1—€2+2§3)(ei(§1+53) — 1)2(6i51 — 1)2(ei(2§1—52+€3) —1)?

E) = (6§ 6226 — Gt &) ’

e—i(3§1—4€2—€3)(6i51 _ 1)2(61'(%51*%52*%53) —1)?
*(61— & — &)2(& — &)?

SMTE) = -
(ei%(3£1—5§2—$3) _ 1)2
(36— 56 — &)2

It is easy to check that qAﬁ(f) = HO(M_Tf)gg(M_Tﬁ), where

1 1 . 1 . . 1 —i€3
(41>HO(W) = 5 + 167{3 + 167153 = 6153(7—’_; )2, g S RB.

So ¢ is M-refinable, and thus 2-refinable. It follow that

Uvi=UWw and [JVi=[]Vy

JEZ JEZ JEZ JEZ

Then applying [2] and [14], we have

(1Vi={0} and |JV;=L*R?).

JEZ JEZ
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By simple computation, for £ € R?, we have

Y 10(& +2mk)?

keZ3
4
1 2 . &3+ 27k
8w Lez &3+ 2mk 2
- 4
. Z( 2 Sin§1+§3+27rk>]
= fl+fg—|—27ﬂ€ 2
- 4
' Z( 2 Sin§1—£2+2£3+27rk >0
&1 — & + 283 + 27k 2 ’
L keZ

Since ¢ is compactly supported, > |<Z(§ +27k)|? is continuous. Hence,
keZz3

A< 3 |6(& 4 27k)[2 < B for some 0 < A < B < oo, and thus
keZz3

{¢(- —n) : n € Z3} is a Riesz basis for V. Note that ¢ is M —refinable.

This together with (4.1) yield that {V;},czs is an MRA related to M.

(2) For n € Z3, let g, be defined as in Theorem 3.1, we obtain that

2
‘ Z <Z(‘UllHQHBhlgMn+(1,0,0)T—z>eﬂngl

neZ3 1eZ3

which is nonzero in [—, 7] by some estimation with the help of Matlab.
Therefore, using Theorem 3.1, Theorem 3.3 and Corollary 3.9, {¢)(-—n) :
n € Z3} is a Riesz basis for Wy, 1 is symmetric about z = (%,O, %)T,
and [ps ¥(x)dx = [gs 230 (x)dx = 0. O
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